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PRACTICAL GEOMETRY. 



INTRODUCTION, 



The object of theoretical geometry being the relations of exten- 
sion or magnitude abstracted from all considerations of matter, 
the theorems of that science may be investigated without the aid 
of figures or diagrams, or at least such figures as suggest the idea 
of the relative magnitudes under consideration are sufficient; but 
when the principles thus deduced are applied in the arts^ it is 
generally for the purpose of defining, or representing the form 
and magnitude of matter of some kind, so as to enable us to 
reason on the means of adapting it to the purposes for which it is 
intended : it is, therefore, necessary that this representation of the 
form should be correct. This specific application is called prac- 
tical geometry. 

In some of the mechanic arts, the outline or figure into which 
the material is to* be formed is traced or drawn upon it, as is done 
by the carpenter and cabinet-maker ; but on most occasions a 
kind of picture or representation of the figure, commonly termed 
a working drawing, is given to the mechanic as a guide : of this 
description are the plans and elevations furnished by the architect 
to the mason or bricklayer, which instruct them how to raise the 
walls of a building, or the carpenter how to arrange the timber- 
work of it. Such, likewise, are the drawings by means of which 
the various parts of a machine or instrument are modelled and 
cast by the founder, and subsequently put together by the mill- 
wr^ht or engineer. 

But in the application of that branch of drawing called per- 
spective, more complicated constructions than are ever required 
on the occasions before enumerated are constantly necessary : to 
the artist, therefore, a knowledge of practical geometry is espe- 
cially essential. • 

The great difference between theoretical and practical geometry 
arises from the two following considerations : — 

The problems of the theoretical science are only propositions 
put in a synthetical form, on account of the peculiar method of 
progressive reasoning employed; hence no principle or theorem 
can be applied to the solution of a problem which has not been 
previously demonstrated ; but when these problems are applied 
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in the arts, every principle may be had recourse to, that will faci- 
litate the object in view, without regard to that order of arrange- 
ment which was necessary in the mathematical investigation. 

Hence several rules for the solution of tjie same practical 
problem can be given, applicable on different occasions, accord- 
ing to the particular conditions of the case, and by the judicious 
employment of which accuracy of result may be easily and expe- 
ditiously attained ; while many theoretical problems are solved, 
from the reason above mentioned, by methods which would never, 
under any circumstances, be made use of in practice. 

Thus, for example, the mode of dividing a right line into any 
Xiumber of equal parts, as given in the theoretical problem, is far 
too circuitous and inaccurate in practice ever to be made use qf, 
(Geo. I. § 7, Pr. 49 :) and as it is a problem of perpetual 
Q(^currence, and of great importance, not only in geometrical 
drawings, but in other arts, some method of solving it, at once 
correct in principle and easy in application, must obviously be 
given in a work on practical geometry. 

T}ie various instruments contrived for the purpose of saving 
time and trouble in the application of geometrical theorems, con* 
cur to modify the solutions of problems still further. By means of 
these instruments not only is time saved, but much more accu- 
racy is attainable than could be accomplished without them by 
the most careful application of theoretical principles ; and since 
the measurement ox delineation of absolute ipagnitude or exten- 
sion is the object in view, accuracy, in a greater or less degree, is 
the first and most important consideration in all geometrical con- 
structions : consequently those solutions sjiould only be given in 
a work on this subject which admit of accuracy of result, while ip 
theoretical solutions no such restriction is necessary, these being 
considered as perfect, if their mathenaatical truth can be demon- 
i^t rated. 

This treatise is intended to contain ft collect iou of such prac- 
tical problems as are most useful, not only to the draughtsman, 
hi^t to those employed in mechanic arts; and, consequently, they 
will be applied on very different surfaces, and with very different 
instriiments- The carpenter constructs the figure he want3 QH 
the board or plank he is going to employ ; he mak^s use qf the 
leg of his compasses to draw lines against tjie edge of his square 
or pocket rule, apd drives a nail to mark a point : the bricklayer 
and military engineer set out the plan of a house or of afield 
\yQrki by means of strings stretched from pegs stuck in the ground ; 
but j^rtists, architects, or engineers, are the persons by whoni prac- 
tical geometry is principally employed in maliii^g carefully finished 
^q^ el^ihorate drawings on paper, and who employ for the purr 
|^9se what are hff^^c^ called mathemfitica) instruments. 
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It is chiefly for these last-named persons, and with reference 
to these materials and instruments, that the instructions in this 
work are written ; hut the principles being the same, the modifi- 
cation in their application, admissible when a less degree of nicety 
is required, will be easily understood. 

It having been presumed that many persons may be desirous 
of possessing instructions for the solution of those geometrical 
problems which they may have occasion to apply, without being 
interested in the theoretical principles on which they are founded, 
the rules are given without any demonstration, yet so as to be 
understood by those not much conversant with mathematics. 
But for the sake of those who are unwilling to apply a rule with- 
out being acquainted with the reason of it, reference for the 
demonstrations of the theorems on which the rules are founded, is 

fiven, either to the Treatise on Geometry of the *♦ Library of 
Jseful Knowledge," or to some other elementary work attainable 
by most readers, and found in the libraries of all ^^ mechanics' 
institutions," or similar establishments ; and in those cases where 
such reference could not be made, or where some curious and 
aseful observations on the problems suggested themselves, a note 
has been added, in which these or the demonstration will b^ 
found. 
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(Geo. I. § 7, Prop. 58.) Geometry, Plane, Solid, and Sphe- 
rical. Library of Useful Knowledge. 

(Leslie, Anal. I. Prop. 7.) Elements of Geometry and Geo* 
meirical Analysis. By John Leslie, &c. Second edition. 

(Leslie, G. C. L. Pr. 1.) Geometry of Curve Lines. By 
the same. 

(5vK. I. Pit. 4&0 Euclid's Elements, By Bpbert Simwn. 
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OF THE INSTRUMENTS AND MATERIALS EMPLOYED IN PRACTICAL 

GEOMETRY. 

The great modification in the practical construction of geome- 
trical problems^ caused^ as has been mentioned, by the use of 
many instruments, renders it necessary to give an account and 
description of these before proceeding to the problems themselves. 
A set of these^ containing what are required in geometrical con- 
structions generally, is familiarly known by the name of a case of 
mathematical instruments. Together with such a case, and some 
others which it cannot contain, which will be presently described, 
the draughtsman should be provided with two or three drawing- 
boards of different sizes^ made very flat and smooth on the face^ 
and having their edges accurately at right angles : these boards 
are best when made of mahogany or oak, deal being more liable 
to warp or cast, and, from being soft^ the points of the compasses 
in time injure the surface, which renders it impossible to draw on 
such boards heatly or accurately. 

To ascertain whether the edges of a drawing-board are cor- 
rectly at right angles, lines should be drawn by a T square 
applied to two adjoining sides, care being taken that the same 
edge of the square is used, and that the same side is uppermost : 
the right angles formed by these lines must then be examined by 
any of the constructions given in Problem 1, and if they are 
found to be correct, the board is a true rectangle, or is square^ as 
it is termed. The lines for this purpose should be drawn in dif- 
ferent parts of the board, some very near the edge, others in the 
middle. The principle of this mode of verification will be found 
explained in the description of the T square. 

Of instruments, compasses or dividers claim the first notice, not 
only as being the most indispensable^ but also because accuracy 
chiefly depends on the right use of them. As, however, these 
instruments are too well known to require particular description, 
some general observations on them are alone necessary. 

It may be regarded as a constant rule, that whenever any part 
of a construction can be made by the compasses, recourse should 
be had to them in preference to a rule or straight edge^ especially 
when accuracy is required. A point determined by the intersec- 
tion of two arcs approaches as nearly as possible to theoretical 
precision ; and if the draughtsman be at all careful, a series of 
such intersections, mutually depending on each other, may be 
determined, the result of which, when the operation is verified by 
some other test, shall not err by any quantity visible to the naked 
eye. For this reason, solutions to several problems will be given 
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in this treatise, for tvhich these instruments are alone required, 
where such a construction is not too elaborate to be useful. The 
points of all compasses should be kept very sharp ; if handled 
lightly, they will not pierce the paper, which they should not do 
if it can be avoided, because the dot thus formed is too indefinite; 
but if the points be not sharp, they would slip on the surface of 
the paper or board, whenever the legs were opened so wide as to 
cause them to rest very obliquely on it, and by this the distance 
intended to be set off would be altered. 

Habit alone will enable the beginner to acquire the right man- 
ner of holding and managing the compasses. The only general 
directions that can be given are, that the head or joint should be 
held between the thumb and two first fingers of one hand ; the 
thumb and fore-finger are sufficient to turn the instrument rounds 
as is required in stepping a distance along a line when dividing it 
into equal parts. The legs should never be touched after the 
compasses are set, otherwise the opening might be altered by the 
pressure of the hand ; and they should be held upright when ap- 
plied to the paper, to obviate the slipping of the points as much 
as possible. 

Compasses are generally made with one leg removeable, that a 
steel pen^ as it is termed, may be inserted in its place, in order to 
describe circles, or a contrivance for carrying a black lead pencil 
for a similar purpose. 

Hair dividers^ as they are called, are compasses, one steel leg 
of which is formed with a spring, screwed to the upper part of 
the brass socket near the joint, and lies in a groove to admit of 
the legs being closed ; the point is kept steady by a small finger- 
screw, which passes through the brass socket into the steel leg 
near where this is inserted in common dividers; this screw 
counteracts the spring. When a distance is taken nearly in the 
usual way in these instruments, the point can be accurately ad- 
justed by the screw to the true distance, without the necessity of 
altering the angle at the joint, which cannot 6e easily done for 
any small quantity. The common spring dividers, however, are 
simpler and surer. 

Triangle compasses are made with three 
legs, by means of which a triangle can be 
copied at once, a point being set to each 
angle. An improved form of these is shown 
in the figure, and the mode of using it 
will be readily understood without de- 
scription. 

Besides the common kind found in cases of instruments, it is 
desirable to have two or three pair of spring dividers^ which are 
adjusted by a screw, and can be detained for any length of time 
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at precisely the same opening. There are few geometrical con- 
structions in which some distances are not required more than 
once, and much time is saved^ and inaccuracy avoided, by pre- 
serving these distances unaltered, instead of 
having to set the compasses to them every 
time they are wanted, which must be done if 
the draughtsman has not more than one pair, 
and cannot be done accurately by common 
compasses at all. 

These dividers should be of different sizes: 
one pair, of which the annexed figure is re- 
commended as a good form, being intended 
for minute divisioi^^ not exceeding one-fourth 
of an inch ; the others may be like those in 
common use, only better made. 

Compasses to carry in the pocket are made 
in many forms, the legs being furnished with 
a steel pen, and contrivance for holding a pencil at the other 
ends, which can be substituted for the points when required ; the 
legs are either put into a sheath, or double on a joint, so as to lie 
alongside of the socket, in order to avoid accidents. These are 
termed pillar compasses. 

Beam compasses are for the purpose of setting off or transferring 
greater distances than can be done by the common compasses. 

This instrument consists of a bar 
of wood, or metal, one end of 
which carries a point, admitting of 
slow motion by an adjusting screw; 
the other point is carried on a 
socket which slides, and can be 
clamped by a screw at any part of 
the bar when the required distance has been taken, nearly, be- 
tween the points : the correction is made by the adjusting screw. 
The bar should be from thirty to forty inches long, with a scale 
divided on one side; the socket of the end point should have a 
vernier on the bevelled edge of an aperture in one side to apply to 
the divisions, and that of the other should have a mark in a simi- 
lar bevelled edge to set to a division. 

The points must admit of an adjustment in their sockets, by 
turning on their axes with a small eccentric motion, so that the 
distance comprised between them may be correctly that indicated 
on the scale by the zero marks of the bevelled edges. To ascer- 
tain this, take any distance in the compasses, and then compare 
it with another scale, known to be correct: if the points contain 
a different distance on this scale from that shown on the beam, 
they must be altered till the two agree. 
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Tb explaih the mode of using the scale on the beano^ suppose 
it wei-^ required to set oflF k length of 17'74 inches upon a litt^ : 
the sliding socket must be moved along the bar till the zero mark 
is opposite the seventh division beyond 17 inches ; it must then 
be clamped by the screw; the zero mark of the vernier* must 
then be brought, by means of the adjusting screw, till Xhe fourth 
division coincides with that of the scale in the contrary direction, 
or backwards, from that marked : by this means a quantity 
equal to "04 of an inch will be added to the 17*70 inches first 
set, and the whole distance required will be comprised betweeii 
the points, provided these were previously verified, as was above 
explained. 

In the figure the bar is supposed to be of wood, and the whole 
instrument is of the ordinary construction ; but for nice opera- 
tions^ these compasses are made with metal beams, and the scale 
is very beautifully divided, both sockets carrying screws for slow 
motion, with magnifying glasses to examine the coincidences of 
the divisions^ so that the utmost precision may be obtained. It 
is essential in this case that the beam should be quite straight, or 
the scale will not indicate the true distance between the points : 
but when beam compasses are only required to transfer long dis- 
tances, it is immaterial whether the beam be straight or not. 

Proportional compasses are intended to facilitate the con- 
struction of similar figures, (Geo. II. § 4,) a problem of constant 
occurrence. The form of this instrument will be 
best understood from the annexed figure : it is a 
species of double compasses, consisting of two 
equal parts, terminating in points at both ends ; 
these open on a moveable centre, or joint, by which 
they are kept together, and which slides in an open 
groove : this centre can be clamped by the screw at 
any distance from the points. It will be easily per- 
ceived that the distances included between the 
points at the opposite ends of the instrument will 
be more or less unequal in proportion as this centre 
of motion is farther or nearer the middle of the 
length of the compasses. (Note A.) 

There are divided scales along the sides of the 
groove for setting the centre to the proper place at once, so as tO 
give the required proportion between the opposite distances ; but 
these scales being in time rendered inaccurate from the wearing 
of the points shortening the length of the legs, they must only be 
employed to set the centre by nearly, and the correction must be 

* The principle and application of the vegiier will be found briefly explained 
in Note C. 
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made by triaL When so adjusted, as long as the centre is kept 
unaltered, all distances taken between the points at one end will 
be in the same constant proportion to those contained between 
the opposite pair. 

It must be remarked, that the joints of all compasses should 
not be screwed too tight, for this renders it difficult to set the 
instruments to a given opening with precision, owing to the exer- 
tion necessary to overcome the friction ; and unless the joint is as 
much too slack, there is no danger of any distance being changed 
by holding the compasses^ if they are handled properly. 

Rules, or straight edges, for drawing right lines by, are made of 
ebony, box, mahogany, ivory, brass, or steel ; and of any length, 
to the pleasure of the person requiring them, or according to the 
purpose for which they are wanted. Those of wood or ivory are 
lighter and neater for drawings on paper, while the metal ones, as 
less liable to cast, are more accurate. 

As a rule is useless if the edge be not perfectly straight, it 
should be proved occasionally by the following method : — A line 
must be carefully drawn on a very flat surface, with a sharp point, 
by the edge to be verified; the rule must then be reversed, so 
that the same edge may be again applied to the line, but on the 

other side of it, as shown in 
the figure, 1 2 being the first, 
and z 1 the second position, 
the extremities of the edge 
being carefully set to coincide 
with those of the line. A new line should then be drawn as be- 
fore, and if this be found identical with the first, the rule is true; 
but if they do not coincide in the middle as well as at the ends, a 
space is enclosed, and they cannot be right lines : consequently 
the rule is not to be trusted to. 

A slight defect in a rule may be removed by drawing a fine file 
several times gently and very carefully along the faulty edge, and 
the rule must be subsequently verified. 

The T square consists of a thin rule, called the blade, fixed at 
right angles into a shorter and thicker piece, called the stock, so 
as to resemble in form the letter whence it derives its name. If the 
stock be applied against the side of a rectangular drawing-board, 
so that the blade lie flat on its surface, the additional thickness of 
the stock admits of its being moved along the edge of the board, 
and the blade is thus moved always parallel to its former posi- 
tions : parallel lines at any distances may, by this means, be 
drawn by its edge. If the square be then applied to another side 
perpendicular to the first, the blade will obviously lie at right 
angles to its former position ; and parallels, perpendicular to the 
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former, may thus be drawn by means of the same edge as 
before. 

This instrument is indispensable to architectural draughtsmen, 
in drawing plans or elevations of buildings, where the lines are 
numerous, and all parallel among themselves. The stock of the 
square being guided by the left hand, and a pencil in the right, 
will trace the lines of a cornice in one-tenth of the time which 
would be required to draw them by any other means ; but in 
using the square, especially if it is a long one, care must be taken 
to hold the stock firmly against the edge of the board, as a slight 
pressure by the pencil at the end of the blade will otherwise force 
it out of the straight line. It is often, for this reason, necessary 
to hold the blade down by the left hand, in order to avoid this 
source of error. This precaution must especially be taken when 
many lines are required to be drawn very near the edge of the 
board, because, in such a position, half the stock only rests 
against the side, and consequently offers less resistance to the 
pressure of the pencil on the edge of the blade. 

It has been already observed, that the edges of a drawing- 
board should be very smooth and true, and correctly at right 
angles : if this be the case, and the square be always applied to 
the same two sides^ and the same edge made use of during the 
progress of a drawing, it is not necessary that the blade and stock 
should be at right angles, provided that the former be firmly fixed 
in the latter without any shake. To explain 
this, let the dotted lines in the figure represent 
the true perpendiculars to the edges of the 
board, or those with which the blade would coin- 
cide if it were correctly at right angles to the 
stock. The angle of error of the square, that 
by which its edge differs from the true perpendicular, is constant 
in both positions of the instrument, and lines drawn by means of 
it will be correctly vertical to each other, though not perpendi- 
cular to the edges of the board, provided these are truly at right 
angles; this will be readily perceived from the diagram. 

The stock of a T square is sometimes made of two equal pieces, 
kept together by a finger-screw; the blade is fixed into one ot 
these, fltLsh with its inner face. If the other be ap- 
plied to the edge of the drawing-board, the former, 
with the blade, can be turned on the screw, as a centre, 
to any angle; the screw being then tightened, parallels 
forming that angle with the side of the board can be 
drawn ; and if applied to an adjoining side, the blade 
will lie at a right angle to its first position, on the prin- 
ciple just explained. Such a square is called a bevel. 

The square used by carpenters is formed like an L^ or a T 
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square with half a stock. For the putpo^e^ 
rm . to which this is applied, it is requisite that 

C ! I "? the instrument should be a true right angle ; 

{^ • P ^ ^^^^ "^^y ^® ascertained by drawing a line by 

Ln»...-u»»HUiiH the edge of the blade, and then reversing it, 

as shown by dotted lines in the figure. If 
the line and blade in this new position coincide, it is correctly 
perpendicular to the edge of the board, and the square is true. 

A rule made in the form of a right-angled triangle is of use for 
drawing perpendiculars, by applying one side to the given line, 
and the perpendicular required is to be drawn by the edge of that 
at right angles to the first. In Problem 2, a mode of drawing 
parallel lines by such a rule is described. It may be proved in the 
same manner as the carpenter's square. A small triangular rule 
of ivory is employed by architects, &c, for drawing very short 
perpendiculars, to the edge of the T square, against which it is 
applied. 

There are two kinds of parallel rules, or instruments for drawing 
parallel lines: the first consists of a single rule, withr an axis car- 
rying two small rollers, fixed to one side ; these must be of pre- 
cisely equal diameters, and should be as far apart as the length of 
the rule will allow : the instrument, by rolling on these, will 
obviously be carried parallel to any position it was first placed in^ 
and, consequently, parallels to any line to which its edge is set 
may be drawn by means of it. The edges of the rollers are 
toothed, or potched, to prevent them from slipping instead of 
rolling on the paper, for if they did the parallelism would be 
destroyed. 

The second kind of parallel rule, shown 
in the figure, consists of two plain rules^ 
connected by two equal pieces of brass 
turning on centres, and these must be truly parallel^ so that in 
every position the four centres of motion may form a parallelo- 
gram. When used, the edge of one being set to any line, the 
other rule must be firmly held down by the hand, and the first 
tnoved till the same edge is brought to where the required parallel 
to the given line is to be drawn : this second rule must then be 
held by the hand till the other is at liberty to use the pencil. As 
it is obvious that if either rule slip during this operation the 
parallelism will be lost, these instruments should only be used 
for short lines, or where slight errors will not be of much import- 
ance. 

In using rules, a little practice is required to enable the beginner 
to judge how far from two points, through which the line is to 
pass, the instrument must be set, to allow for the thickness of the 
pen or pencil ; and also for keeping these last at the same angle. 
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80 that the line dr^wn by thetti may touch the edge, of be equally 
far from it^ in every part, and consequently straight. 

The faces of all rules may have divided lines, or scales, oti 
them, of the various kinds required in geometry or drawing. In 
Problem 4, and in the subjoined note," an explanation will be 
found of the different modes of division of right lines into equal 
parts ; but besides these, other divided lines, connected with angles 
and arcs of circles, constantly required in geometrical construc- 
tions, and found on most rules or scales, as they are hence called^ 
must now be described. 

The measure of the inclination of two right lines which meet ifi 
a point, or of the angle formed by them, (Geo. I. Def 9,) is the 
arc of a circle of any radius, described from that point as a centre, 
and intercepted by the two lines. It is demonstrated (Geo. III., 
Def 13, Prop. 33, Cor. 1) that the arc thus intercepted bears 
the same proportion to the whole circumference, whatever may be 
the radius of it, and consequently any circle may be made use of 
to measure an angle. 

The circumferences of all such circles are supposed to be divided 
into 360 equal parts, called degrees, each of which is subdivided 
into 60 parts, called minutes^ and each of these again into 60 parts, 
called seconds. The measure of an angle is expressed by the 
number of degrees, minutes, and seconds contained in the inter- 
cepted arc : the marks ° ^ '' are used to distinguish these divisions. 
Thus 75° 16' 24'' means an arc, or angle, of seventy-five degrees, 
sixteen minutes, and twenty-four seconds. 

Let C be the angular point in which the two 
lines AC, B C meet; if a circle of any radius 
be described from C, the circumference being 
supposed divided into degrees, &c., then the 
number of these contained in the arc A E is 
the measure of the angle A C B, and obviously 
shows the proportion of that arc to the whole 
circumference. 

Produce A C till it form a diameter to the circle, and draw CD 
perpendicular to it ; then A C D, or a right angle, being measured 
by one-fourth of the circumference, will contain 90**. From the 
point E draw E F, E G perpendicular to A C, D C, and draw A B 
also at right angles to A C, or parallel to D C, F E ; join A E by 
the chord. (Geo. III. Def. 1.) 

Then A C is the radius 



> of the angle A C B, or arc A E. 
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The angle D C B, or the difierence between the given angle 
and a right angle, is called the complement of the given angle ; 
and the sine £ G, the tangent D H, and the secant C H of that 
complement are called the co-sine, co-tangent^ and co-secant of 
the original angle A C B. 

These lines, drawn with reference to the arc of any other circle, 
described from C as a centre, intercepted by C A, C B, will, by 
the properties of similar triangles, be in the same proportion to 
the radius of that circle that those just enumerated bear to CA; 
if, therefore, any such radius be taken as the unit, the length of 
these various lines may be expressed in parts of it. This is what 
is done in the divided lines on common scales, by means of 
which angles of any given number of degrees and minutes may be 
constructed. 

The line most commonly made use of for this purpose, for rea- 
sons explained in Prob. 3, is that called the line ofchordsy which 
contains the length of the chord of every degree of the quadranU 
or one-fourth of the circumference transferred to a right line^ in 

the manner shown in the annexed figure. As 
the chord of an arc of 60°, or of one-sixth of the 
circumference, is equal to the radius, (Geo. III., 
Prop. 28.) in order to construct an angle of 
any given number of degrees, the length of the 
chord of 60° must be taken in the compasses 
from a line of chords, and an arc of a circle 
described with it as a radius from the point 
where the angle is required ; the chord of the given degrees and 
minutes must then be taken from the same scale, and must be 
set oflF on the arc ; and lines drawn from the centre through the 
points thus marked will form, or contain, the required angle. 

The tangent of 45° being also equal to the radius of the circle, 
that length may be taken from a line of tangents^ and being set 
along a given line from the angular point, a perpendicular must be 
drawn from the other extremity of the distance, which being made 
in length equal to the tangent of the given number of degrees and 
minutes taken from the same scale, a line drawn from the ex- 
tremity of this perpendicular through the centre will form the 
required angle. But this construction is longer and less accurate 
than that by the line of chords ; and is, therefore, only employed 
on particular occasions, as when the right angle is already drawn 
for some other purpose. 

All the divided lines on common rules are necessarily unalter- 
able, and can only therefore be made use of when they happen to 
be adapted to the degree of magnitude, or scale, on which the 
construction is to be made. The instrument called a sector is 
intended to obviate this deficiency of common scales ; it consists 
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of a jointed rule, like a carpenter's common two-foot rule, which 
it exactly resembles, but is better made ; on each leg correspond- 
ing lines are drawn from the centre of the hinge, and each pair of 
lines is similarly divided, either into equal parts, or into the lines 
of chords, tant^ents, secants, &c. above described. To explain the 

use of this instrument, suppose a line of chords 
was wanted to set off some angles on a circle 
of a given radius, larger than, or different from 
those by which the lines of chords on any scales 
m the draughtsman's possession were deter- 
mined; the given radius being taken in the com- 
passes, the sector must be opened till the divi- 
sions marked 60° on the corresponding lines of chords on its legs 
are at that distance apart, or so that the points of the compasses 
accurately fall into those marks. When thus adjusted, the angle 
of the instrument must be kept carefully unaltered ; the required 
degrees of which the angles are to consist are then to be taken 
from the similarly numbered divisions on the corresponding lines 
of the two legs of the instrument: thus, if the angle required 
were 23J°, one point must be set in the division 23^ on one 
line, and the legs of the compasses opened till the other point 
falls into the 23^ division of the other leg of the sector; and so of 
any given number of degrees. In the same way, the lines of tan- 
gents, &c. are to be used. The principle on which this instru- 
ment is employed is demonstrated in Geo. II. Prop. 29, 31 ; the 
parallel chords, taken across the angle made by the legs of the 
sector, being proportionate to the corresponding radii, or the 
lengths of the divided lines from the centre of the hinge, as has 
been also before mentioned. 

The protractor is another instrument for constructing angles of 
a given magnitude. This is made in two forms : a mark in the 
centre of one edge of a plain rectangular scale is supposed to be 
the centre of a semicircle ; the degrees, &c. into which this is 
divided being transferred to the three other edges of the scale by 
lines drawn to this centre from the circumference. To use this 
instrument, the first or plain edge is applied to a given line, in- 
tended for one leg of the angle, so that the central mark shall 
coincide with the angular point ; a dot being then marked at the 
given number of degrees, as found on one of the other edges, a 
line drawn through this mark and the first point will obviously 
make, with the given line, the angle required. This form of pro- 
tractor is of great use for drawing short perpendiculars ; the central 
mark and the 90° division being set so as to be on a given line, 
the edges of the scale will be at right angles to it, and the perpen- 
dicular may thus be drawn. 

The shortness of the radius of the semicircle represented by the 
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edges of this protractor, and the mode of its construction^ as well 
as that of using it, being sources of error, it should not be em- 
ployed in nice operations. The circular protractor is therefore to 
be preferred. This is a flat thin circle of brass, with its outer 
edge divided into degrees, the bevelled edge of a bar across it being 
a true diameter to this graduated circle^ and having a mark at its 
qentre ; this mark and edge being set to the angular point in a 
given line, the required number of degrees is marked off from the 
rim as before. The circular protractor is sometimes made with a 
moveable radius, which can be set to the required number of 
degrees on the edge, and the second line to form the angle drawn 
at once by its edge, without removing the instrument. For greater 
precision, the radius is provided with a vernier, to subdivide the 
primary divisions. 

A very ingenious protractor is made use of in plotting the 
government surveys, executed under the direction of the Board of 
Ordnance, which we are allowed to describe. A circle, about a 
foot in diameter, is engraved on a copper plate, and very accu- 
rately divided into degrees, and numbered ; impressions are printed 

from this on thin card paper, and the circle 
cut out from them, the part used being the 
square sheet with the circular aperture; 
for this reason the divisions are engraved 
outwards from the circle on the plate. The 
angles taken in surveying with a compass 
are all measured from a fixed line, namely, 
the magnetic meridian; consequently, in 
laying down, or, as it is termed, in plotting 
such a survey, all the angles are to be set off from parallel lines 
representing that meridian. It is to facilitate this proceeding that 
the printed impressions are employed in the following manner : — 
One of them is fixed down flat on a drawing-board, by drawing- 
pins, and so that the diameter, which would join the zero and the 
180° division, may represent the meridian. In order to draw 
lipes through any given points which shall make the necessary 
angles with this meridian, the edge of a parallel rule is laid across 
the circle to the given number of degrees, taken io opposite direc- 
tions from it, so as to lie in a second diameter, the edge of the 
rule being then moved in the usual manner to the point, a line is 
drawn which will obviously form the required angle with the first 
diameter, (Geo. I. Pr. 18.) In this manner the angles are formed 
%t each successive point that falls within the aperture; th^ card is 
then moved to a new position, care being taken that the meri- 
dional diameter shall be truly parallel to its former position ; the 
operations are then continued, and when the impression is, worn 
put by vtse^ another is siibstituted, 
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Another instrument for f{|cilitating the plotting pf &iirvey»> the 
invention of Sergeant Doul of the Engineers, is ako used under 
the same authority. In laying down a plan or roap from a sur- 
vey, the lengths of perpendiculars ^t different points in a givep 
line are perpetually required to be set off- Commonly these dis- 
tances are marked along the first line from a scale^ the 
different perpendiculars are then drawn, and the lengths 
of these taken in succession from the sapie scale; the 
instrument \^ question is intended to shorten this opera- 
tion. It consists, as may be seen in the ^gure^ of a rec- 
tangular brass frame, within which a square piece slides 
freely ; one of the longer edges of the aperture is divided 
into ipclies and tenths^ and the sliding piece carries a 
vernier on its ed&e, which applies to the divisions ; the 
cross edges of this latter are bevelled, and are also gra- 
duated from the centre of each outwards. At the exte- 
rior ends of the frame are marks^ which, if set to a given 
line, the centres of the edges just mentioned will alsQ 
coincide with it. If^ therefore, the piece is successively 
moved to the proper distances^ by means of the scaleS) along the 
aperture^ the lengths of the perpendiculars may \)e set off, by 
means of the divisions on the bevelled edges of the sliding piece, 
on either side of the given line as required^ without the necessity 
of drawing them^i and a line js afterwards 4rawA through these 
ppints by hand* 

These are the principal instrumental required for geometrical 
drawing: others^ more elaborate, such as pento^faphs^ c^trO'^ 
Ki^eacia, and ellipfographs, will be npticed under the problems for 
the solution of which they are intended. One objection to these 
firises from the difficulty of fidjnsting them so as to describe the 
lines Qr cnrves they are calculated for^ in the precise situation 
they are wanted on the drawing ; it frequently happening that the 
time thus consumed nearly counterbalanoes that saved by their 
^application, and some injury is always cs^used to the drawing by 
the necessary trials. The expense of the^e instruments also pre- 
cludes m^ny learners from possessing them ; but this need not 
eause them any regret, since the necessity fpr having recourse to 
problems to perform what the instruments are meant to effects 
will make them acquainted with some theorems; with which th^y 
might not otherwise h$(ve been conversant. 



An instrument callecl a drawinff-pen is required for drawing, 
in inky lines intended \o be permanent. It cans^ists of two thin 
^ual steel pieces^ i^perjng to points, like the nib of a comipon 
pfin, ftn^ pluced side by side; the small opening ta be left hetweep 
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them, according to the strength of the line intended to be drawn 
by it, being regulated by a finger-screw passing through both 
pieces ; a small quantity of fluid Indian ink must be inserted by a 
camel-hair pencil between the points, and the pen used with its 
flat side against a rule. Care must be taken that no ink is left on 
the outside of the points, for if there be, it will run on the rule 
and soil the drawing. When done with, the pen should be wiped 
dry, otherwise the ink will corrode the steel. 

Common ink may be used when the drawing is not to be 
shaded or coloured^ but lines drawn with it run when washed 
over by water colours, and will give a hard cold look to the 
outline. 

A steel pen is always found in sets of instrun^ents, which can 
be substituted for the leg of a pair of compasses for the purpose of 
drawing circles in ink. 

In all complicated geometrical constructions, it is essential to 
have the surface on which they are made very flat, or, as nearly as 
possible, a true plane. To efiect this, the paper employed must be 
strainedy which can be done in either of the following ways : — 

1. The paper must be thoroughly and equally damped with 
clean water, applied by a sponge, or large flat camel-hair pencil, 
on one side only, care being taken not to rub or injure the surface 
in the process. Some thin common glue, or strong paste, is then 
to be very equally spread, in a band of about half an inch, round 
the four edges of the other or dry side ; each edge, as the glue or 
paste is put on, being pressed down on the drawing-board, so that 
the paper may everywhere adhere to it. When the paper contracts 
in drying, as it is firmly held at the edges by the glue or paste, all 
creases or undulations disappear from the surface, and it forms a 
smooth plane. Practice and care can alone enable the beginner 
to accomplish this successfully : the only general instructions that 
can be given are, that the paper should not be drawn too tight on 
the board while it is damp, or else it either tears, or parts from the 
board in places when dry; more especially if the paste or glue has 
been unequally spread^ or if any part where this is put on has 
been wetted. It is also necessary, in order to make the paper lie 
as flat as possible, that opposite sides should be glued or pasted in 
succession, and then the paper drawn equally, so that all large 
creases or swellings may be removed : the two other sides are then 
to be treated in the same way. The object in view being that the 
glue or paste should set before the paper is quite dry, so that the 
latter, by its contraction, may remove all creases, and lie quite flat 
on the board, and yet that the glue should yield sufficiently to that 
contraction to prevent the paper from tearing. 

2. Some drawing-boards are made of a pannel, held in a frame 
by two thin bars of wood^ which slip into mortised holes at the 
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inner edges, the face of the paniiel, when in its place^ ^y^^S ^^^^ 
with that of the frame. The pannel being taken out, the paper is 
damped^ as before described^ and being laid very evenly over it, 
the frame is pressed down> and the bars of wood are fixed in their 
places, so as to confine the pannel to the frame; as the paper 
contracts in drying, it is held round the edges by being squeezed 
between the pannel and frame : this contrivance supplying the 
place of the glue or paste used in the former method, and the same 
precautions must be taken not to draw the paper by the frame 
too tight over the pannel, in fixing it. 

This is the neater and easier mode of straining drawing-paper; 
but the size is limited by that of the pannel of the board, whereas 
paper of any dimensions may be strained by means of glue or 
paste, provided the board is large enough. 

If there is to be no tinting or colouring on the drawing, those lines 
of the construction which are not required to be visible may be 
drawn with the point of the compasses, or any steel point ; but the 
surface of the paper is so injured by this, that any colour laid on it 
will run in those lines, and spoil the evenness of the tint. It is 
better, therefore, to use a hard black lead pencil, cut to a fine 
point, when the outline is to be subsequently shaded, as in archi- 
tectural drawings, or drawings of machines. 



U INTRODUCTION. 



There are some general rules^ applicable in all geometrical 
constructions, by observing which accuracy will be obtained and 
much time saved. In all the following Problems these rules are 
supposed to be attended to, though to prevent unnecessary repe- 
tition the specific occasion of their application is not noticed. 

1. Arcs of circles, or right lines by which an important point is 
to be found, should never intersect each other very obliquely, or 
at an angle of less than 15 or 20 degrees; and if this cannot be 
avoided, some other proceeding should be had recourse to, to 
define the point more precisely. 

2. When one arc of a circle is described, and a point in it is to 
be determined by the intersection of another arc, this latter need 
not be drawn at all, but only the point marked ofi* on the first. 
As it is always desirable to avoid the drawing of unnecessary lines, 
the same observation applies to a point to be determined on one 
straight line by the intersection of another. 

3. Whenever the compasses can be used in any part of a 
construction, or to construct the whole problem, they are to be 
preferred to the rule, unless the process is much more circuitous; 
or unless the first rule forbids. 

4. A right line should never be obtained by the prolongation 
of a very short one, unless some point in that prolongation is first 
found by some other means ; especially in any essential part of 
a problem. 

5. The larger the scale on which any problem^ or any part of 
one, is constructed, the less liable is the result to error; hence all 
angles should be set off on the largest circles which circumstances 
will admit of being described; and the largest radius should be 
taken to describe the arcs by which a point is to be found through 
which a right line is to be drawn ; and the greater attention is to 
be paid to this rule in proportion as that step of the problem 
under consideration is conducive to the correctness of the final 
result. 

6. All lines, perpendicular or parallel to another, should be 
drawn long enough at once to obviate the necessity of producing 
them. 

7. Whenever a line is required to be drawn to a point, in order 
to insure the coincidence of them, it is better to commence the 
line from the point; and if the line is to pass through two points, 
before drawing it, the pencil should be moved along the rule so 
as to ascertain whether the line will, when drawn, pass through 
them both; thus if several radii to a circle were required to pass 
through any number of points respectively, the lines should be 
begun from the centre of the circle; any error being more obvious 
when several lines meet in a point. 



n 



§ PROBI^EMS ROUTING TO RIGHT LINES 

AND ANGLES. 
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Problem 1. 

To draw a line perpendicular^ or at right angles, to a given line 

A B, through a given point C. * 

Case 1. If the point be in the given line: 

Set oflF from C each way along the line A B 
any convenient distance; from the points thus 
marked as centres, with any radius, describe 
arcs intersecting each other on both sides AB, 
if possible; then draw a line through the in- 
tersections and through C, which will be per- 
pendicular to AB as required (Geo. I. Prop. 
44). This construction will be most accurate 
when the radius of the arcs is about equal to the distance be- 
tween the centres. 

Case 2. If the point be not in the line : 

With any length as a radius, as much greater 
than the distance of C from A B as is possible, 
describe arcs from C, cutting A B in two 
points, from which with any distance describe 
arcs on the other side of A B to C : a line 
drawn through C and the intersection of the 
arcs will be perpendicular to A B. 

It will be better to describe arcs on both 
sides of the line, as in Case I. 

Case 3. If the point be in the line A B, but near the end of it : 

Assume a second point D at pleasure, any i^ 
where out of A B ; and from D, with D C for 
a radius, describe arcs, oue cutting A B in E, 
and the other in the direction in which the 
perpendicular from C will lie : draw a line 
through E and D to cut the second arc, and 
a line drawn from the point of intersection 
through C will be at right angles to AB. (Geo. I. Prop. 44.) 
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* The size of these diagrams being limjied by the form of this publication, the 
student need hardly be cautioned against takinj^ them as a guide for the scale on 
which he ought to apply the problems in practice, this should be as large as circum- 
stances will admit. It may also be mentioned here that the dotted lines indicate 
those which do not require being actually drawn, but are shown either to explain thp 
proceeding, or for the purpose of demonstration in the notes. 
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The point D should be taken, so that D C if drawn would form 
an angle of about 45° with A B, and as far from C as convenient : 
the line E D need not be drawn, it is sufficient if the point in 
which it would intersect the arc be marked> according to the 
second general rule. 

Case 4. If the point be not in the line, 
but near the end of it : 

1. Mark any convenient point B in the 
given line, as far from C as possible ; with 
B C as a radius, describe an arc on the 
other side of A B at D, and also mark on this 
line the point in which the arc would 
cut it: from this, as a centre, with the dis- 
tance to C as a radius, intersect the arc described on the other 
side of A B in D ; then a line drawn through C and this inter- 
section D will be perpendicular to A B. (Geo. I. Prop. 45.) 

2. Two points may be assumed in A B, one on each side of C 
if possible, then with the distance of C from each of these describe 
arcs intersecting on the other side of A B^ and the perpendicular 
is to be drawn through the intersection and C. (Geo. III. 
Prop. 3, Cor. 3.) 

3. Any point B being taken in the given 
line, join B C and bisect it; (see Prob. 4.) 
with the half of B C as a radius^ describe 
an arc cutting A B, and draw the required 
perpendicular through C and the point of 
intersection. (Geo. I. Prop. 44.) 

If the perpendicular required is to be a short one, or if no essen- 
tial part of a subsequent construction depends on the accuracy 
of the right angle, a triangular rule, or a protractor, may be used, 
as was stated in the description of those instruments. 

If AB be any two points given, a third D 
may be found, by means of the compasses 
alone; so that a line joining it and A or B 
would be perpendicular to a line passing 
through A and B. 

From A and B as centres with any radius, 
A B for example, describe arcs cutting each 
other in C, and from C with the same radius 
describe a circle, which must necessarily pass through A and B; 
from either of these two points step the radius three times on the 
circumference to D, then a line joining D B or D A, according as 
A or B was used, would be perpendicular to AB. (See Note D.) 

If, with any radius, arcs be described from each extremity on 
both sides of a given line AB, a line drawn through the inter- 
sections wuU not only be perpendicular to A B but Avill bisect it. 
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(Geo. I. Prop. 43, and Cor.) This construction is applicable 
whenever a circle is to be described that is to pass through the 
two points, as the centre must lie in the perpendicular bisecting 
the line joining them. (Geo. III. Prop. 3.) 

To ascertain whether two given lines are at right angles to each 
other; from any point in one^ taken as far as possible from their 
intersection, with any large radius describe arcs to cut the other 
line, and if these points of intersection are found to be exactly at 
equal distances on each side of that of the given lines, these are 
mutually perpendicular. — This is the converse of the con- 
struction for Case 1. 

Builders make use of a method of setting off a line at right 
angles to a given one, which deserves notice here. Suppose the 
front of a house is indicated by a string stretched between two 
pegs stuck in the ground, and the side walls are required to be 
marked out by the same means^ at right angles to the former ; the 
corner of the building being marked by a peg. Three yards are 
carefully measured off along the string, and another peg fixed in 
the line : two other strings, one four yards and the other five yards 
long, are fixed, the former to the peg indicating the corner, and 
the other to that at the termination of the three yards; these 
strings being stretched tight, and their ends brought carefully to- 
gether, the point where they meet will be in a line perpendicular 
to the first string. (Geo. I. § 7, Prob. 44, 3d method.) If the 
building be very large, and greater nicety is required, 6, 8, 10 
yards, or any equal multiples of 3, 4, 5 may be used. 

Draughtsmen sometimes make use of the same mode on paper, 
by taking 5, 4, 3, or any multiples of them, from any scale of 
equal parts; the larger number being always the hypotenuse of 
a right-angled triangle, of which the sides are of the length 
indicated by the two other numbers. 

This problem being that of most frequent occurrence in prac- 
tical geometry, the student should practise repeatedly all these 
constructions, so as to render himself familiar with their appli- 
cation, according to the particular circumstances of the case; 
and he will, by so doing, ascertain what parts of the operations 
may be abridged, and time thus saved. 



Problem 2. 

Through a given point C, to draw a right line parallel to a 

given right line A B. 

1. Place one leg of the compasses in C, and open them till the 
other will describe an arc of a circle that will accurately touch 
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A B, without cutting it. From any other 

point B, taken at pleasure in the line^ but as 

far as conveniently may be from the former, j^ 

describe an arc with the same radius on that '^ 

side of the line the given point is situated. A line drawn through 

C, and, as a tangent to or touching (Geo. III. Def. 7.) this second 

arc, will be parallel to the given line. (Geo, I. § 3, Prop. 16,) 

This is the only method to be depended on when the required 
parallel is more than two inches long, if accuracy is required. 
Care must be taken in obtaining the true perpendicular distance 
from the point to the line, and in preserving the opening of the 
compasses unchanged^ to describe the arc from the second point 
with. 

When several parallel lines at equal dis-c4 

tances are required, it is best to draw two lines, j " 

A C, B D, parallel to each other, and as nearly ■ 

at right angles to the given one A B, as may be a X — 

estimated by the eye; the farther apart the * 

better; the distance is to be stept off along AC, B D from AB, 

and the corresponding points joined by the parallels required. 

2. If the point C be far from A B, in pro- 
portion to the length of this^ draw a line C A to 
the farthest extremity of A B, and from C, with 
C Al as a radius^ describe an arc; and from A 
with the same radius cut AB in a point B; 
from A, with B C for a radius, cut the first arc in D; and a line 
drawn through C and this intersection D will be parallel to AB. 
(Geo. I. Prop. 15, Cor. 2.) 

3. If the parallels are short, place one side 
of a triangular rule to coincide with the given 
line; then to either of the other sides apply 
another plain rule, and holding this firmly 
down, so that it shall not slip> slide the trian- 
gular rule with the other hand, till the side of it, which was 
applied to the given line, touches the given point, and holding it 
steadily in that position, the required parallel may be drawn. 
Unless the rules are held so as not to slip or shift during the 
operation, and unless the triangle is slid very carefully along the 
side of the plain rule, the whole proceeding is useless; con- 
sequently, from the difficulty of fulfilling these conditions, this 
method should only be used for short lines, and in that case a 
parallel rule may also be employed. 

Another mode of drawing a line through a given point, parallel 
to a given line, must be mentioned here; because, not requiring 
the description of any arcs, it may be applied in the field, where 
it is impracticable to draw a circle. 
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Let A B be the line and C the point. Through C draw a line 
to cut A Bf at an angle of about 60° by esti- 
mation, and make D E, on the other side of 
A B, equal to CD; from E draw another 
line also to cut A B at nearly the same angle, 
and make FG equal to EF; then a line 
through C and G will be parallel to A B. 
(Geo. II. § 4, Prop. 29.) 




PaOBLtSM 3. 

To construct an angle of a given magnitude. 

Case L At a given point C, in a given line AB, to make an 
angle equal to a given rectilinear angle D. 

From the angular point of the given angle, with any, the largest 
convenient, radius describe an arc, cutting the legs, or mark off 

the length of that radius on them. From C, 
with precisely the same assumed^ radius, de- 
scribe an arc from A B on that side on which 
the angle is to lie : take the chord of the arc 
on the given angle, or the distance between the 
points marked on its legs, and set it off from 
A B on the arc last described, and draw 
through C and the point thus found the right 
line, which will make with A B an angle equal to D. (Geo. I. 
§ 7, Prop. 47.) 

If the given angle D be greater than a right angle, it will be 
better to construct an angle at the given point C by the foregoing 
method, but on the contrary side of the line to that on which the 
angle is to lie, equal to the supplement (Geo. I. Note to Prop. 2.) 
of the given angle; which is found by producing one of the legs of 
the angle beyond the angular point ; the leg of the angle thus con- 
structed at the given point being produced will form the required 
angle in the situation where it is wanted. Or the supplemental 
angle may be constructed on the same side of the given line, but 
in the opposite direction^ as will be easily understood from the 
figure. 






Case 2. If the angle is to consist of a given number of d^rees. 
One of the principal occasions on which this case is required is in 
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the laying down^ or as it is termed the plotting, of the triangles of 
trigonometrical operations, in the construction of maps or plans, 
where many angles are to be drawn round one point. The best 
mode of proceeding is to make use of a table of natural sines, 
which is to be found in all volumes of logarithmic or nautical 
tables. A circle being described round the angular point as a 
centre, with the exact radius of '5 taken from any convenient 
scale (say five inches from a scale of inches, ten being con« 
sidered as unity); the natural sines of the halves of the given 
angles to be constructed are to be sought for in the table, and are 
to be taken from the same scale of equal parts and set off, in the 
proper succession, on the circumference of the circle; then radii 
drawn from its centre through the points thus found will form the 
angles required. (Note B.) 

The advantage of this method is, that the compasses being 
alone required to set off the chords^ the operation is simpler and 
more accurate than if the sines of the angles were made use of, 
which would require two processes ; and when many angles are 
to be made at one point, and this has to be repeated often, the 
trouble of using the table is more than compensated for, by that 
saved in abridging the rest of the proceedings and by the very 
superior accuracy of the construction. 

The same principle is applicable to the converse of this 
problem, that is, to the measurement of how many degrees a 
given rectilinear angle consists. For if an arc be described from 
the angular point, with a radius of '5^ and the chord of the angle 
be taken from the same scale, the number thus founds sought in 
the table of natural sines> will give half the angle made by the 
lines with much greater accuracy, and very little more trouble, 
than if a scale of chords or a protractor were made use of. 

On most other occasions the angle may be deduced from the 
division of the circumference of the circle, and that very readily, 
if the given number of degrees be some aliquot part of 360^ as is 
most commonly the case in geometrical or architectural drawing; 
even when it is not, and the required angle is some incommen- 
surable part of the circumference, aiid is required to be laid off 
very accurately, the circle being described of a sufficiently large 
radius, the arc may be taken by estimation, between two con- 
tiguous divisions, more accurately than if the line of chords of 
common scales, or the sector were made use of. 

If two right lines cross one another, the angle made by them 
may be measured by means of a circular protractor, without the 
necessity of setting the centre of the instrument to the angular 
point. For the number of degrees, intercepted by the lines form- 
ing the angles, being taken from the divided edge of the circle,. 
half their sum, or half their difference, according as the angular 
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point is within or without the circumference of the instrument^ is 
the measure of the angle. (Geo. III. § 3, Prop. 19.) n 

A ready and accurate mode of dividing the circumference of a 
circle into any even number of parts^ and into 5, is given in 
Problem 36. 



Problem 4. 

To divide a given right line A B into any required number of 

equal parts, 

A distance taken in the compasses by estimation^ as nearly 
equal to one of the required parts as possible^ is to be stepped along 
the line very lightly from one end ; if the distance was by chance 
taken correctly, the line will be divided by it at once; but, if not, 
the point of the compasses will not fall into the other extremity of 
the line, but will either exceed or fall short of the point, accord- 
ing as the estimated distance was taken greater or less than the 
true one. 

Without raising the instrument from the paper, this error is to 

be divided by the eye into as many parts as the whole line is 

. required to be divided into, and the compasses opened or shut the 

quantity of one of these smaller divisions^ according as the first 

assumed distance was too small or too large. 

The trial must be now repeated, and if the distance is still not 
correct, the compasses must be again altered by the estimated 
correction, as before, and so on till the error is very small ; as 
these trials will be found, whatever care may have been taken, to 
have injured the surface of the paper by the number of dots made, 
which would cause confusion and error by the points of the com- 
passes slipping into the former marks, the last distance should be 
stepped backwards from the other end of the line; the very 
minute error that may now exist had better be divided among the 
last divisions thus taken backwards by the eye, and this will 
ensure, practically, more accuracy than if further attempts were 
made to change the compasses by such a very small quantity. 

As this problem is of such frequent occurrence, the neatness 
. and correctness of the drawing will depend a good deal on atten- 
tion to these instructions. To render them as clear as possible, the 
whole operation is shown in the diagram. 

Suppose it were required to divide A B into five parts. The 
first trial is indicated by the 

dots a, 6, c, d, e, and the dis- f 4it A^i ?..• ^i |r .f fi. 

tance taken by guess was too 

small, or was less than one-fifth of AB, 
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Now the leg of the compasses remaining in the dot d, the error 
e B is to be divided in the mind into five parts, and the compasses 
opened to include one of those divisions added to d e, or the 
assumed division^ the leg in d not being moved. 

The stepping being repeated from A, with this corrected dis- 
tance> is indicated by the points fghik, and the correction was 
taken too large, or the whole opening of the compasses is more 
than one-fifth of A B ; the compasses are to be shut therefore by 
one-fifth of B k, and a new trial made^ which, if any care has 
been taken, will be exceedingly near the truth. 

Now with this last corrected distance commence from B, and 
the new dots will fall between the former, and be therefore more 
distinguishable, and mdy be marked on the paper with more 
pressure of the hand on the compasses : if any error still exists it 
is to be divided, by eye, among the divisions, so as to increase or 
diminish each by an equd quantity, being one-fifth of the last 
error; and this final correction may be made with the point of 
a pencil. 

When it is required to divide a long line into a considerable 
number of equal parts, it is best, if the number will admit of it, to 
resolve it into two factors, and first to divide the line into the 
number of equal parts indicated by the smaller factor, then 
subdivide each of these parts into the number expressed by the 
larger factor: thus, if it were required to divide a line into 15 equal 
parts, it is better to divide it first into 3, and then each of these 
into 5, since 3 X 5 = 15. If the given number be prime, such as 
11, 13, 19, &c., of course the line can only be divided by trial. 

It will be adviseable, when the number of divisions is large, 
and a prime number, to draw another line, making it accurately 
equal to the given one, to divide this by trial, till the correct p^trt 
is got, and then to step this along the original. 

If it be required to divide a line into two equal parts, or to 
bisect it, the compasses being opened to half the length of the line 
by guess, this distance should be set from each extremity, and the 
small errol- divided by eye, by the pencil point. * 

In architectural and other mechanical drawings, it is perpe- 
tually requisite to set oflF on a line two dlflFerent distances in 
alternate succession, as the distances from centre to centre of a 
series of columns or windows, and subsequently half the width, or 
the semidiameter of them, from the former points ; or the width 
of the piers between the windows and that of the windows therti- 
selves. In these cases it is better to set off the distance, com- 

* These instiuciiuns may at first seem foo trifling and stiperfluous; but when it is 
remembered that it is on attention to such minutiss that the accuracy and neatness of 
geometrical drawings must chiefly depend, every circumstance by which those im- 
portant objects can be attained, is deserving of attention. 
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prising both of the required ones in succession, and then, with the 
second distance in the compasses, to step from the points thus 
obtained the required spaces in the proper direction. 

If a Hne is set out on the ground, by means of a string stretched 
from two pickets, it is very easily bisected, by disengaging the 
string at one end and doubling it, or by taking another equal in 
leligth and doubling that ; the length of this doubled string set 
along the first will give the central point of it. 

In the same manner it may be divided into three or more 
parts. 

The most accurate mode of dividing a short line into equal 
parts is that used in the construction of scales, and is called dia- 
gonal division : it is an application of the mode of dividing a line 
given as the solution of the problem in Treatises on Geometry. 
(Geo. I. Prop. 49.) 

If AB be a line divided into equal parts for a scale, it is 
always necessary that one of these divisions, at the end of the 
line, should be subdivided into as many parts as the unit of linear 
measure, represented by the scale, requires ; thus if the divisions 
represent feet, one of them should be subdivided into 12 parts for 
inches. 

Six lines, at equal distances at pleasure, must be drawn paral- 
lel to AB, and the divisions 
continued across them by lines, 
very truly parallel to each 
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other, and perpendicular to a ^ 

A B ; the last of these divisions, which is to be subdivided, is to 
be bisected on the farthest parallel, and two oblique lines drawn 
from each end of the division to the bisecting point, as 06, 16. 

It will easily be seen, that these oblique lines, by their inter- 
sections with the parallels in succession, from A B to the farthest, 
and then back again, divide the space into 12 equal parts ; (Geo. 
B. II. Props. 29. 31.) thus the small quantity from the perpen- 
dicular, 0, to the nearest oblique line on the 1st parallel, is ^, 
on the 2nd parallel -^, and so on to the 6th or farthest, which is 
by construction h ot -^\ then taken back in succession, the 
quantity from the perpendicular to the farthest oblique line on 
the 5th parallel -^, on the 4th parallel is t^, and so on till the 
oblique line meets A B in 1 or ^ of the whole space. 

The quantity between the two dots on the 2nd parallel 
would be taken in the compasses for 3 feet 10 inches on a draw- 
ing made to this scale ; the quantity between the dots on the 4th 
parallel represents 4 feet 4 inches, and those between the 3d and 
4th parallel 2 feet 8J inches; — the dots showing where the points 
of the compasses are to be placed to take these distances, if 
required. 
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The wider apart the parallels are drawn^ by so much the more 
accurately can dimensions, such as the last^ be measured off; the 
space between two adjacent parallels being subdivided by the 
eye. 

This diagonal division is also employed in scales to subdivide 
into still minuter quantities, which could not be done by any other 
mode, with tolerable precision : this will easily be comprehended 
by means of the annexed figure. 

The unit AB is first subdivided 
into 10^ and each of these again 
subdivided into 10 by the dia- 
gonals and parallels. If AB re- 
presented a scale of 100 feet to 
i an inch^ each direct division of A B is 10 feet; and by means 
of the diagonals^ distances can be taken to single feet, and by the 
eye to half a foot. 

Thus the dots between the 8th and 9th parallel represent 178i 
feet, those on the 3d parallel represent 243 feet. The ivory 
scales contained in cases of mathematical instruments have the 
lines of equal parts usually divided by this mode ; but as it fre- 
quently happens that the draughtsman wants a scale not found on 
these, it is necessary that he should understand the method and 
principle of constructing them for himself. (Note C.) 




Problem 5. 



To bisect a given Angk^ 

1. Equal distances being set off from the angular 
point along the legs, from the points thus marked as 
centres, with any radius, describe two arcs cutting each 
other; then a line drawn from the angular point 
through the intersection will divide the angle into two 
others equal to each other. (Geo. I. § 7, Prop. 46.) 

It is better to take a greater radius to describe the 
arcs than the distance between the points on the legs, 
as is directed to be done in the construction given in 
the treatises on geometry ; because the farther the intersection of 
these arcs is from the angular points, provided the arcs do not 
cut each other too obliquely, so much the more accurately can 
the bisecting line be drawn. 
;^ 3. Through any point A, taken at pleasure in either leg of the 
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angle, but as far from the vertex B as may 
be convenient, draw a line A D parallel to 
the other leg ; make A D on this parallel 
equal to AB; a line drawn from the an- 
gular point through D will bisect the angle. (Geo. I. § 3, Pr. 15, 
Cor. 2 ; and I. § 2, Prop. 6.) 

If it be required to divide a given angle into more than two 
equal parts, it can only be done, practically^ by describing an arc 
from the vertex as a centre^ and dividing the part intercepted be- 
tween the legs, by trial, into the number of parts required : the 
same observations as were made in the preceding problem, on 
dividing a line, being equally applicable in dividing an arc. 
(Geo. Schol. to Prop. 46.) 
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Problem 6. 

To divide a given finite right line A B medially y or in extreme 
and mean ratio, (Geo. II. ^7, Def. 21.) That is, to divide it 
80 that the whole line shaU be to the greater segment as this is to 
the other segment ; or so that the rectangle under the whole line 
and the lesser segment shall be equal to the square of the greater. 

1. Draw a perpendicular at either end of 
the given line, as DC (Prob. 1.), and produced 
on both sides of it ; bisect the given line^ and 
set the half thus found along the perpendicular 
from A to C, take the hypotenuse B C and 
set it off from C to D in the perpendicular, the 
distance A D will be the greater segment, and 
may be set off from A or B along the given 
line. (Euc. 6, Pr. 30.) 

2. The perpendicular A C being drawn^ and made equal to 
half the given line, join B C, and set off A C from C to E in C B ; 
the remainder BE will be equal to the greater segment. (Geo. II. 
Prop. 59.) 

To produce a given finite line A B, so that it shall be one seg- 
ment of the produced line divided medially. Divide the given 
line AB medially, and make the part produced equal to the 
greater segment of this division, AB will now be the greater seg- 
ment of the whole fine. And if to this produced line a part be 
again added equal to A B, the whole line now found will be di- 
vided medially, and AB will be the lesser segment. (Geo. II. 
Prop. 59, Schol.) 

A distance A B can be divided medially by means of the com* 
passes alone. 
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On A or B, with the distance A B as a «?><r 

radius, describe a circle, and step the radius 
round from A to C. D, E, F, G; with A D, the 
chord of two of these divisions, as a radius, 
from each end of the diameter A £, describe 
arcs intersecting in a ; with the distance B a 
4S a radius describe arcs from D and F^ inter- 
secting in 6, then this point will be in the right line which would 
join A B, and will divide it medially as desired. (Note D.) 

Problem 7. 
To find a mean proportional between two given right lines. 

Draw a right line A B, and make it equal in length to the sum 
of the given ones, and having the length of each determined by a 
point D in it, draw a perpendicular to the 

line from D, and bisect A B in C ; from C, ... ^ -y 

with the half of the whole line A C or C B / 

as a radius cut the perpendicular by an arc; | |/ 

this perpendicular thus terminated will be a c d b 
the mean proportional to the two given lines. (Geo. II. § 7, 
Prop. 51.) 

If the given lines are very unequal in length, the perpendicular 
in this construction will be near the end of the line, and the arc 
will necessarily cut it very obliquely, so that the true termination 
will not be well defined ; to remedy this, set off the distance C D 
from D along the line produced, on the other side of the perpen- 
dicular, and from this nexj point, with the same radius as before, 
namely the half of the whole line, cut the former arc and the 
perpendicular more definitely in the required termination t 



Problem 8. 
To find a third proportional to two given right lines. 

Draw two lines at pleasure, forming an angle of 
about 45°, and from the angular point C set off C A, 
C D on one of them, equal to the two given lines ; 
and set off C B on the other, equal to C D or to 
the longest; draw DE parallel to the line which 
would join A, B, to cut the other leg in E, then C E 
will be the third proportional to C A, CD the given lines, 
(Geo. 11. Prop. 52.) 

It is not necessary to draw the lines AB, DE ; if a par^lel 
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rule be made use of, and set to the two first points, and then 
moved to the other^ the dot or point op the second leg may be 
marked, without drawing the line. 

It is, in the principle of this construction, immaterial what 
angle the lines make, but it will be seen that, in practice^ if the 
angle was taken too acute, the parallels would be so short as not 
to allow of their being drawn with sufficient accuracy, and if the 
angle were too obtuse, these parallels would cut the legs too 
obliquely to define the intersections with sufiicient precision ; hence 
the lines are directed to be drawn at about 45° of inclination. 
(See also observations on Prob. 10, § 1.) 

A third proportional to two distances, given by means of points, 
may be found by means of the compasses alone. 

Let A B be one distance, and C D the other ; from A with the 
radius A B describe an arc, and from B with 
the radius C D describe another, cutting the 
first in E, F ; from E set off the radius C D 
three times to 6, EG will therefore be the 
extremities of a diameter^ then the distance 
F G, or the chord which may be supposed to 
join those points^ is a third proportional to AB, 
C P. (Note E.) 



Problem 9* 
To find a fourth pniportionql to three given lines, 

Praw two lipe^ forpiing an angle of 45% qs in the Ipjst pro- 
bleip, and m^ke C A, C P on one of theip equal to the hnt and 
third of the given lines, and C B on the othep 
leg equal to the second: then a line drawn 
through D^ parallel to that which would joia 
A and B^ will cut off the segment C E equal to 
the fourth proportional sought. (Geo. II. 
Prop. 53.) See observation on Prob. 10, 

A fourth proportional to three distances 1^ 2, and 3, given by 
points^ may be found by means of the compasses alone« 

From any centre O describe two circles with ■ — j ^ 

1, 2, the first and second of the given distances; ^x / '' 
and from any point B in the outer one, set off 
B C on its circumference, equal to 3, the third 
given distance; from B and C with any radius, *^""'^^'^;jj^ 
B O for example, describe arcs cutting the inner \^ ** 

circumference in D and £, then the distance 
OP chord D E will be the fourth proportional sought. (Note F.) 
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By this problem^ aline, A, being given, another, B^ can be found, 
which will contain a rectangle equal to that contained by two 
other given lines C and D : for A : C :: D : B (Geo. II. Prop. 38, 
Cor. \, 2, 3, 4), that is B is a fourth proportional to A, C, and 
D : this application is required in subsequent problems. 

If three rectangles were given by means of three lines, each 
divided by a point into two segments equal to their sides ; a line 
equal to the sum of the sides of a fourth may be founds the area 
of which will be in continued proportion to those of the given 
rectangles. Let A C B,* D F E, G 1 H, be three given rectangles, 
to which it is required to find a fourth proportional. First find 
(Prob. 7) a mean proportional between the two segments of each 
of the three given lines AB, DE, GH. Then by the present 
problem, find a fourth proportional to the three geometrical means 
thus obtained ; these will be the sides of squares equal in area to 
the rectangles respectively (Geo. I. § 7, Prop. 68 ; and II. § 7, 
Prop. 51) ; and by Prob. 29, Case 4, this fourth proportional 
may be resolved into two segments of a line to which it is the 
mean, and which will be the sides of the fourth rectangle required. 
If one of the sides of this be given, the other will be determined. 

By drawing an indefinite line with a perpendicular to it from 
any point, and then setting off the segments AC, CB; D F, 
F E, &c. on each side of the base of the perpendicular respectively, 
the process of finding the means will be much simplified. 



Problem 10. 

To divide a given right line into the same number of segments, and 
which shall be to each other in the same ratio, as those into 
[^ which another line A D is divided, 

1. From one extremity of the divided line draw a line A B, mak- 
ing an angle of about 45^, and equal in length 
to the given line which is to be divided, join B D 
the extremities of these two lines; and parallel 
to this last line draw others through the points 
of division in the divided line, or mark ofi* the 
points where these parallels would cut the undivided one ; these 
marks will divide this last into the segments required, and which 
may be transferred to the given line. (Geo. II. Prop. 54.) f 

* By the rectangle A C B, &c. is meant a right line A B divided into two seg^ 
ments, AC, C B, equal to the sides of that rectangle; and so of the others. 

f The following method of transferring any number of unequal lengths from one 
straight line to another will be found the best. Cut a strip of paper with a sharp 
knife, and by the edge of a straight rule; the edge of this is to be applied along the 
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This construction is best when the two given lines are not very 
unequal in length: but both in this and in the two preceding 
problems, though the two lines are recommended to be drawn 
generally at about an angle of 45^ to avoid the parallels inter- 
secting them too obliquely, yet this angle must be modified, in 
order to fulfil this condition, according as the two lines are more 
or less unequal. 

2. Draw a line, equal in length to the line to be divided, and 
parallel to the given one ; draw lines through j 

the extremities of the two thus placed^ which ,.^^|. 

will meet in a point, from which lines through '7 j:\\ 

the points of division of the divided line, which / / ! j \\ 

will cut the other in the proportional segments / / ; i \\ 

required ; or mark oflf on the latter the inter- / / j j \\ 
sections of such lines. (Geo. II. Prop. 30.) / / / i \ \ 

This method is to be preferred when the lines 
are too unequal in length to admit of the first construction being 
used with advantage. It will easily be perceived that the farther 
apart the lines are drawn the farther off the point of concourse of 
those joining their extremities will be ; and by so much the more 
accurate the construction, from the lines cutting the parallels less 
obliquely. 

As any numbers, taken from two different scales of equal 
parts, will give lengths in the ratio of those numbers : by mak- 
ing use of two scales on which the two given lines shall con- 
tain exactly the same number of units respectively ; this problem 
may be occasionally solved, by measuring the parts of the divided 
line from the scale belonging to it, and taking the corresponding 
numerical quantities from the other scale, and setting their dis* 
tances on that line. (See following Problem.) 

Cor. Hence, also, if a ratio be given by two numbers, two lines 
having the same ratio to each other may be obtained, by taking 
the given numbers from the same scale of equal parts. 

Problem 11. 

jiny number of right lines being given, to find an equal number 
in the same ratio to each other respectively as those given ones ; 
and having a given ratio to the first* 

Describe two concentric circles, whose radii shall be in the 

divided line, and marks made on the paper with a sharp pencil, very correctly opposite 
the points of division ; the strip being then applied, so that the edge of it shall coin- 
cide with the line to be divided, the divisions are transferred from it by a pencil to that 
line. This will be found more expeditious and much neater than employing the com- 
passes, and if carefully performed, quite as accurate. In linear perspective, as will be 
subsequently seen, it is indispensable. 

D 
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given ratio (by Cor. to preceding Problem), 
and as Urge as may be convenient; Take 
any point in the circumference of each (a . b) 
at pleasure, so that the line joining them shall 
he, as nearly as may be, a tangent to the inner 
circle. From the point (a) on the outer circle 
set off on its circumference the chords equal 
to the given lines in succession (as a A^ A B, 
B C) ; and from each of the points thus marked, with the con- 
stant distance (a b) mark on the circumference of the inner circle 
a succession of points (P, Q, R, S, &c.), then the chords of these 
segments of this inner circle taken first from the assumed point b, 
and then in succession^ will be the lengths of the lines required 
(that is^ a A : 6 P in the given ratio, and a A : A B : B C, &c. 
6P::PQ:QR. 

If the given lines were the sides of the triangles into which an 
irregular polygon were divided, and it were required to construct 
a similar one> the area of which should be in a given ratio to that 
of the first, the radii of the two circles being taken as the iquare 
rooU of the terms of the given ratio, this problem would give the 
sides of the similar triangles respectively, of which the required 
polygon would consist. (Note G.) 

For the method of finding, geometrically, the square roots of 
whole numbers from 1 to 10, and of decimals from 1* to *01, 
see Problem 28. 

P^OBtBM 12. 

To divide a given right line A B, either internally or externally ^ 

in a given ratio.* 

1st. If the ratio be given by two lines-^ 

From one extremity of A B draw a line to 
make any angle of about 45^ (vide observ. 
Prob. 10.), and set off on it, from the vertex, the 
length of the greater of the given lines of the 
ratio to C ; from the termination of this, set off 
pn the sam^ line the length of the smaller line 
to D, back towards the angular point, if the 
given line is to be divided externally ; and on farther from the 
angular point, if it is to be divided internally: from D draw a line 
to B, and through the point C, on the first leg, draw one parallel to 
it which will cut the given line, or that line produced in E in the 
required ratio. (Geo, IL § 7, Prop. 55.) 

^ * A Hue is tftid to b^ divided internally or exlernalljf, wlien the line itself is di* 
viddd into two segments; or the line is produced till the whole line so produced, itnd 
the original line, shidl he in the proposed ratio. 
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2. If the ratio be given by two numbers — 

Divide the given line into as roany equal parts as is expressed 
by the sum of the numbers denoting the ratio brought to its lowest 
terms^ if the division is to be internal ; and the difference of those 
numbers^ if the division is to be external. In the former suppo- 
sition^ the point of division will be at that of the equal divisions^ 
which divides the line into the terms of the ratio ; and in the 
latter^ the line being produced, the number of the equal divisions 
must be continued for as many as is expressed by the smaller 
term of the ratio. 

N. B. A ratio is brought to its lowest terms by dividing both 
terms by the greatest common divisor ; thus 2 : 3 is the ratio 
8 : 12 in its lowest terms. 

The proportional compasses may be used, by setting the centre 
so that the longer legs may include the sum of the lines^ or terms 
of the given ratio, when the shorter include the greater line or term ; 
taking the terms from any scale of equal parts, if the ratio be 
given by numbers : then the given line being taken between one 
pair of legs, the other will give the segment, or the length of the 
line if it be to be produced, according as the division was to be 
internal or external, and consequently was taken between the 
longer or shorter legs. 



PnOBLElIf 13. 

To divide a given right line AB, either internally or externally ^ 
so that the rectangle under its segments shall be equal to a given 
rectangle,* 

1. On A B describe a semicircle, and draw a perpendicular to 
AB at each end of it, which will therefore , 
be tangents to the semicircle (Geo. III. Pr. 2.) ; ,'"""j,^ii:^^^^X^\ 
and make these tangents equal in length to the '\^^^^i\ \ N 
two sides of the given rectangle: from either of a ^ b 

the points, where the line joining the extremi- ~ 

ties of these tangents cuts the circle, draw a 
perpendicular to that line, and this perpen- 
dicular will cut the given line in the segments 
required. (Leslie, 6 El. Prop. 19. Geo. II. § 7, Prop. 56.) 

If the sides of the given rectangle are so large, that when they 
are set off on the tangents the line joining their extremities will 

. • See preceding note, 

» 2 
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not cut the circle at all, then one tangent must be drawn on the 
contrary side of A B to the first, and the respective lengths being 
set along them in these opposite directions, the line joining the 
extremities will necessarily cut the circle, and the perpendicular 
to this line will divide the given line, externally , in the required 
segments, as showm in the second figure. 

As a slight inaccuracy in drawing the perpendicular to the line 
joining the extremities of the tangents will cause it to cut A P 
very erroneously, this part of the construction will require great 
care, or the result should be verified, by drawing a line from the 
point of division in the given line^ as found by this perpendicular, 
to one extremity of the tangent ; this line being bisected, and a 
semicircle being drawn on it, will cut the first semicircle in the 
same point, if the right angle was drawn truly. Or the construc- 
tion may be repeated, changing the tangents on which the sides 
of the rectangle are laid ofi*: by this means a new point of 
division will be obtained in the given line, and if the correspond- 
ing segments of this double division are equal, the two operations 
were correct 5 if not, the process must be revived, or a mean taken 
between the two results. 

If the given rectangle were a square, the two tangents will be 
equal ; and in the first case, the line joining them will be pa- 
rallel to the given line ; and the perpendicular to it at either of 
the points where it cuts the semicircle will be obviously parallel 
to the tangents : in the second case, the line joining the tangents 
will pass through the centre of the semicircle, the constructions 
will in both cases be much simplified. 



Problem 14. 

To find two tines in a given ratio P : Q which shall contain a 
rectangle eqtuil to a given rectangle A C. 

Make AB : B D : : P : Q. (Prob. 9.) Take B E, a mean pro- 
portional between B D and B C (Prob. 7.), and ^k.,. 
draw E F parallel to A D ; then B F, B E will ^"^^^ 
be the lines required. (Geo. II. Prop. 63. k 
Euc. 6, Prop. 20, Cor. 2.) 

AB, B C may be drawn at any angle; it will be better there- 
fore in practice to draw them at about 46", for reasons before 
given ; in the figure they were shown perpendicular, to render 
the principle more apparent. 
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Problem 15. 

To find an harmonical mean between two given right lines ; that 
iSf to find a line so that the greater of the two given ones is to 
the less, as the difference between the line found and the greater 
is to the difference between this third line and the smaller of 
them, 

1. Draw any line A B and make it equal to the longer of the 
two given lines, from either extremity set A C 
oflF on it equal to the length of the shorter; take 
any point E at pleasure out of the line, and join 
E A, E B ; through C draw a line parallel to 
E B to cut E A in F. Make C G equal to 
C F, join E G, cutting A B in D ; then A D 
will be the harmonical mean required between A B and A C. 
(Note H.) 

2. A B, A C being made equal the given lines as before, divide 
B C the difference between them in D, so that B D : B C : : A C : 
AB (Prob. 8, 13.), that is, divide B C in D in the ratio of AB 
to AC; then A D is the harmonical mean sought, as before. 
(Geo. II. § 7. Prop. 67.) 

3. Let AB, AC be the two given lines as before: on B C the 
difference between them describe a semicircle B E C, or as much 
of an arc of one as may be necessary, and let 
F be the centre of it. Then on AF, as a 
diameter, describe another semicircle, or an 
arc, cutting the first in E, and draw D E per- 
pendicular to AB. 

Then A D will be the harmonical mean between A C and A B 
and A B : A C : : B D : C D. (Geo. App. Lemma, Prop. 16, 17.) 

This construction is preferable to either of the preceding ; and 
if the arcs of the circles are marked on the opposite side of the 
line, the perpendicular may be drawn through the point of their 
intersection at once. 

If two lines A C, A D were given, and it were required to find a 
third harmonical progressional (Geo. II. § 6, Def. 17.) to them, 
the following constructions on the same principles must be made. 
(See the first diagram.) 

1. Through C draw any line at pleasure (at about 46°) and 
set off any distance both ways, from C on it to F and G ; draw 
two lines, one from A through F and one from G through D, 
meeting in E ; through E draw E B parallel to F G to meet A D 
produced in B ; then A B will be the third harmonical progres- 
sional to A C, A D. 
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2. Or divide A D produced in B, so that A B : B D : : A C : 
D C, (Problems 8, 13.) that is in the ratio of A C to C D. 
(Geo. II. § 7, Prop. 58.) 

The first of these constructions is objectionable, from the diffi^ 
culty in practice of determining with accuracy a pointy from the 
intersection of prolonged lines; it should therefore only be used 
when the given lines are more than two inches long at feast ; the 
other, though longer, is preferable when great correctness is 
required. On some occasions the following construction may be 
found useful. 

Let A B, B C be the two given lines placed in one continued 
right line ; bisect A C, their sum, in D, and de- 
scribe a circle on A C as a diameter. With the 
same radius A D, from B as a centre, intersect the 
circumference in E, and draw £ F through B ; 
also draw the perpendicular B G. 

Then E B = A D is the arithmeticai mean^ 
B G the geometrical mean, and B F the harmonical m^an between 
the two lines A B, B C. (Geo. II. Prop. 51 ; Prop. 47, Cor. 2 ; 
and Geo. III. Prop. 20, Cor.) 




Problem 16» 

To divide a given line A B in harmonical proportion, and in a 
given ratio; that is, to find two points CD in a given line 
A B, so that A B : A C : : B D : C D : : tte one term : the other, 
of the given ratio. 

Through either end of AB draw a line EG at pleasure, at about 
right angles to it, and make A E, A G each equal 
to the larger term, and A F equal to the smaller 
term of the given ratio (Prob. 10, Cor.) and 
join B G : through F draw a line parallel to A B, 
cutting B G in H, then a line joining E H will 
cut AB in C one point; and another through H 
parallel to E G will cut AB in D, the other 
point of harmonical division of A B. (Leslie, 
El. 6, Prop. 6.) 

The harmonical division of lines is of frequent application in 
linear perspective. 




PAACrriOAL QSOMSXBY. 



PROfiLfiiH 17. 

From two given points A, B, to draw lines tO meet trt some point 
of a given right line C D, so that they shtkll make equal angles 
with it 

From either of the given points A, draw 
A F perpendicular to C D, cutting it in E ; 
make E F equal to E A ; from B, the other 
point, draw B F, cutting C D in G ; join A G ; 
then A Q B G will make equal angles, as 
desired, with C D. (Note I.) 





Pro]6lem 18« 

To draw through a given point A, a line which shall make equal 
angles with the legs of a given angle BCD. 

Bisect B C F, the supplemental angle to 
B C D, by a line C E (Prob. 5.) ; then a 
line drawn through A, parallel to C E, will 
form equal angles with G B, CD as re- 
quired. (Geo. I. Prop. 15.) 

If the angular point C do Hot fall within th6 drawing, that is, if 
the point of convergence of two lines B C, D C be inaccessible, a 
line to make equal angles with them may be drawn by the fol- 
lowing construction : — - 

1. From A, the given point, draw 
A£!, AF at right angles to the given 
lines^ bisect the angle E A F5 formed by 
the perpendiculars, by the line AG; then 
P Q, drawn through A at right angles to 
A G, will make equal angles with B C, DC'. 

2. If A be in one of the lines, the angle 
E A P formed by the perpendiculars to 
the given lines being bisected by the line 
A G as before^ this last will make equal 
angles with B C, D C. 

Or if through A a line A H be drawn 
parallel to D C, then A G must be drawn 
to bisect the angle C A H. 

If the line thus found AG (PQ) be 
bisected by a perpendicular R S, and a 
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line be drawn by the above constructions to make equal angles 
with either of the given lines and R S^ this will be another chord 
of a circle described from the point of convergence as a centre to 
pass through PQ or AG. 

These constructions are of use to masons and carpenters for 
finding the mould to cut the arc of a stone forming part of a large 
arch. 



Problem 19. 

Through a given point A to draw a right line^ so that the seg- 
ments intercepted by the legs of a given angle C B D may be to 
each other in a given ratio. 

From A, with any radius, cut the farther leg 
in the point E, join AE^ and make AF : A E 
in the given ratio, (Prob. 10. Cor.) ; draw FC 
parallel to B D to cut B C in C ; then a line 
drawn through A and C will be the line re- 
quired. (Geo. II. Prop. 61.) 




Problem 20. 

Given four lines, C A, C B, C D, C E meeting in a point C, to 
draw a line to cut them all, so that the segments intercepted by 
the two exterior pair shall be equal. 

Through any point P, in either of the exte- 
rior lines, C A, draw P D parallel to the other 
exterior line, CE; make PF in PD produced 
a mean proportional between P G and P D, 
(Prob. 7.) join F C ; then any line parallel to 
FC will cut the given lines as required. 
(Note J.) 
It is obvious that the farther from C, P is 
taken^ by so much the more accurate will be the construction. 
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Problem 21. 

Given two lines A B, C D converging to an inaccessible point; to 
draw a line through a given point P^ which would, if produced, 
pass through that inaccessible point. 

Through P draw a line nearly at equal 
angles to the given lines, cutting theni in a and 
c, and draw the indefinite line D H parallel to 
a c, as much nearer the point of convergence as 
possible, cutting CD in D ; join a D, and 
through P draw PG parallel to CD, cutting 
a D in G ; from G draw G H parallel to A B, 
cutting D H in H, then P H being drawn, it will be the line 
required. (Note K.) 

The foregoing is the best construction when only one or two 
lines are wanted ; but when many are required through different 
points, the shortest method is to draw two parallel lines as far 
apart as the drawing will ad- 
mit of, intersecting the given 
lines nearly at equal angles, 
and divide both segments 
between the converging lines 
into the same number of equal 
parts^ very carefully, of not 
more than a quarter of an 
inch each, on the longest 
line; the divisions may be 
continued each way beyond 
the converging lines, and 
may be numbered at corre- 
sponding divisions'*'. A rule applied to any points through which the 
lines are to pass, is to be adjusted by trial so that it shall apply also 
to the same number of divisions from either given line ; and if no 
two corresponding divisions are found to lie in the same line with 
the point, the spaces between the two nearest divisions must be 
subdivided by the eye proportionally, so that the line drawn by 
the edge of the rule through the given point may pass through the 
same proportional part of the two corresponding divisions of the 
divided lines : for example^ the line passing through P would not 
coincide with divisions 6^ but is drawn so as to divide the spaces 
from 6 to 7 on each line into proportional parts, as one-fifth of 
each, and in the same manner the other lines are drawn. 

If the drawing be to a large scale, and many converging lines 

* In th« figure, the alternate diviiions aie only numbered, to aroid confusion. " 
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very near each other are required^ as is the case with cornices^ or 
any set of mouldings in architectural drawings in perspective, it 
will be necessary to subdivide the divisions through which they 
Will pflm into 5 or 10, for the sake of greater nicety^ aod these 
#ttbdlvisions must be proceeded with as the larger were for more 
remote lines ; or the proportional compasses may be set to the 
two divisions on the two scales, and thus any part of one division 
may be set off proportionally on the corresponding one on the 
Other divided line. (Geo. 11. § 4. Prop. 90«) 

The centrolinead is an instrument invented by Mr. P. Nichol«« 
son, senior^ for the purpose of drawing lines tending to the inac-> 
cessible point where two given lines would meet. 

It consists of two rules> 
£ ^,^jmiJ^^ A B> C D^ connected by two 

^^0i\fwmmmi n ""p^ ^ars, E I> F K ; the shorter 

E I is simple^ like that which 

connects the two rules of a 

* * * common parallel rule; the 

other bar, FK, consists of two 
parts^ one above the other ; to the lower one^ and to E I> a third 
rule G H is jointed^ so that G H being equal to E P, and G E to 
H F, by the motion on the four centres the figure G E F H always 
forms a parallelogram^ on the same principle as the common 
parallel rule. On the lower part of F K two pins are fixed^ which 
pass through a longitudinal groove in the upper part, and thus the 
compound bar is kept in a right line, and admits of being length- 
ened or shortened for adjustment ; there is a screw at M, by which 
the parts are clamped together when this is made : the upper 
part of F K is attached to the rule C D^ by a joint carried on a 
moveable piece which slides in a dovetailed groove of that bar. 

To use the instrument, set AB to one of two converging lines^ 
the screw M being loose ; n^dve the bar C D till it coincide with 
the other ; then clamp M^ and by the compound motion of the 
centre K in the groove, the rule C D will always tend to the point 
of concourse of the two original lines. (Note L.) 

The centres I K are so contrived, that they are in the line of 
the edge of C D, but those E F being in the middle of A B, two 
corresponding marks in the line of them are made on the bevelled 
ends of this rule, and these marks must be set to the first original 
line. This construction is essential to the correct action of the 
instrument. 

As with the parallel rule^ great care must be taken while using 
the centrolinead that A B does not alter its position^ 

The principle of the wheel parallel rule admits of bein^ applied 
to m centrolinead,, if the rollers are made of unequal diameters^ 
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and can be moved along the axis for adjustment ; but such an 
instrument would be troublesome to use, and very liable to shift 
on the paper. 

• 

Another instrument for the same purpose is the invention of 
Mr. John Farey. 

AB is a rule like the blade ^^ 

of a T square, E and F are two — T^c' 

shorter and stouter pieces; one -^ ^t f MMaji nniiiiiiiM iiiiiiij \tm i iii i i m i — 

carries at A an arbor, on which ^^'~~~— — -— — ^^T" 

A B and the other part can be ~~~" ^"-^ 

fixed, so that all three shall have a Common centre of motion^ 
which is in a line with the drawing edge of A B and the back or 
outward edges of E and F« There is a clamping screw attached 
to the blade, which, by means of small brass arcs carried by the 
stock pieces, fixes the three parts at the proper angles when the 
instrument is adjusted^ 

Two small fulcrat with knife edges^ are fixed by points at the 
bottom of them to the drawing-board, so that these edges shall be 
in the given converging lities* Against these the back of the stock 
pieces slide, and the blade must be fixed to the latter by trial at the 
proper angle^ so that it shall coincide with the two given lines when 
brought to them in succession. When this is the case, and the 
pieces are clamped together by the screw, lines drawn by the 
edge of the blade will tend to the same point of convergence as 
the two given lines. 

The difficulty of adjustment, and the liability of the fulcra to be 
deranged by the pressure of the stock against them, are the chief 
objections to this instrument, which is otherwise preferable to the 
former, from being cheaper. 

The principle on which it acts, and the construction of a 
simpler instrument for the same purpose, is to be found in the 
note at page 236 of the Treatise on Geometry. 
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PROBLEMS RELATING TO RIGHT LINE FIGURES, 

Problem 22/ 

To construct a triangle from three or more parts given. 

Case 1. Given the three sides. 

Draw a line> and make it equal to any one of the given sides, 
from each extremity^ with radii eqiial to the two other sides ; 
describe arcs to cut each other^ and lines being drawn from the 
intersection to the two ends of the first line, the triangle will be 
completed. (Geo. I. § 7. Pr. 50.) If the sides are given by 
numbers, they must be taken from a scale of equal parts. 

Case 2. If two sides and an angle be given. 

1. Make an angle equal to the given one; and if this be the 
angle included by the two given sides, make its legs equal to those 
sides, and join the extremities of them for the third. 

2. But if the given angle be not the included one, then make 
one of the legs of the constructed angle equal to one of the sides, 
and from the point thus maiked, with the second given side for a 
radius, cut the other leg of the angle in the third point of the 
required triangle. 

Case 3. Given one side and two angles. 

1. Draw a line equal to the given side ; then if the given side be 
the one interjacent to the angles, at each extremity of the con- 
structed side make an angle equal to one of the given ones 
respectively, and the legs of these angles will cut each other, and 
form the two remaining sides of the triangle. 

2. But if the given side be not the interjacent one, then con- 
struct at one end of the line, drawn equal to the given side, one 
of the given angles, and at the other end an angle equal to the 
difference of the sum of the two given angles, and two right ones, 
or 180°. (Geo. I. § 7. Prop. 50.) The legs of these angles will 
form the required triangle, as before. 

It is frequently advisable, when great accuracy is required, to 
calculate trigonometrically the remaining sides from the data, 
and then to construct the triangle from the three sides, that being 
the method least liable to error. 

No specific triangle can be constructed, if the three angles only 
are given, since these data are common to an infinite number of 
triangles. In this case, the problem resolves itself into con- 
structing a triangle similar to a given triangle. 
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As a line parallel to any side of a triangle will, by meeting the 
other two sides, or those sides produced, form a new triangle 
similar to the first : (Geo. II. § 3. Prop. 29.) a triangle, 
similar to a given one, that is, having its three angles equal to 
those of a given one, may be immediately obtained by drawing 
such a parallel to any side of it. 

Case 4. Given the three angles, and the perimeter or sum of 
the three sides. 

1. Draw a line A B, and make it equal 
to the given perimeter, and at each ex- 
tremity make an angle BAG, ABC 
equal respectively to two of the given 
angles ; bisect these by A D, B D meet- 
ing in I), from the point D draw D E, D F 
parallel to A C, B C, then D E F is the a 
triangle sought. (Geo. I. Prop. 51.) 




Problem 23. 

To coTistrud a triangle equal to a given rectilinear figure^ that if, 

having the same area. 

Case 1. To construct a triangle equal to any given parallelo- 
gram. 

Draw two lines parallel to each other at the same perpen- 
dicular distance, that two opposite sides of the parallelogram 
are, and make one equal to twice the length of one of those 
sides, for the base of the given triangle, the vertex of which may 
be taken in any point of the other parallel, consequently the tri- 
angle may be made with one angle of any given magnitude. 
(Geo. I. § 4. Prop. 25, 26, 27.) 

By the converse of this, a rectangle may be made equal to a 
given triangle, by taking the base and half the perpendicular 
height ; or half the base and the perpendicular height of the 
triangle for the sides of the rectangle. (Geo. I. § 4. Prop. 26, 
27.) 

Case 2. To construct a triangle equal to any given rectilinear 
polygon. 

1. Through any angular point B of the 
given polygon A 6 C D E, draw B P parallel 
to the line AC, which would join the two ad- 
jacent angles A and C, and let B P cut any 
side or side produced in P; join AP or CP 
according as P is situated ; through E draw a line parallel to that, 
AD, joining the two angles adjacent to E, and cutting the same 
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side or side produced in Q; join AQ; and the triangle APQ 
will be equal to the given figure. (Geo. I. Prop. 54 ; and Leslie^ 
El. II. Prop. 5.) 

2. Let AB C DE FG be the given figure. 

Produce A G, one side> indefinitely ; 

through F draw a line parallel to that join- 
ing E G, the adjacent angles^ to cut A G in 
1 ; through E draw a line parallel to D 1, 
cutting E G in 2 ; through D draw a paral- 
lel to B 2, cutting E G in 3 ; through C draw 
a parallel to B D, to cut D2 produced in 
4 ; then through 4 draw a parallel to B 2, or D 3, cutting A G in 
5 ; and B 5 being joined, A B 6 will be the triangle equivalent to 
the original polygon. 

3. Let A B C D E F be the given figure. 

From A draw lines to the other angles of 

the figure ; through F draw F G parallel to 
A E, to meet D E produced in G ; through 
G draw G H parallel to A D, to meet C D 
produced in H ; through H draw H K paral- 
lel to A C, to meet B C produced in K ; then 
A K being joined^ the triangle A B K will be 
equal to the original figure. (Geo. I. Prop. 54.) 

By the two last, the equivalent triangle is obtained with one 
side A B« and an adjacent angle in common with the original 
polygon. If this have a still greater number of sides^ the same 
principle of proceeding must be continued, observing that the 
object always is to obtain an additional triangle applied to one 
side of that previously obtained, and equal to each successive 
triangular portion of the original ; but so much depends on the 
form of the polygon, that no rule can be given as to the point 
from which the constructions must commence : if possible, how- 
ever, the longest side should be chosen to reduce the tri- 
angles tO| and so that the resulting one may be not very obtuse- 
angled. In all cases, the constructions must be very carefully 
made, as a slight error in any step may cause a considerable one 
in the final triangle. If the given polygon be very complicated, 
it had better be divided into two or more by diagonals, and these 
proceeded with ; then the areas of the resulting triangles may be 
added together, or the figure may have some of its irregular por- 
tions reduced to some one or two sides of it by the problem, and 
then the figure thus simplified proceeded with as above. 

This problem is of great use to surveyors, who by means of it 
can obtain a triangle equal to the irregular polygon representing 
a plot of ground^ and can thus more readily ascertain its area. 
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PHOBLEM 24. 

To construct a triangle equal to a given rectilinear figure, and 
similar to another given triangle D E F. 

Case 1. If the giyen figure be a triangle AB C : 

Draw a perpendicular from any 
angle to the opposite side in each . 

triangle, as CH, FI; find PQ a / 
fourth proportional to F I, C H, and ^—■ 
A B, the base of the given triangle jt i "i V 

to which the required one is to be 

equal. (Prob. 9.) Make R S a mean proportional between D E 
and P Q, (Prob. 7.) and on R S, as a base, make the triangle 
R S T similar to D E F, (Prob. 22.) and it will be equal to A B C. 
(Euc. 6. Prop. 15, 20. Cor. 2, 25, and Geo. I. Prop. 26.) 

The construction will be simpHfied by setting the distances to 
obtain P Q along the sides of either triangle produced ; and when 
R S is found, it may be set off from D on D E, or D E produced, 
and a line drawn through the end parallel to E F to meet D F, 
or D F produced ; by this a triangle similar to D E F will be 
jmade. 

Case 2. If the given figure be not a triangle ; 

A triangle equal to it must be found by the preceding problem, 
and then, by Case 1. of this, another equal to it, and similar to 
D E F, can be constructed. 



Problem 25. 

On a side^ or a side produced, of a^iven triangle AB C, fo con- 
struct another equal to it, that snaU have a given point D for 
its vertex. 

Through D draw a line parallel to either of 
the other sides of the triangle, as A C, cutting 
the base in E ; and make E F equal to A C, 
and E G equal to A B ; join F G ; the triangle a h b o 
E F G will therefore be equal and similar to 
ABC: through F draw a line parallel to D G, cutting the base, 
or this produced in H. Join D H, and the triangle E H will 
be that required. (Geo. I. Prop. 27.) 

If A I be made equal to E H and D A, D I joined, then the 
triangle DAI, equal to D E H, will be equal to A B C, and have 
D for its vertex. 
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Problem 26. 

On a given line A B for a base, to construct a triangle equal to 

a given triangle DBF. 

At either extremity of A B make an angle 
ABC equal to one of those of the given 
triangle D E F, and make B C a fourth pro- 
portional to A B, D E, E F (Prob. 9) ; join 
A C, and the triangle ABC will be equal to 
DEF. (Geo. 11. Prop. 41.) 




Problem 27. 

On a given line, A B, for a hase^ to construct an isosceles triangle^ 
having each angle at the base double that at the vertex. 

Divide A B medially in C (Prob. 6), 
and produce it till the part B D pro- a c 

duced is equal to the greater segment 
A C ; then the whole line A D will be the side of the required 
triangle. (Leslie, £1. IV. Prop. 3 and 4.) 
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Problem 28. 

To find the sides of the squares, the areas of which shall be any 
part or multiple, from 1 to 10, of that of a square on a given 
tine A B. 



1. On A B describe the ori- 
ginal square AB C D. Draw 
the diagonal A C^ and bisect 
it in X ; bisect the sides AB, 
BC in H and G. 

Then AB being unity, AX 

will be equal Vj, and BG 

will be V J . 

On A B construct the equi- 
lateral triangle ABE, bisect 
either side AE in F, draw 
B F produced to cut AD in 
L ; then B N, or half B L, 

will be V^ 




PRACTICAL GEOBIKTRY. 49 

Join CH, D G cutting in O ; then C O will be 'f^. 

Make A M equal to B N or A L ; join L M, cutting A C in P ; 

then A P will be V^ 

Make A Q equal to | of A E of A B ; draw B R through Q, and 
make it equal to A B : draw R S parallel to A E, to cut A B 

produced in S ; then R S will be ^AT. 

Bisect C X, the semidiagonal, in u ; then C U, or J of the dia- 
gonal, will be V^: and C T, being made equal to | of B C (A B), 

will be *J^. 

Bisect D O in K, and join KC ; and this last line being again 

bisected in I, CI will be V^. 

That is, the areas of squares on A X, B N, B G, CO, A P, 

RS, CU, CT, CI, will be +, h h h h h i. h tV of ABCD. 

* 

2. With A B for a radius, de- x>; 

scribe a circle, and step the radius k t 1^ ^ 

round to C, D, E, F, G, with B D, ^* >'" \ 

the chord of two of these divisions, 
describe arcs from B and E, the _ r \„ 

extremities of the diameter, mter- -\ -^ 

secting in X and Y ; and with the \ 

same radius B D, from D and F, <{.x ^■''' 

describe arcs intersecting in T: 

with A X or A Y, from B and E '^^■ 

as centres, bisect the semicircle 

in H, and with A B for a radius from B and H, describe arcs 

intersecting in R; then AB being unity, AX will be V2; BD 

will be /3 ; B E, the diameter, will be V"4 ; E R, *JT\ T X or 

TY will be V6"; CT,V7; XY,V8"; BT, aA9; and TR will 

be VlO. 

That is, squares on these lines will be 2, 3, 4, &c. . . ten times 
the area of the square on AB. (Note M.) 

The last construction, requiring the compasses alone, was 
given, because each quantity found being greater than the original 
line, the most accurate mode of proceeding is required to avoid 
error ; but it is obvious that the solution may be made by right 
lines, as the former was : in this case it is worth remarking, that 
B A, A E, E T, are all equal ; and that A D T will be a right 
angle, and that H will of course be in the line X Y, at right 
angles to B E, and passing through A. 

If the original line be small, it will be better to double or 
treble it ; and the construction being made with this, the resulting 
lines must be divided into two or three parts for the line sought. 

E 
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Problem 29. 
To construct a parallelogram equal to a given rectilinear figure. 

Case 1. If the given figure be a triangle, (see Problem 23,) a 
rectangle may be made equal to it ; and all parallelograms on the 
same base, and between the same parallels being equal, that 
required can be made with any angle. (Geo. I. § 4, Prop. 27.) 

Case 2. Any irregular polygon can be reduced to a triangle by 
Prob. 23, and this converted into a rectangle by Case 1. 

Case 3. A square equal to a given rectangle is constructed by 
making its side a mean proportional between the sides of the rect- 
angle. (Prob. 7.) 

Case 4. If any point P be taken in a side, or a side produced, 
of a square, A C, and a semicircle be described from it, with P C 
for a radius, the segments into which B divides the diameter 
will be the sides of a rectangle equ^I to 
the square : and if one side of this rectangle p c. .., 
be required to be of a given length, this I/a^, 
must be set oflF from B along the side A B ]' // j 
or A B produced, and the semircircle de- Tl — i 'Vi?' 
scribed as before, to pass through the point 
thus marked, &c. 

A square can be drawn with great readiness by laying a rect- 
angular protractor scale on the paper, and drawing two lines by 
the parallel edges at once ; then setting the scale at right angles 
to these lines, and drawing the two other sides by the same edges ; 
the four sides are thus certain of being equal. 



Problem 30. 

On a given line^ AB, to describe a parallelogram equal to a given 

rectilinear figure. 

Case 1. If the given figure be a triangle, C D E» 

Bisect C D in F, and join E F ; make 
AG equal to CF, and through A, G and B 
draw parallel lines either perpendicular or 

making any given angle with A B : draw I K 

parallel to AB, at the same perpendicu- o « » a. * 

lar distance from it that E is from CD^ 

and join A K, cutting GH in L ; a line through L parallel to A B 

will form the parallelogram A M N B, equal to the triangle C D E. 

(Geo. I. § 7. Pr. 57,) 
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Case 2. Any other right-lined figure can be reduced to a 
triangle by Prob. 23, and a parallelogram constructed by Case 1, 
equal to this triangle. 

Problem 31. 

To find the side of a square equal in area to any number of given 
squares added together, or to the difference of two given squares. 

1. Let A) B, C, D^ &c. be the sides of the given squares : 

Draw a perpendicular at one extremity of a line equal to A, 
and make it equal to B ; draw the hypotenuse to complete the 
right-angled triangle ; and at one end of this hypotenuse draw 
another perpendicular^ which make equal to C ; complete this 
•second right-angled triangle, and proceed as before till all the 
given sides are employed. The hypotenuse of the last triangle 
will be the side required of the square, equivalent in area to those 
on A, B, C, D, &c. (Geo. I. § 7. Prop. 60.) 

2. Let A and B be the sides of two unequal squares^ of which 
A is the least ; 

At one end ofAdrawa perpendicular, and from the other 
extremity, with a radius equal to B, describe an arc, cutting the 
perpendicular. The length of the perpendicular to the intersec- 
tion will be the side of the square equal to the diflFerence of A^ 
and B«. (Geo. L § 7. Prop. 59.) 



Problem 32. 

To inscribe* a square in a given triangle ^ ABC; so that one side 
of the square shall coincide with, or form part of, one side of 
the triangle. 
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Through any angle of the triangle C, draw ^ 
a line parallel to the opposite side A B ; draw 
a perpendicular to the same side from C ; set 
off the length of this perpendicular both ways 
from C to D and E, and from the extremities 
of the base A and B draw lines to D and E, cutting the sides of 
the triangle in two angular points of the square : the side joining 
them will be parallel to AB, and the perpendiculars being drawn 
will complete the square required. (Leslie, An. 1. Prop. 7.) 

* A right line figure is said to be inscribed in another, when the points in which 
Uie iides of the former meeti are in the sides id flie latter. 

B 2 
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Problem 33. 

To divide a given rectilinear figure into any number of equal parts 

by lines drawn through a given point, 

I. If the point be one angle of the figure. 

1. To divide a triangle into equal parts : divide the base or 

side opposite the angular point into the required number of equal 

parts, and draw lines from the angle to the points of division, 

and the triangle will be divided by them as required. (Geo. I. 

. § 4. Prop. 27.) 

2. Any rectilinear figure, A B C D E, of 
c^;— — -^ ?, more than three sides, may be divided into 
>->s^ y\^ equal parts by lines drawn from any angle, as 
^^^J[^ ; C, by first finding a triangle C B F equal to it, 
k ^XM ''- ftwd having a side and angle common to the 
^1 \\^ original, (Prob. 23). Then divide BF, the 
B 2 j%.» » * F side of that triangle, into the required number 
of parts, for example five, in the points 1, 2, 3, 4. From such 
points of division, as 1, which fall within the given figure, draw 
lines to C, and from the others draw lines parallel to A C or F G, 
which will meet AE or AE produced : from those points where 
they meet A E, draw lines to C ; but from those which lie between 
E and G draw new lines parallel to E C or G D, which will meet 
E D or E D produced ; from those which lie in E D draw lines to 
C, and proceed with the rest as before, till the division of the 
figure is completed, by the lines drawn to C from the respective 
points of division in B F transferred to the sides of the original 
polygon. (Geo. I. § 7. Prop. 55. Cor. 2.) 

II. If the given point be in one side of the figure. 

1. To divide a triangle ABC into any number of equal parts, 
for example three, by lines drawn from a 
point D in A B, one side of it ; divide A B 
into the required number of parts at 1,2, 
and join DC; then draw 1 E, 2 F, parallel 
to D C, cutting AC, B C in E and F ; lines drawn from D to 
E and F will divide the triangle as required. (Note N.) 

2, Any rectilinear figure A B C D E F may be divided into any 
number of equal parts, for example five, by lines drawn from 
a point G in one of its sides AB, by constructing a triangle 
ABK equal to it, and having the side A B iti common (Pro- 
blem 23), Then divide ABK into the required number of 
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parts by lines drawn from G, 
asGl,G2,G3,GL:* of these, 
G 1 falling within the given 
figure will divide it into one of 
the required parts. (Geo. I. §7. 
Prop. 56, Cor. I.) From the 
points 2, 3, which lie between 
C and K, draw parallels to C G 
to meet CD, or C D produced. From the point where the parallel 
from 2 meets C D draw a line to G, for the second line of di- 
vision of the figure ; then from the point in which the parallel 
from 3 meets C D produced, draw a parallel to G D to meet the 
side D E, and from the point of intersection draw the third line of 
division to G. From the point L, which lies in the side A K of 
the equivalent triangle, draw a parallel to G K to meet B K pro- 
duced in L and join G I f ; from I draw a parallel to G C to 
meet C D produced, and from the point thus found draw a paral- 
lel to G D. If this parallel meet D E^ as in the figure, a line 
from the point in D E to G will complete the construction ; but 
if the parallel meet DE produced, a new parallel to GE must be 
drawn to transfer the point to the side E F, as before. (Geo. 1. 
§ 7. Prop. 56, and Cors.) 



III. If the given point be within the figure. 




1. To divide a triangle ABC into two, or into three equal 
partSj by lines from the point D. 

Trisect the base AB, and draw DE, DF 
from the points of division ; through C draw 
C G, C H parallel to these to cut the base in 
G and H ; then DC, D G, and D H being 
joined, these lines will divide the triangle into 
three equal parts. 

If the base AB had been bisected by a point P, and DP 
joined, a line drawn through D and the point in the base, where 
the parallel to D P through C would cut it, would bisect the tri- 
angle. (Leslie, An. I, Pr. 6.) 

If it were required to find a point within a triangle such, that 
lines drawn from it to the three angles would 
divide the triangle into three equal parts, any 
two sides, as A B, B C, being bisected in D 
and E and A E, CD drawn, the point F ^ -^j^ 

* To avoid the confusion so many lines would create, the construction by which 
those to divide the triangle are found, is only shown for the point 2 ; for the same 
reason G 3, GL, G 1, G£ are not drawn. 

f On account of the parallels G K, L I, the triangle G L K is equal to G K 4; 
consequently the whole triangle GL 3 is equal to the quadrilateral G 3, K L. 
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where they intersect will be the point' required* (Leslie, An. 1, 

Prop. 5.) 
A triangle is divided into more than three equal partu by lines 

from a point D within it, by 
first constructing a triangle A 
D E equal to the given one 
ABC; having the given point 
D for its vertex (rrob. 25. )• 
Divide AE, the base of this tri- 

angle> into the required number of parts^ for example four, in 1, 
2, 3 from such points as 1, 2 which fall within A B, draw lines to 
D. (Geo. I. §7. Prop. 55^56, Cors. 1.) Through the point 3 
draw a parallel to DB, which will cut the side BC in a point 3'; 
join D 3', then D A, D 1, D 2, D 3'. will divide ABC into four 
equal parts. If the parallel from 3 had cut B C produced^ the 
point of intersection must have been transferred to A C, by draw- 
ing a parallel to DC through the point in BC produced; from 
where this parallel cuts A C a line drawn to D completes the 
division: this construction is shown in the figurOi from which it 
will be understood without further explanation. 

2. Any rectilinear figure can be divided into any number of 
equal parts, by lines drawn 
from a point G within it, by 
finding a triangle GIH equal 
to the given figure^ and having 
the given point for its vertex, 
(Prob. 23 and 25.) Divide 
the base of this triangle, I H, 
into the required number of 
parts^ for example five, in the 
points 1^ 2, 3, 4; draw a line from G to 1 for one of the dividing 
lines, the point 1 falling within the figure ; from the point I draw 
a parallel to G A, and from the point in which it cuts the side 
AF draw another of the dividing lines to G. From the points 
2, 3, 4, draw parallels to G B, cutting the side B C or B C pro- 
duced ; from these points of intersection, which fall in the side 
B C, draw lines to G ; from those which lie beyond C draw pa- 
rallels to C G to meet C D or C D produced, from the points of 
intersection which lie in C D draw lines as before to G ; from the 
others draw parallels again to G D, and proceed in the same 
way ; the lines drawn from the points thus found on the sides to 
G will divide the figure into five equal parts. 

As several of the constructions in this Problem are rather com- 
plicated, all the lines required are drawn in the diagrams, where 
confusion would not be produced by so doing ; but the student 
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will easily comprehend the mode of proceeding in other cases 
from what has been here given^ if he distinctly keep in his mind that 
the principle chiefly employed is, that triangles on the same base 
and between parallel hnes are equal (Geo. I. § 4. Prop. 27.) ; 
and that consequently a triangle equivalent to another can always 
be found, by drawing a parallel to the base through the vertex 5 
and therefore having another line for a side, which is cut by 
that parallel in the vertex of the equivalent triangle sought. 
(Note O.) 



FaoBtEif 34. 

To constfuct a figure dmilar to a given figure. 

Case 1. To construct a rectilinear figure similar to a given 
one, and on a given line A B. 

1. Divide the original figure into triangles by diagonals, drawn 
from any one of its angles. Then on the given line make a 
triangle similar to that of the original^ which contains the side to 
which the given line is intended to correspond ; apply to the side 
of this a new triangle, similar to the next and corresponding, one 
of the original^ and so on till the figure is completed. 

2. Place the given line A B parallel to the side of the original 
to which it is intended to be homologous ; 
as they are not equal, lines drawn through 
their extremities will meet in some point r, 
from which lines must be drawn to all the 
other angles of the original. From each 
extremity of the given line draw lines pa- 
rallel to the sides adjacent to the side of the 
original to which AB was placed parallel; where these lines 
meet those drawn from P, to the extremities of the sides of the 
original draw the next sides of the copy parallel to the corre- 
sponding ones of the original, and so on till the figure is com- 
pleted. (Geo. II. § 7. Prop. 65.) 

If it were required to construct a figure similar to a given one, 
and having its perimeter equal to a given line. 
. Produce the side of the given figure, and make the whole line 
equal to its perimeter. Draw another line parallel to this pro- 
duced side, equal to the given line, and join the extremities of 
these parallels by lines, which will meet if produced in a point P; 
then by the above construction make the figure similar to the 
original, and it will have its perimeter equal to the given line. 
(Geo. II. § 7. Prop. 66.) 




/ 
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3. Set off the given line A B from one end A of the side A b 
of the original from A to B, and from A draw 
diagonals to the other angles of the figure, as 
A c, A d, &c., then through B draw a line pa- 
rallel to b c, the adjacent side to meet the first 
diagonal Ac, and from the point of meeting 
draw a line to the next diagonal Ad parallel to 
the side cd of the original, and so proceed till 
the figure is completed. (Geo. II. § 7. Prop. 65.) 

The following method of constructing a parallelogram similar 
to a given one, and having its area in a given ratio to that of this 
given one, will be found frequently of use. 

Let the segments A B, B C of any right line at pleasure be 
made in the ratio of the areas of the two figures; 
on A C describe a semicircle, and draw B D 
perpendicular to A C, to cut the circumference 
in D; join AD, DC; make DE equal to a side 
of the given parallelogram, and draw E F pa- 
rallel to A C, cutting DC in F ; then D F will 
be the homologous side (Geo. II. § 4. Defin. 15.) of the required 
parallelogram : the other side might also be set off on D A, and a 
parallel to A C would in the same way determine on D C the 
second side of the figure sought. (Note P.) 

The proportional compasses greatly facilitate the solution of 
this problem ; adjust them so that the points at one end shall in- 
clude the side of the original figure, when the points at the other 
extremity include the given line A B : as the given figure may 
be divided, by diagonals, into triangles, each triangle can be 
copied with the greatest accuracy and readiness, and every point 
of the copy can be verified by other diagonals without the neces- 
sity of drawing any lines but the perimeter of the copy, when all 
the points are found. By means of these instruments, or one of 
the foregoing constructions, any figure consisting of right lines, 
or arcs of circles only, can be copied to any scale or proportion 
to the original. 

Case 2. If the original figure consist of curved lines not arcs 
of circles, or be so complicated that it could not be easily reduced 
or enlarged by the foregoing methods, recourse is generally had 
to the following mode of proceeding. 

A rectangular parallelogram must be drawn to include within 
it the figure to be copied ; taking every precaution that its sides 
shall be truly parallel and vertical to each other. Equal dis- 
tances are to be stepped along all four sides, commencing from 
each end of two of them ; these points of division being joined by 
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lilies parallel to the sides of the rectangle, its whole surface will 
be divided into small squares. 

A similar parallelogram (Geo, II. § 4. Def. 14.) is next to be 
drawn on the paper on which the copy is to be made, equal to 
the former if the copy is to be of the same size, scale, or area as 
the original ; but if not, greater or less in the proportion the copy 
is required to be. The sides of this are to be divided into the 
same number of equal parts that those of the first parallelogram 
were divided into, so that, by joining the points of division on the 
opposite sides by parallel lines, the surface may be divided into 
the same number of equal squares that the first contained ; and 
the squares in the two will be obviously in the same proportion to 
each other that the parallelograms are. No trouble must be 
spared to ensure the utmost accuracy in constructing these paral- 
lelograms and the squares in them, as the copy will be otherwise 
incorrect. The spring dividers must therefore be always em- 
ployed, and a very sharp and hard pencil and a very straight rule 
to draw the lines. 

The corresponding squares will be most readily found by 
numbering the points of division along two sides in each figure; 
by means of these numbers the eye is guided to the squares very 
easily. 

The copy is now to be made, by drawing by hand, or with a 
rule, all the lines or forms which are found in every square of the 
parallelogram on the original in the corresponding squares of the 
other, and if these lines are drawn with a pen and Indian ink, the 
pencil squares may be rubbed out when the copy is completed, 
without any injury having been produced by them, provided they 
were drawn very lightly and neatly. 

It will be readily comprehended, that the size of the squares, 
into which the original parallelogram is divided, must be re- 
gulated by the subject to be copied : if the parts of this are 
minute, or if the lines are very irregular, the squares must be 
proportionally smaller; and as these conditions may vary indefi- 
nitely, no rule can be given ; the artist must be guided by circum- 
stances, and by his power of copying by eye, with accuracy, the 
parts comprehended in each square. 

But the size of the squares on the original being determined 
from these considerations, the squares on the parallelogram, on 
which the copy is to be made, are entirely governed by the pro- 
portion in which the figure is to be copied. 

1. If the copy is to be equal in size to the original, the squares 
must necessarily be equal to those on the original. 

2. If the copy is simply required to be on a smaller or greater 
scale, or to be brought within a smaller or greater sheet of paper, 
the sides of the parallelogram must be taken accordingly,, only 



taking Care that they shall be in precisely the same proportion 
that those of the first were ; and that all the squares be equal 
among themselves, 

3. If the area of the copy is to be in some precise proportion 
to the area of the original, the area of the parallelograms, and 
consequently of the squares, must be accurately in that pro- 
portion ; and therefore the sides of the squares must be as the 
9qiujtre roota of the terms expressing that ratio or proportion. 

Thus, for example, suppose the area of the copy was required 
to be precisely two-thirds of that of the original ; if the side of the 
squares of the first parallelogram be taken as unity, the side of 

/2^ 1*4142 
the squares of the other for the copy must be y^ — or r-;=5— 5= 

*8164^ since the area of a square, having its side equal to this 
decimal, will be equal to two-thirds of that having one for its 
side. 

By Problem 28, the side of the square for the copy may be 
obtained in any proportion from -^ to 10 times the original ; it 
will be advisable to take a square, containing 4 or 9, or more of 
the small squares of > the first parallelogram, and to make the 
necessary constructions on it ; the resulting line must be divided 
into two or three parts for the side of the square required. 

When a picture or drawing is to be copied, on the surface of 
which no lines can be allowed to be drawn for fear of injury, 
artists and engravers stretch silk threads across, so as to form a 
net work of squares, held by common pins on the edge of the 
picture, taken out of its frame, or else on a wooden frame, made 
expressly to fit into the former. The sides of the parallelogram 
are carefully drawn on this frame, and divided by the spring 
dividers in the manner above described^ the pins being fixed in 
the points of division, and the threads passing all on the same 
side of them, form the squares of precisely the same size. It may 
be easily imagined with what care this must be done, when the 
subject is a portrait by Vandyck to be reduced to one-ninth of the 
original, and where consequently a trifling error in the size of 
one row of squares would cause a distortion in the copy fatal 
to it. 

Some draughtsmen, who have often occasion to make use of 
this mode of reducing original drawings, have a light wooden or 
brass frame, with fine holes drilled round the four sides, through 
which the threads being passed, a permanent frame of squares is 
formed, which can be laid on any drawing without injury to it. 

tt is sometimes required to copy certain figures, as plans, &c. 




10 different proportions in two directions, for the purpose of 

bringing them within a rectangular figure, not similar to that in 
which the originals are included ; this is effected by dividing the 
sides of the rectangle of the copy, as before, into the same 
number of divisions into which those of the original are divided ; 
but the lines drawn through these unequal divisions will form rect- 
angles not 6qu6.res ; and in these the corresponding parts of the 
original are to be copied, taking care to preserve the same unequal 
proportion between the detailed parts included in each space. 

Artists being perpetually under the necessity of copying draw- 
ings or figures to a different scale, many instruments, called Pen- 
tagraphsj have been invented to facilitate the operation. 

The common Pentagraph, of which the annexed figure 
represents an improved form^ consists of 
four brass rules, two about 15 or 18 inches* 
and the other two about half that lengthy 
put together with joints so that they form a 
parallelogram ; the weight C slides on, and 
can be clamped at any part of one of the 
longer arms; a point on the under side 
pierces into the drawing board to fix the instrument, C being the 
centre on which the whole moves : the blunt trcuser is at A, on the 
other long arm, and a socket which carries the pencil slides on 
one of the shorter at B. To make the adjustment, the tracer A^ 
the pencil B, and the centre of motion C^ must be placed in a 
line, so that A C shall be to B C in the proportion in which the 
original is to be reduced : when set, from the construction of the 
frame, C, A, and .B will always be in a right line, and C A will 
preserve the same constant proportion to C B, so that whatever 
motion may be given to A the pencil B will move over a similar 
line. If the original figure were to be enlarged, the tracer must 
be placed at B and the pencil at A. (Note Q.) 

There are small rollers under the joints which carry the instru- 
ment on the paper, to diminish the friction. 

Another instrument for the same purpose has been invented by 
Professor Wallace of Edinburgh, called the Eidograph ; it is 
more elaborate and expensive, but far superior to the Pentagraph 
in the precision and beauty of its application. 

A B is a triangular mahogany bar, having a longitudinal groove 
i^ it ; an arbor, fixed to the weight or fulcrum D, on which the 
socket C turns, passes through it ; by this means the bar can slide 
in the socket : at each end of the bar and on its under side is a 
wheel E, each of precisely the same diameter and turning on 
vertical axes, in pipes fixed to the bar; on the underside of each 
wheel is a socket in which the arms F slide; one of these has 
a tracer and the other a pencil at opposite endsj 6 and H; a steel 
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watch-cliain passes round the wheels, and b clamped to them 

to prevent its shpping. To adjust the 

instrument, the bar A B is slid in the 

socket C, and the arms F in their i 

sockets, so that B C and B G shall 

have the same proportion to AC, AH 

that the original has to the intended 

copy. These adjustments are made, 

by means of graduated scales, on the 

bar and arms for the purpose; by this 

the tracer and pencil are brought into 

a line with the centre C. (Note Q.) 

The motion of the tracer is commu- 
nicated to the pencil by the chain round 
the wheels, and a string passing over 

a pulley and round pins at A and C is brought to the artist's 
hand to enable him to raise the pencil where the outline is dis- 
continued. 

The action of this instrument in practice is so correct, that the 
outline of a figure can be reduced by means of it to an almost 
microscopic minuteness, with an accuracy which defies the most 
critical examination to detect an error : this great superiority 
chiefly arises from the small degree of friction occasioned by the 
mode in which the motion is communicated to the pencil ; in the 
Eidograph, the friction of the axes of the wheels and of the 
centre of motion at C is alone to be overcome ; while in the Pen- 
- tagraph there are five centres of motion, and the friction of the 
rollers on the paper in addition: this advantage enables the 
artist to move the tracer of the former over the complicated out- 
line of a countenance ^ith a precision and spirit that is imprac- 
ticable with other machines. 



PitOBLBU 35. 

To construct regular polygons. 

Case J. If the polygon is to be inscribed in a given circle, the 
circumference must be divided into the requisite number of equal 
arcs, either by trial or by the methods explained in Problem 36 ; 
and these points of division being joined by chords, the figure will 
be completed. (Geo. III. Props. 26, 27, 28.) 

Case 2. If the polygon is to be constructed on a given right 
line AB, as one side. 
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1. The equilateral triangle requires iio observation. (Geo, I. 
Prop. 42.) 

2. To construct a square. Draw a perpendicular at either end 
of AB (Problem 1.), ^.nd'set off on it the length of AB; then 
with this line for a radius, arcs described from the extremities of 
(these two vertical lines will intersect in the fourth angle. 

\ A distance A B being given, two other points terminating the 
sides of a square on AB can be found by the 
compasses alcide. On A or B, with AB for $. 
radius, describe a ciV^le ; and from B set off the 
radius three times t0 E ; with the chord B F, 
from B and E describe arcs, cutting in a, and 
\ with A a from B and E describe arcs cutting the 
cii;cumference in C5 from B and C with AB 
I describe arcs cutting in D, and A, B, C, D will 
be the angles of a square. (Note R.) 

3. To construct a pentagon. On A B for a base, construct an 
isosceles triangle ABC, having the angles at 
the base double those at the vertex C (Pro- 
blem 27.) ; from A, B and C, with A B for a 
radius, describe arcs intersecting in D and E ; 
then A D, D C, B E, C E being drawn, the 
figure will be completed ; if the centre of the 
circle circumscribing the triangle A B C be 
found, the points D and E will be more accu- 
rately determined or verified. 

A distance AB being given, the other angular points of a pen- 
tagon on A B can be found by the com- 
passes alone. On A and B, with AB for 
a radius, describe two circles, and divide 
A B medially in b by the construction in 
Problem 6 ; from A and B set off the 
distance B 6, or the greater segment, 
three times on each circle to G and H ; 
then from these two points, with AB 
as a radius, describe arcs cutting in I ; 
A B G H I will be the points of a pentagoli. (Geo. III. 
Prop. 28.) 

4. To construct a hexagon. Describe an equilateral triangle 
on AB, and with the side for a radius from the vertex describe a 
circle, the radius of which, A B, will divide it into six parts for the 
angular points : this requires the compasses alone. 
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5. To construct a heptagon. Oa A and B, with any radius, 
describe two semicircles, and produce 
AB for a common diameter; divide 
each semi-circumference into seven 
equal parts by trial, and draw AC, 
B D, through the second points of 
division from the diameter; make AC, 
B D each equal to AB, and bisect all 
three lines by perpendiculars, which will meet in the centre P of 
the circumscribing circle ; A B will divide the arc C D of this 
into four equal parts, if the construction have been correctly 
made ; if the angles C A B, D B A be bisected by means of the 
arcs of the semicircles, the bisecting lines will also pass through 
the centre P, and will verify the construction. 

The principle of this construction is the only one by which a 
regular polygon of a prime number of sides, as 7, 11, 13, &c. can 
be geometrically made on a given line for a side : the semicircles 
on AB produced, must be divided, by trials into as many equal 
parts as the polygon required has. sides ; and the second point of 
division from the diameter must in every case be taken ;* by this 
means the angle of the polygon can be formed at each extremity 
of A B : the centre of the circumscribing circle may then be 
found by bisecting the angles, or the three containing sides. 

If lines be drawn from A and B through the other divisions of the 
semicircles, they will pass through the angular points of the poly- 
gon, and may thus serve to yerify the constructions. 

6. To construct an octagon. On A B describe a square A B, 
a b, draw and produce the diagonals AD, B C, 
and parallel to them draw B F, A E ; make 
AE, aC, BF, 6D equal toAB; draw CE, 
D F parallel to A a, or at right angles to 
AB; then from C and D draw lines CG, DH 
parallel to A D^ B C, and make them also 
equal to A B ; and the remaining side G H 
must be drawn parallel to A B. 

This construction admits of many variations and verifications: 
thus if A c?. Be in A B, produced each way, be made equal to 
half the diagonal A b ; and the lines dC, e D, drawn perpen- 
dicular -to de, and if a square be described on de the sides C E, 
D F, G H will be in those of the square, and may be found by * 




* The exterior angle of a polygon of 2 m sides is 



4 X 90 2 X 180 180 



2n 2n n. 

(Qeo. I. Prop. 20.) that is, equal to the arc of one division of the semicircle; dirided 
into tt parts, or two diTisioos if it be divided into 2 n parts. 
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setting (2 A from each angle along them. Again, the lines C F^ 
E D, if the construction is correct, should pass through 6 and a. 

From A and B, with the radius AB, describe semicircles, and set 
the radius twice off on either circumference; with 
the chord of these two divisions, from each ex- 
tremity of the diameter, A B produced, describe 
arcs intersecting in afa\ then a a being drawn 
parallel to A B, it will be the side of the square 
on G H, the opposite side of the polygon ; and 
if A a be set off from a'a'y the side of the square 
on A B, to G and H, the side G H may be thus obtained, 

7. To construct a decagon. • On A B for a base, construct an 
isosceles triangle ABC, having its angles at the base double those 
at the vertex (Prob. 27.) ; then C will be the centre of the circum- 
scribing circle, the circumference of which will be divided by 
A B into ten< equal parts for the angular points. (Geo. III. 
Prop. 28.) 

8. To construct a dodecagon. On A B de- 
scribe an equilateral triangle ABC; bisect 
A B by a perpendicular through C, and make 
C D in it equal to A C or A B ; then D will 
be the centre of the circumscribing circle. Or 
the angles A B D| BAD may be made equal 
to 75°, or f of a right angle, which will give the point D at once. 

Every mode of constructing a polygon, ofi a given line for a 
side, is practically liable to error, since the object of the proceed- 
ing is to obtain a large magnitude deduced from a small one; in 
every case, therefore, the centre of the circumscribing circle 
should be obtained, and the construction verified and completed 
by means of the circumference. 
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The following Table will be found of great use in all Problems 
relating to regular polygons. 



No. 

of 

sides. 


Name of Polygon. 


Angle of 
centre. 


Angle of 
Polygon. 


Length 
of 'Apo- 

them, 
rad. =.1 


Length 
of side, 

the 
rad. =1 


Length 

of rad. 

the Apo- 

them =1 


Length 

of the 

radius, 

the side 

= 1 


Multipli- 
cation for 
areas. 


3 


Trigon.Eq.Tr. 


120 


1 

60 


•5000 


1-7320 


2^0000 


•5773 


0-4330 


4 


Tetragon. Squ. 


90 


90 


•7071 


1-4142 


1-4142 


•7071 


1^0000 


5 


Pentagon .... 


72 


108 


•8090 


1-1755 


1-2360 


-8507 


1 • 7205 


6 


Hexagon. .. .. 


60 


120 


•8660 


1*0000 


M547 


1 • 0000 


2-5980 


7 


Heptagon .... 


51 25f 


128 34f 


•9010 


•8677 


M095 


1-1524 


3-6339 


8 


Octagon 


45 


135 


•9239 


•7654 


1^0823 


1-3065 


4-8284 


9 


Enneagon .... 


40 


140 


•9397 


•6840 


1 • 0642 


1-4619 


6-1818 


10 


Decagon 


36 


144 


•9511 


•6180 


1-0515 


1-6180 


7-6942 


11 


Hendecagon . . 


32 43tV 


147 16^ 


•9595 


•5634 


1-0422 


1-7747 


9-3656 


12 


Dodecagon . . . 


30 


150 


•9659 


•5176 


1^0352 


1-9319 


11-1961 



If a circle were given, and it were required to describe a hep- 
tagon in it : 'BBT? being taken from the scale^ the unit of which 
was equal to the radius^ that distance will step round the circum- 
ference seven times, and thus give the angular points of the 
polygon. 

If a line were given on which it were required to describe a 
hendecagon : a scale to which the given line were the unit being 
found, the distance 1*7747 must be taken oflF from it, and an 
isosceles triangle constructed on the line with that distance for its 
sides, the vertex will be the centre of the circle circumscribing 
the required polygon. 

In the same way the length of the apothem, or the angles at 
the centre and side, might be made use of to construct the ele- 
mentary triangle^ in certain cases, according as the circle or side 
were given. 

If it were required to ascertain the perimeter of an enneagon, 
the radius of the circle being taken as unity, the number •6840 
must be multiplied by 9, which will give 6* 1560 for the peri- 
meter. 



* The apothem of a regular polygon is the perpendicular from the centre to tlie 
side; and which of course bisects that side. (Geo. III. § 4. Def. 12.) 
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If *5176^ the length of the side of a dodecagon, be mnltiplied 
by 12, it will give 6*2112 for the perimeter ; the half of this, or 
3*1056, multiplied by '9659, the length of the apothem, gives 
2-99969910 for the area; that of the circle being 3- 1415916. 

If the side of an octagon were 2*61, this number multiplied by 
4-8284 will give the area. 

These examples are sufficient to show the use of the Table, 



J ]?ROBLfiMS RELATING TO THE CIRCLE. 

Problem 36. 

To divide the circumference of a given circle into any number of 

equal parts* 

The following constructions^ which require the compasses alone, 
are best made with spring dividers, two or three pair of which, 
being employed, the distances repeatedly wanted may be kept 
unaltered. 

1. With the given radius describe the circle (Fig. 1.) and divide 
it into six parts, in B, C, D, E. F, G. Then B E is a dia- 
meter and divides it into two, B D is the chord of f or J, and 
the circle is divided in B^ D, F, into three parts. 

2. From each end of the diameter B E, with the chord B D 
or C E, describe arcs intersecting in X,* then the distance A X 
being set off from B and E, the circumference viH be divided 
into four parts in H^ I. 

3. The arc described with the radius A B from X, X as centres, 
will cut the circumference in K, L, M, and N, which points 
bisect the quadrants B H, H E, &c., and thus divide the circle 
into eight parts. 

4. The radius A B set off from H, I, to O, P, Q, and R, bisects 
the arcs B C, D E, E F, and G B, which completes the trisection 
of each quadrant, and therefore divides the circle into twelve parts. 

5. The radius A B, set off from K, L, M, and N, both ways 
from each point, will bisect the two arcs on each side of the 
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veiiioefl of the diftinelefi B E, I H in S, Y, U, V, T, W, Z, &c.^ 
Md thus complete the divifiion of the circtimfefetice Ibto twenty- 
fbur parts. 

Any IVirtheV dub-division, donsiftting in bisection of the aree 
already found, is best performed in practice by trial : thns each 
are of the twenty-fourth part being bisected will divide the circle 
into forty-eight parts* . 

All the foregoing constmctidns, by which the circumference is 
divided into twenty-four parts, are performed, it will be seen, by 
three distances only, the radius A % the Chord B D, and A X — 
consequently if these be kept during the operation unaltered in 
the dividers, the division id performed With tne greatest accuracy. 

6. With the distance A X as a radius from O, P, Q, R, 
(Fig. 2) describe arcs intersecting in Y, then the distance B Y or 
E Y will divide the circumference into five parts in B, C, D, 
F, and G. 

7. The distance A Y will bisect the arcs B C, C D, ft Fj &C., 
in H, I, E> K, L^ and thus divide the circle into ten parts. 

8. The distance B Y set oflF from S, T, the vertices of the 
diameter perpendicular to B E; will bisect the arcs D £^ B H, 
E F, B L, in the points U, V, W, Z, and will thus give ^ of the 
circumference^ the same distance being set off from these points 
will bisect the other arcs of the decagon. 

The division into forty parts may be effected by trial by bisect- 
ing the arcs last found. 

The construction by which the circle is divided into five, ten, 
and twenty, is as simple as the former, being performed by three 
distances only, A X, B Y, and the radius. (Note R.) 

9. A circle can be divided in 7, 9, 11, 13, or any number of 
parts expressed by a prime number greater than 5, either by trial : 
(Qeo. III. § 7| SchoL) or by making use of a table of chords* 

Problem 37. 

To describe a circle that shcdl have its drcumferenee, or perimeter, 
equal to a given right Itne^ or its area equal to a given figure.* 

1: Find a fourth proportional to two lines in the ratio of 
S« 1416:1, or in the ratio of 355:113, and the given line; 
(Prob. 9.) and this fourth proportional will be the diameter of the 
reauired circle. 

If the perimeter is given arithmetically. Divide the liuinber 
by 3 • 1416 for the diameter, which must be taken from the scale, 
and the required circle described on it. 

* TkeQmictU!^, no right liiie^ or light line 6gure,^can he constnieted exactly 
equal to the circumferencs or ana of a circle, hut the diffeience in practice }m too 
tmall to be apptedable. 
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2. Construct a square equal to the given figure (Prob. 29.) 
Then 1 * 1284, taken from a scale on which the side of this square 
is unity, will be the diameter of the circle required, or if the 
diagonal of the square be made unity, ' 7854 will be the diameter 
of the circle of the same area. 

The following mode of finding the length of a given arc of a 
circle nearly is frequently of use to mechanics : — 

Draw the chord A C of the given arc, bisect the arc in B, make 
A D equal to twice the chord A B, divide 
C D into three equal parts, and add one 
of these to the line A D, then A E so 
augmented will be the length of the arc 
nearly. (From Nicholson's Carpenter's New Guide.) 




Problem 38. 
To describe a circle to pass through three given points A B and C. 
Bisect the distance 



5« 







between the two most 
distant points A^ B, by a 
perpendicular ab; bisect 
the distance between 
the remaining point C 
and either of the others 
by a perpendicular c d, 
(Frob. 1.) : then the point D in which these perpendiculars inter- 
sect will be the centre of the circle required. (Geo. III. 
Prop. 55.) 

If the three points are so nearly in a right line^ that the two 
perpendiculars would only meet in an inaccessible point ; or the 
point of concourse be too far off to admit of the circle being 
described by the compasses^ the following method must be adopted : 

Lay two rules to touch the points in the manner shown in the 
figure, and pin them together where they 
cross at c ; a third rule must be also fixed 
across them to keep them firmly at the same 
angle : if the rules thus fixed be moved so as always to touch the 
two exterior points, a pencil held in the angle at c will describe 
the arc of the circle that will pass through them. 

When circumstances will admit of it^ it will be best to stick two 
pins in the drawing board in the two exterior points, the rules can 
then be moved wittiout trouble against them. 

When the rules are fixed, allowance must be made for the 
thickness of the pencil point, so that the circle it describes shall 
pass through the points, this is shown by dotted lines in the figure. 

By means of this problem a circle may be described round a 
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given triangle, and if the three angles of any triangle be bisected, 
the intersection of the bisecting lines, iivhic^ will cut one another 
in one pointy nirill be the centre of a circle that may be inscribed in 
that triangle. 

Three points being given, other points which will lie in the cir- 
cumference of the circle that passes through the given ones, can 
be found by the following construction : — Let A, B, C, be the 
three given points : from either point, as A, r>-.=— ->. 

draw lines through the other two ; and from 
A as a centre with any radius, describe an arc 
of a circle cutting the lines A B, A C ; bisect 
the included arc, and step the distance along 
the circumference, each way, and draw radii 
from A through the points. Join B C and 
bisect it by a perpendicular which will cut 
the line bisecting the angle B A C in a fourth point D of the circle. 
With the distance B D or C D, from B or C, cut the adjacent 
radius from A in other points, which will also be in the same cir- 
cumference ; then with the distance B C, from B or C, cut the 
next radius but one each way, and these will be new points, 
through all of which the circle wiU pass that would pass A, B, 
and C. (Note S.) 

If the same construction were applied to either of the other 
given points^ another set of equidistant points in the same circle 
would be obtained if required. 
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Problem 39. 

Through two given points A^ B to describe an arc of a circle that 

shall contain a given angle. 

Draw a line A B joining the given points, 
at either, or both points, construct an angle 
A B C, or B A D equal to that required to be 
contained by the arc, but on the contrary side 
of A B to that on which the arc is to lie ; 
draw, A P, B P, perpendicular to A D, B C, 
the lines forming the angles ; and P, in which 
the perpendiculars meet, will be the centre 
of the arc. 

But if the angle was made at one point only, 
then the line AB, or chord joining the two given points, must be 
bisected by a perpendicular which will intersect the perpendicular 
from A or B, in P the required centre. 

It is more accurate to construct the angle at both ends of the 
line, and it is even necessary, when the angle is very large, also 
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td dfaw the perpendiealar bisecting the chord, in order to Vf Hly 
the iateraection of the other lines. 
An important sad usefol application of tbia problem in eoaat 

surveying will be most easily explained by an examplft. 

Suppose the angles aubteqded by any three olgeots. At B« C, 
ftem any station be tak^n, tho real difttanoe from eaQb other of 
which a^e known, and it is required to asQertain the situation of 
the observer relatively to them^ He Qonstmctt the tntMigle 
A B C^ having its three sides proportionate to the known digtaQ^ed 
of the objects ; through A and B he drawst 
by the construction given in this prqblemi 
an arc of a circle that shall contain the 
angle he observed to be subtended by A B^ 
Through B and C he draws another arg 
containing the angle subtended by B, C ; it 
is obvious that these arcs or circles will wt 
eaeh other in the point Pj which represents 
the station of the observe^ and he can sseasnre by the Qcale t^ 
which he drew the triangle his distance from them* 

If the observer be careful, he will also constrqet the arc that 
should pass through A and G, and contain the angle subtended 
by them» in order to verify the point found i as this third ar^ 
ought to cut the two others in the same poiat P, if the angles are 
eorreetly observed. 

By this means a ship sailing along the coast €^ 9 country Qf 
which she possesses the map, can at any time tell her position with 
regard to three land marks, the angles of which are observed, and 
the distances from each other of which are known from the chart, 
and can thus note down the soundings and bearings which are the 
objects of a coast survey. From the superiority of the instru- 
ment used, the sextant, this mode of determining a situation is 
more accurate than by using bearings. 

If it should happen that the observer is in the circumference 
of the circle passing through the three points at ^he time of ob- 
serving the. apgles, the position cannot be determined by this 
means. 



Problem 40. 



To draw a t^in^ent tq. a circle through a ^iven point V% 

Case 1. If the point P be in the circumference: 
From; P set off the radius P C of the given circle each 
>|(fay on thei circuml^ference to A and B« and from these two points 
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with the same radius^ descrilNsi arcs of circles, 
which will obviously paiss through P aud C; 
draw A C, B C cutting the arcs in Q and 
R ; then R Q being drawn it will be the 
tangent to the circle at P as required. 

It will be seen that the lines C Q^ C R 
will pass through the points in which the 
arcs cut the circle again^ this will, be an additional verification. 

This is a more accurate construction than that of drawing R Q 
at right angles to the radius C P in the ordinary way, and is quite 
as expeditious. 

Case 2. If the given point P be not in the 
circumference : 

Join P, and C the centre of the circle, 
bisect P C in A, and from A with A P or A C 
intersect the circumfipi^nce of the circle in Jl« 
then a line drikwa through P and S* will h^ tb^ 
tangent required. (Geo. III., Pr. 56.) 

In the latter case, if the tangential point is not requ|re4 tp be 
very accurately determined, the tapgent may be drawn by a rule 
through P touching the circle. 
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To draw a right line through a given point A, «o that it shaU be 
cut by uie circumference of a given circle in a given ratio P : Q. 

Through A draw a diameter D E, 
and make A F in it a fourth propor- 
tional to P, Q, and A D, (Prob. 9.) 
then make A G a mean proportionai 
between AF andAE: fromAAvith 
A G, for a radius cut the circle in C 
and a line drawn through A and C will be out in G and B as 
required, that is AB:A C: :P:Q. (Leslie, An. I. Prop. 9.) 

If P and Q were the sides of a rectangle, by this construction 
a rectangle similar to that given one may be made; this, though too 
circuitous a mode for common application^ may be occasionally^ 
useful. 
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Problem 42. 

Through two given points A, B to describe a circle which shall 
divtde the circumference of another given circle in two 
equal part^. 

Through either given point A, draw A E 
through G, the centre of the given circle, make 
6 C a third proportional to A G and D G ; 
then if through A, B and C, a circle be drawn^ 
(Prob. 38,) it will cut the original circle in 
the ends of a diameter. (Leslie, An.) 

This construction is used in the stereographic 
projection of the sphere, in constructing maps. 

Problem 43. 

Through a given point A, to draw a line so that the segment tn- 
tercepted by the inrcumference of a given circle, shall be equal 
to a given line B. 

With B for a radius^ from any point D in the 
circumference of the given circle cut this in E^ 
so that D E being joined, D E shall be equal to 
B ; from C the centre describe a circle to touch 
D E; then a line A F drawn through' A, a tan- 
gent to this last circle, will have the segment 
G F equal to B. (Geo. III., Prop. 4, Cor.) "" 

Problem 44. 

In^ or about, a given circle to construct a triangle similar to a 

given one. 

1. Through any point A in the given circle, draw a tangent 
D £^ and make the angles DAB, E A C equal 
to two of those of the given triangle ; join B, C 
the points in which the legs A B, A C cut the 
circle ; then ABC will be similar to the given 
triangle and will be inscribed in the given circle, 
(Geo. IIL Prop. 62.) 

2. From the centre P of the circle draw 
P B; P a; P C\ making the angles A' P B', 
B' P C equal to two exterior angles of the given 
triangle ; draw A B, AC, B C, perpendicular 
to P B', P A', P C respectively, or make those 
lines tangents to the circle, at B', A' and C, 
then ABC will be a triangle similar to the given one and about 
the given circle, (Geo. III. Prop. 62.) 
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Problem 45. 

From two given points A and B in the circumference of a given 
circle, to draw two lines to meet in a third point in it, which shall 
be to each other in a given ratio. 

Bisect the arc A B in the point C, join A B and 
divide it in D in the given ratio (Prob. 12) : draw 
a line through C and D cutting the circle in E, 
the point required, join A E, BE, and they will 
be in the given ratio, (Geo. II. Prop. 50, and 
III. Prop. 14. Cor. 2.) 

Problem 46. 

In a given circle to describe a rectangular parallelogram equal 

to a given rectilinear figure. 

On A B, the diameter of the given circle, describe a rectangular 
parallelogram A B C D equal to the given figure 
(Prob. 29.) from the point E where the side parallel 
to A B cuts the circle, draw lines to A and B each 
extremity of the diameter, and which will obvi- 
ously contain a right angle. Complete the paral- 
lelogram by lines from A and B parallel to A E, B E 
which will also intersect in the circumference in F : then A £ B F 
is the parallelogram required. 

If the areft of the given figure is greater than the square on 
the radius, the problem is impossible. 




Problem 47. 

To divide the area of a given circle into any number of 

equal parts. 

1. By concentric circles. 

On A B, any radius of the given circle, describe a semicircle 
and divide the same radius AB into the required number of 
equal parts, as in 1, 2, 3; from the points of division draw 
perpendiculars to cut the semicircle in 
points, through which concentric circles to 
the given one being described, they will 
divide it into the required number of equal 
parts. 

2. By semicircles described oa the dia- 
meter. 
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Divide the diameter into tke required number of equal parts, for 
example five, in the points 1, 2, 3, 4, On 
A 1> A S^ A 3t A 4 as diameters^ describe semi- 
circles on one side of the diameter A B. Tbeu 
on B 4, B 3> B 2^ B 1 as diameters^ describe 
semicircles on the contrary side of A B. These 
semicircles thus combined two by two will 
divide the area of the circle into five equal 
spaces^ each included by equal circumferences. 
(Note T.) 

A circle can only be divided into equal parts by straight Unf S| 
geometrically, by approximation^ the area of a circle^ or of a 
segment^ being incommensurable with a right line figure ; and the 
mode of doing it approximately would be too complicated to be 
of any practical utility. The following properties pf the areas 
and circumferences of the circle of segments and of those figures 
called lunes may be occasionally found of service. 

1. The similar segments described on the base and perpen- 
dicular of a right angkd triangle are together equal in area to 
that on the hypotenuse. 

2. If on the hypotenuse of a right angled triangle a semicircle 
be described to pass through the right angle and semicircles be 
described falso on the base and perpendicular, the area of the 
triangle will be equal to that of the two lunes thus formed/ added 
together. 

3. If from the extremities of any side of a square^ circles be 
drawn cue with the side for a radius, and the other with the 
diagonal for a radius, the area of the smaller of the lunes thus 
formed will be equal to that of the square. 
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Given two circles, not concentric, to draw a third to touch them 
bothy or so that the tangents at the points of contact shall be 
common to it and the given circles. 

Let O and D be the centres of the given circles : from any point 
A in the circumference of either of them 
draw A P a diameter ; take A M in it 
equal to the radius of the other circle : 
bisect M D by a perpendicular produced 
to meet A P in P. Then a circle from P, 
with P A for a radius will touch the given 
circles in A and B ; and as the point A 
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may be assumed^ the circle may be made to touch one of the given 
circles in a given point as A. 

If the centres C, D of the given circles be joined by a line 
cutting them both in A' and B'^ 
then a semicircle on A' B' will fulfil 
the condition. 

From tb«i comp^mtive difficulty 
ef drawipg all curves except the 
circle^ recourse is, bad on many 
occasions to an iipitatioa of the 
required enrve composed of seg- 
menUi of circles of different radii ; 
that theae siay form a continued line without any angles, it 
is nece^syry that the centres of two contiguous segments should 
be in a line with the point of junction \ to effect this^ the construc- 
tion in this problem is required* 

The following t^ble of factors to facilitate geometrical con- 
structions relating to the circle will be found of use* 

Let c be the circumference of a circle, the diameter of which is 
unity, and let x be the side of a square equal in area tp it, and 
let a be the area of the circle. 

e =3 8*14159 &e. 
2e ^ 638319 &c, 






2 

c 

iz 

e 
360 

1 

c 

2^ 

c 
360 



=^ V57080 &c. 



0*26180 &o. 



000873 &c 



= 0-31831 &a 



= 63662 &c. 



=:114-59156 &c. 
c 

9 =: 88623 &c. 
a ^ 0-78540 &c. 



§ CONIC SECTIONS. 

Next in importance to the circle are the Conic Sections, so called 
from their being the curves produced by cutting a cone by a 
plane ; the demonstrations of the manner in which they are derived 
from the cone^ and of their principal properties, will be found in 
the Appendix to the Treatise on Geometry. The Problems re- 
lating to them given in this work are those most useful to the 
artist and mechanic ; and several of them are intended to enable 
the draughtsman to dispense with the instruments invented for 
describing the ellipse, the most important of these curves, as they 
are necessarily expensive and complicated. In pursuance, how- 
ever, with the plan hitherto adopted, a general description of the 
two principal elliptographs, as they are termed, is given. 

As many of the terms relating to these and other curves may 
not be familiar to the beginner, and as they necessarily occur fre- 
quently in the following problems, a brief explanation of some of 
them here may prevent the necessity of recurring to other works. 

1. The axis of a curve is a line which divides it into two 
equal and similar parts ; in the ellipse and hyperbola^ two of the 
conic sections which have two axes termin~ated by the curves, 
the longer one is termed the transverse, or major, and the other 
the conjugate, or minor axis. In these curves, these axes are 
always at right angles, and mutually bisect each other. 

2. In the ellipse and hyperbola, the centre is a point through 
which all lines drawn and terminated by the curve, will be 
bisected in that point, and all such lines are called diameters. 
The axes of these curves are, therefore, also diameters, since they 
pass through the centre. 

In the parabola, a curve which has no centre, the diameters 
are lines parallel to the axis, and terminated at one extremity only 
by the curve. 

3. The extremities of all diameters and of the axes are called 
vertices : the diameters of the parabola have only one vertex. 

4. A double ordinate is a line bisected by a diameter, and ter- 
minated by the curve, and is always parallel to the tangent to the 
curve at the vertex of the diameter: half of the double ordinate 
is an ordinate ; and in the ellipse and hyperbola, the diameter to 
which the ordinates and tangent are parallel is said to be conju- 
gate to the former. 

5. The third proportional to any two conjugate diameters of an 
ellipse or hyperbola is called the parameter of those diameters ; 
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a double ordinate passing through the focus is called the parameter 
of a parabola. 

6. The fod of the ellipse and hyperbola are two particular 
points equally distant from the centre^ one on each side of it^ 
and lying in the trans%>erse axis. For their particular properties^ 
see Geo. App. 

In the ellipse and hyperbola, the distance of either focus from 
the centre is called the excentridty. 
The parabola has only one foctis. 

7. The directrices are certain lines at right angles to the 
transverse axis produced ; and lying out of the curve at equal dis- 
tances from the centre. (Geo. App.) 

The parabola has only one directrix. 

8. The asymptote to a curve i$ a line which constantly ap-» 
proaches nearer and nearer to the curve, but which can never 
touch it, however far it may be continued. 

9. A normal to a curve at any point, is the right line perpen- 
dicular to the tangent to the curve at that point : thus the radii of 
a circle^ and the axis of any curve are normals to the curve. 

10. An abscissa is the segment of a diameter cut off from thd 
vertex by an ordinate. 

The curves called the conic sections may be easily produced by 
means of a thin ring of any kind ; if this be held parallel to a 
wall, between it and the flame of a candle or lamp, the shadow 
of the ring will be a circle; if the ring be held obliquely to the 
wall, its shadow will be an ellipse ; if the ring be held horizontally 
above the flame, or so as to surround the candle, its shadow on 
the upright wall will be an hyperbola; and lastly, if it be still 
held horizontally touching the wall, and the candle be placed 
exactly under the point opposite to that in which it touches, the 
shadow on the wall will be a parabola. 

In all these cases, the rays of light from the flame which fall on 
the ring constitute the cone of which these shadows are the 
sections ; but it must be remarked that the true curves would only 
be produced on the supposition of the ring being a perfect circle, 
with no substance, or thickness ; and the flame of the candle a 
luminous point : it being impossible, of course, to fulfil these con- 
ditions, the shadows produced will only be approximations to the 
real conic sections. 




; § PROBLEMS RELATING TO THE ELlJPSE. 

Let a B, D E, two lines at right angles 
ta, and ibutually biteotitig each Other 
in the point C^ be given as the atts Of an 
ellipse. 

The senii-traiisverse A C» or B C being 
taken for a radius^ and arcs described 
from D, E, the vertices of the conjugate^ 
as centres ; these arcs will intersect each other in the points F>/, in 
the transverse axis which will be the/oot. (Geo* App., Pr. 21.) 

If two pins. Or still better two needles, be fixed in the board iki 
the points F and / and the ends of a thread passed foitnd tfaenn, 
tied in a knot at D or B> then a pencil bein^ put within the 
thready and this kepi equally stretched, while the peneil moves 
roundi an ellipse will be described, which will pass through the 
four points A^ B, D^ and £. 

The pins should not be fixed upright in the board, Oi^ «lse the 
thread will slip up them, they should incline a little outwards from 
each other in the direction of the transverse axis« Allowance 
must be made in knotting the thread for the thickness of the pen* 
cil> otherwise the ellipse will not pass through the points meant 
to be the vertices, bat within them. It is advisable to cut the 
pencil to aUne point, and to cut a small notch in the wood^ for 
the thread to lie in, as near the point as possible, this will pre* 
vent it from slipping up or off the pencil, during the motion of it 

The thtead had better be silk, as less elastic, and therefore not 
stinetching by the tension used to keep it tieht ; but with all these 
precautions it is impossible to draw a small ellipse, or one whose 
mean diameter is less than three inches with anything like pre- 
cision by this means, and, therefore, to the artist it is tiearly 
useless* 

The more nearly D E is equal to A B, the nearer do tjie foci 
F Jf^ approach the centre C, and the rounder the ellipse becomes ; 
and when DE is equal to AB the foci coincide with C the centre, 
and the ellipse becomes a circle ; which may be considered as an 
ellipse with equal axes. 

As D E becomes shorter in proportion to A B, the foci are more 
distant from the centre C, and the ellipse becomes more flat, or, 
as it is termed, more excentric, and if D E were supposed reduced 
to nothing, the foci F /would be in A and B, and the ellipse would 
become a straight line. The circle and straight line may, therefore, 
be considered as the limits of the ellipse. 
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As liny number of conoeiitric circlei may hliVe ft ctntre com- 
mon to them all ; so any number of coneentrio ellipaed may hav« 
.their foci and centre in common^ and as the radius, or a point in 
the circumference, la necessary to limit the individmd circle, the 
centre of which is given^ so some analogous data are required for 
the ellipse ; as the vertex of either ftxis» or a point in the curve; 
or the directrix^ if the centre and foci are given ; since no two 
ellipses oan h&ve a ceihtre^ the foci and either of the other deta in 
common. 

1. If the indefinite axeSj the foci F/ end 
the point M where the dinectrix cuts the 
transverse axis, are given^ the vertices of this 
transverse axis are fo^nd by making C A« 
CB a mean proportional between CF end 
C M, (Prob. 7.) then A B is the axis, (Geo. App., Vt. 21, 
CoTi 2«} and arcs described from F end/ as centres with A C or 
A B for a radius, will intersect in the vertices of the conjugate 
axis. 

2. If the poitit P in the eurve> and the foci F/are givefl, draw 
a line through the foci and bisi^ct F / in G, which will be the 
centre i draw Unes from F and/ to F, then hcJf the sum of F P, 
/ P, will be the semi-transverse A B Or B C, and th« conjuget^ 
lyEtB may be found as before* 




Proislem 49, 

7Si)0 tmjugate diameteti L M, I H being piven by two Hms ; to 
find the aons of the elUpsey the turve itself not being given. 

1. Produce C H to N, %o that H N 
shall be a third proportional to CH, C M, 
(Prob. 8.) and bisect C N in R ; throu|jh 
H draw a line parallel to L M, and draw 
R O perpendicuUi^ to C N to .me^t this 
line in O ; from O as a centre with O C 
as a radius, describe a circle cutting the 
pamllel through H, in G and K ; and 
draw C G, C K indefinitely produced for the axes. 

Draw H P, H Q parallel to C G, C K, and ttalte C E i mean 
proportional (Prob. 7) between C Q and C G, aild mafe C A 
a mean between C P and C K, then C E, C A are the semi-axes. 
(Lesl- G. C. L. B. I., Prop. 30.) 

If the perpendicular R O intersect G K too obliquely to alow 
of the point O bei^g accurately determtned> it mey be neces&ary 
to repeat the construction with the other diameter C L. 
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2. Through H di'aw a line parallel to L M, 
draw H O perpendicular to it, and equal to 
G L or C M ; with H O for a radius, from O 
as a centre, describe a circle, bisect O C by a 
perpendicular cutting the parallel through 
H in F, from F as a centre with F O for a ra- 
dius describe a semi-circle meeting H F in 
G and h* then lines drawn from G and I 
through C will be the indefinite axes. 

Join O G, O I cutting the circle described from O in points 
b, d, through which lines, parallel to O C being drawn, they will 
cut the axes in the vertices. (Note F.) 

If L M, H I were given as two conjugate diameters^ and any 
line C G as an indefinite diameter, a conjugate to it may be 
found by this construction. 

For draw the parallel through H, and H O perpendicular to it 
equal to C M as before^ let the given indefinite diameter meet 
H G in G, join G O, and draw O I perpendicular to it, cutting 
H 6 in I, then I C being drawn will be the indefinite conjugate 
sought, and the vertices may be found as before. 

These constructions are of great use and frequent occurrence iit 
linear perspective, where two conjugate diameters of an ellipse 
are frequently more easily determined than other data from which 
to describe the curve. 

As all diameters bisect each other in the centre, (Geo. App., 
Prop. 17.) if any two lines bisecting each other are given for two 
diameters not conjugate to each other, the lines joining their 
extremities will be parallel chords, consequently lines through the 
centre parallel to these, and bisecting the others alternately, will 
be indefinite conjugate diameters. (Geo. App,, Prop. 19, Schol.) 



Problem 50. 

Oiven ihe axes of an ellipse, A B, D E to determine the points 
where the curve would cut a given line'H G, parallel to either 
of then. 

1. Let H G be parallel to AB. (Fig. 1.) 

Fron D and E with the semi-axis A C for a radius, intersect 
the axis A B in F and/ which will be the foci. (Les. G. C, 
Pr. 1, Pr. 6.) Make C M in the transverse axis produced, a third 
proportional to C F and C A, and through M draw a line perpendi- 
cular to A B : let the given line meet this perpendicular in H, draw 

* The point I is out of the figure, Init it will be seen that the line through C 
ten<is towards it. 
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H F cutting the conjugate axis in P, and from pig.i 
A draw a perpendicular to A B or a parallel 
to the conjugate, to meet H P in Q. 
Then on P as a centre with the radius P Q» 
describe a circle which will cut, or touch » the 
given line in the points, or pointy where the 
curve of the ellipse will cut it, if it cut it 
at ally for it is obvious that if the distance 
of the given line from the transverse axis 
were greater than the semi-conjugate, the 
curve would not touch the line at all. 

2, Let H G be perpendicular to A B^ or parallel to D E (Jig. 2). 
Find the foci F /, and the directrix as before, and draw an ordi- 
nate through F perpendicular to AB; make the semi-ordinate, 
F P, a fourth proportional to C M, C A, FM. (Prob. 9.) Draw 
M P cutting H G in H, and from F as a centre with a radius 
equal to R H, describe arcs cutting H G in the points sought. 
(Les. G. C. B. I., Pr. 2. and 3.) 

These constructions can be made with either focus, taking care 
to take the point M in the transverse axis produced, at that 
extremity next the focus employed ; by making the constructions 
with both foci at the same time, the process is verified, and the 
required points more correctly determined. ' 



Problem 51. 

Given the axes A B, D E o/ an ellipse, to find the points where 
the curve would cut a given straight line not parallel to either. 

Case 1. If the given line G F pass 
through a focus F, make C M a third pro- 
portional to CF and CA, and draw the 
directrix through M perpendicular to A B, 
(Geo. App. Prop. 21, Cor 3.) and let the 
given line passing through the focus F cut 
this directrix in G. 

Through F draw the ordinate parallel to 
LM, or perpendicular to the transverse ' ' 

axis, and make F P a fourth proportional to C M, C A and F M, 
as in the preceding Prob. From G set oflF on the directrix G L, 
both ways equal to G F, then draw lifies through both points 
L and P, and they will cut the given line in H where the curve 
would cut it. (Les. G. C. L., Pr. 4.) 

Case 2. If the given line G C pass through the centre C, from 
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the point Q^ m whicb the given line meets the direekiit^ dmw 
6 F through the focus F. On A B, the transvene axis^ as a 
diameter, describe a circle, or mark the points T and V where 
this circle would cut G F ; draw C T, C V from the centre C,* 
then, parallel to C T« C V^ draw lines through F^ meeting the given 
line in Y and 7,, the points in which the curve would cut G C. 

By this second case any diameter to the ellipse is found, and 
by Prob. 55, the conjugate diameter may be determined* 

Case 3. If the given line do not pass through the focus Or 
centre. 

Take any point K at pleasure in the given line. Find (Prob* 9) 
a fourth proportional to C M, C A, K L, or to C A, C P, K L, the 
perpendicular distance of K, from the direc^ 
trix, and with this fourth proportional for a •* 
radios, from K as a centre, describe a circle, 
cutting the line from G through F, in N 
and O, draw the radii K N, K O. Then 
lines parallel to K N, K O drawn through 
the focus F will cut the given hue in the 
points Y, Z sought. 

The farther frona the directrix the point K is assumed, by so 
much the larger will the circle be, and so much the more accurate 
the construction. 
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A K«w AB beiMahm as a diameter of an eliipse, and another line 
C D, bisected iy AB at any angle, as a double ordinate ; to 
find the parameter to that diameter. (Def. 5, p. 76.) 

Join A C, A D and B C, B D, and bisect 
AB in E, which will be the centre Of the 
ellipse; through E draw a line parallel to 
C D cutting B D in F. This line will be the 
mdefinite conjugate diameter. fGco. App. 
Sch. Prop. 19.) ^^ 

Make A G equal to E F, and through G draw 
a Ime parallel to C D cutting A C, AD in H and L HI will bd 
the parameter sought. (Note A A.) 

^^J^epoiiit.T Z, atvd the lines », F Z are net ehown ia the figam, to aToid 
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Problem 53« 

OivenihaitesACCG.ihefoei F,/,and ike direcbn MS; 
to draw from a given point P, tine$ which wnUd be Umgents 
to the curve* 

Find a fourth proportional to C M^ C A and F Q, the perpen- 
dicular distance of P from the directrix ; 
from P as a centre, with this fourth pro- 
portional for a radius, describe a circle^ 
and from F draw F S, F T tangents to 
this circle (Prob. 40.), produced to meet 
the directrix in S and T, Then lines 
drawn from S and T through P would be 
tangents to the curve, if it were described. 
If the point P lie so near the directrix 

as to render the construction liable to inaccuracy^ the other direc- 
trix at the opposite side of C must be employed. 

If the point P did not lie without the curve, the problem is of 
course impossible; whether this be the case, may be ascertained at 
once by drawing lines from P to the two foci : if the sum of these 
be less than the transverse axis, or less than twice C A» the point P 
is within the curve ; but if the sum of these lines be greaier than 
twice C A^ the point is without the curve : if the sum of the lines 
drawn from P to the foci be exactly equal to the transverse axis> 
then P is in the circumference of the ellipse (Geo. App. Schol. 
Prop. 21.), and the tangent may be drawn by bisecting the angle 
formed by the lines drawn to the foci from P, and drawing a line 
through P at right angles to the bisecting line, this perpendicular 
will be the tangent sought. 

If the above construction were attempted to be applied in the 
supposition of the point P being in the circumference^ the fourth 
proportional would be exactly the distance of P from the focus F. 
The circle on P would therefore pass through F, and consequently 
no tangents could be drawn to the circle from that point. 



Paobl£m 54. 

Given two conjugate diameters AS, C E, to draw, from any given 
point Ff two lines which would be tangents to the curve. 
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draw S R parallel to L M, and by Prob. 55. 
find the terminations R S of this ordinate. 
Then PR, PS being drawn they will be 
the tangents sought. (Note C C.) 

This problem^ like a preceding one^ is 
of practical utility in linear perspective, but 
is rather too complicated to be employed 
except in very particular cases. 




Problem 55. 

Oiven a line AB as a diameter of an ellipse; and another line 
PQ as an ordinate to AB : to find the conjugate diameter, the 
curve not being given. 

Bisect AB in C for the centre of the ellipse^ and through C 

draw a line, D E» parallel to P Q, for the ^ 

indefinite conjugate (Geo. App. Sch. to ,.^""1 '*\ 
Prop. 19.) ; draw P R perpendicular to A B A 
at P. On AB as a diameter describe a / 
semicircle, cutting P R in R, and make B S *]^ 
equal to P R. Draw S T parallel to and \*' 
equal to P Q ; then a line through B and T 
will cut the conjugate in its vertices D, E. 
(Note B B.) 

If two conjugate diameters A B, D E were given ; by the reverse 
of this construction the length of an ordinate at any point P might 
be obtained. 

For draw the perpendicular P R to cut the semicircle on A B 
in R, and set off the length of P R from B to S. Join B D, and 
through S draw S T parallel to C D cutting B D in T, then S T is 
the length of the ordinate through P as required. 




Problem 56. 

To find any number of points which would be in the circumference 

of an ellipse. 

^ Case 1. Given the two axes AB, DE to find points in the 
curve. (See Fig. p. 78.) 

1. With the semi-transverse axis A C or B C describe arcs from 
D and E as centres, cutting each other in F,/ in AB which will 
be the foci. (Geo. Ap.. Prob. 21.) 

Assume at pleasure any number of points in A B^ and with th^ 
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two segments into which each point divides A B as radii, describe 
arcs from F,/, as centres, which arcs will cut each other in points 
in the curve, (Geo. App. Prop. 21. Cor. 4.) 

Each pair of segments will furnish four points, two on each 
side of the transverse and two on each side of the conjugate, and 
consequently, for ordinary purposes, two pair of such segments 
will give a sufGcient number of points, together with the four 
vertices of the axes to allow of the curve being drawn by hand. 

2. In any strait line drawn through C, that is in any diameter, 
make C O equal to C A or C B, the semi- 
transverse, and in the same make C K equal to 
CD or C E the semi-conjugate; through 
draw a lyie parallel to C D, and through K one 
parallel to A B ; these parallels will cut each 
other in a point in the curve. (Note D D.) 

If circles be described on the two axes and 
any number of diameters be drawn through C, this construction will 
be shortened : but it would only be had recourse to on particular 
' occasions, as, for example, when the conjugate is much shorter 
than the transverse, or the ellipse very excentric ; in which case 
the first construction would be liable to inaccuracy, from the foci 
being so near the vertices of the axis. 

Case 2. Given any two conjugate diameters A B, D £. 

1. At both extremities of each of 
the diameters, draw lines parallel to 
the other so as to form a parallelo- 
gram FG, the sides of which will be 
tangents to the curve. (Geo. App. 
Prop. 17. Cor. 1. and 2., and Prop. 
19. Schol.) 

Divide each side of the parallelo- ' 

gram and each diameter into auy, the 

same, number of equal parts, as in 1, 2, 4, 5, &c. From E draw 
lines throughl, 2, 4,5 in AB, and from D draw lines from the points 
of division in AG, B H the semi'tangents parallel to DE; these 
lines taken two and two will cut each other in points of the curve; 
in the same manner the corresponding paints in the other 
half of the curve are found ; and by employing the vertices A and 
B and the semi-tangents D H, GD, the intermediate points are 
found if necessary, as will be understood from tlie figure. 
(Note E E.) 

If either A B or D E, instead of being the conjugate diameter 
to the other, was only a ijouble ordinate to it, in which case only 
one of the two would be bisected by the other ; the same con- 
struction might be used for the segment of the ellipse. The two 
sides of the parallelogram not parallel to the ordinate would then 
he parallel ordinates instead of being tangents. 
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lliis constructioli is equally applicable to the two ax^^ and 
then the four tangents form a rectangle. 

From the circumstance of the lines cutting each other at nearly 
right angles, the points are very clearly defined, and the facility 
and simplicity of the construction render this the most useful and 
most generally applicable of all methods of finding points in the 
curve. 

2. Through A draw the tangent PF parallel to D E, draw AO 
at'right angles to it^ making A O equal to C D, 
the semi-conjugate diameter; join OC; de-> 
scribe a circle from O^ as a centre^ with O A for 
a radius; and draw any lines from O to meet 
the tangent in F. Through F and C draw a 
diameter : from the point N where O F cuts 
the circle, draw N M parallel to O C ; then 
M, where NM cuts FC, will be a point in 
the curve ; and if C m in F C be made equal 
iDCM,m will be the other ej^tremity of the diameter or another 
point in the curve. (Note F F.) 

3. On either of the given diameters, as A B, describe a circle, 
and draw C O perpendicular to A B. Divide 
C A into eaual parts in the points F, F, &c., 
and draw cnords through the points of division, 
parallel to C O, or perpendicular to A B, cut-* 
ting the arc A O in G, G, &c. Divide the other 
semi-diameter C D into the same number of 
equal parts in the points P^ P, &c., that the semi-diameter A C was 
divided into ; and draw lines through P, P^ &c.^ parallel to A B ; 
make each semi-ordinate P M equal to the corresponding chord 
G F, then M, M will be points in the curve. (Note Q G.) 

4. [Draw the tangent A L parallel to 
DE. Make A G a third proportional 
(Prob. 8.) to A B and D E, and draw G F 
parallel to AB. From A draw any line, 
A F, cutting G F in F, and make A L 
equal to G F, draw B L cutting A F in M ^ 
then M will be a point in the curve. 
(Note H H.) 

The same construction^ made on the other side of A in A L pro- 
duced or on a tangent at B^ will give other points ; or diameters 
may be drawn from M through C and C m, being made equal to 
CM: m,m will be points in the curve. 

Probi/em 57. 

Given an ellipse ji to find the axes^focif and directrix. 
Draw any two parallel chords terminated by the curve as P Q, 
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R S, aad bisect each of them. Then 
a line drawn through the bisecting 
points as 6 H, will be a diameter. 
(Geo. App. Prop.-^l?.) 

The chords or doable ordinates should 
be taken as far apart as is convenient^ 
and should be drawn very accnrately 
parallel, and correctly bisected^ in order 
to obtain a true diameter^ 

Bisect G H thus obtained in C, which is the centre of the 
ellipse; (Geo. App. Prop. 17.) From C as a centre with any 
radius describe a circle to cut the ellipse in four points | and 
through these draw the two pair of parallel chords. Bisect all 
these, and lines drawn through the points of bisection in the 
opposite chords, and through the centre C, will be the axes. 
(Les. G. C. I. Pr. 29.) 

From each vertex of the conjugate axis, witl^ the eemi- 
transverse for a radius, describe arcs which will cut each other in 
two points F / of the transverse axis for the foci. (Geo. App. 
Prop. 21, Schol.) 

Lastly, make C M in the transverse produced, a third propor- 
tional to C F, and the semi-transverse C A, and a line through M 
at right angles to C M, will be the directrix. (Geo. Ap. P, 21, 

App.) 
The ratio of C F to the semi-transverse C A, or of this latter to 

C M, is what is called the determining ratio. (Les, G. C. I. Def. 3.) 



Problem 58. 




Given an ellipse, to draw any two conjugate diameters^ and to 
draw un ordinate to either through a given point in the m^rpe P, 

Find any diameter G H, and bisect it in C,for 
the centre of the ellipse, by means of two parallel 
chords, as in the first part of the construction 
of the preceding problem. Draw two chords, 
one on each side of, and parallel to G H, as 
far from it as may be convenient. Bisect each, and a line K L 
through the bisecting points which will likewise pass through C, will 
be the conjugate diameter to G H. (Geo, Ap. P- 19. and Schol.) 

1. Through P draw the diameter P R, and P Q parallel to G H, 
and with P Q as a radius describe an arc from R cutting the 
curve in S ,• or make R S equal to P Q ; or draw R S parallel to 
P Q. Then a line through P and the point S thus found will be 
the ordinate required. 
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2. Draw F Q, as before^ parallel to G H, and bisect it, then a 
line through P parallel to' the diameter L K, which would pass 
through the bisecting point, will be the ordinate to GH 
through P, 

3. P Q being drawn through P as before, the diameter Q S will 
give the point S at once, but this construction is liable to be in- 
accurate, as a slight error in drawing Q S will materially change 
the point of intersection with the curve at S. 

If it were required to draw two conjugate diameters in a given 
ellipse which should contain a given angle. 

Any diameter P Q being drawn, on P Q, a ^ s^ 

segment of a circle must be described which / *^ \ 

shall contain a given angle (Prob. 39.) : from the ^iO\~~^i>v 1 
point R, where this arc cuts the ellipse, draw w^^^C3^ 
R P, R Q to each vertex of the diameter P Q, ^5^^^,^^^^ 
then two diameters parallel to R P, R Q will be 
conjugate to each other, and will contain the given angle. (Les. 
G. C. II., Prop. 1.) 

If the given angle were a right one, the required diameters 
would be the axes, and the segment on P Q must be a semi- 
circle. 

As the segment of the circle will cut the ellipse in two points, 
two pair of conjugate diameters may be found by the construction, 
containing the given angle. 

The only conjugate diameters in an ellipse which are equal, 
are those parallel to the chords joining the vertices of the axes. 



Problem 59. 

Gvoen an ellipse, to draw a tangent to the curve through a given 

point P. 

Case 1. If P be in the curve. 

1. Draw a diameter through P, and by 
Prob. 58, find its conjugate, then a line 
through P parallel to that conjugate will be 
the tangent required. (Geo. Ap. P. 16. Def. 
17. Prop. 19, Schol.) (Les. G. C. I., Pr. 10.:Cor. 1.) 

2. Draw any diameter AB, and from P draw PR, an ordinate 
to it (Prob. 58.) ; make C T in B A produced, a third proportional 
to C K, and C A ; then PT being drawn, it will be the required 
tangent. (Geo. App., Pr. 18.) If A B were the transverse axis> 
P R must be drawn perpendicular to it. 
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3. From P draw PF, P/to the two foci, 
and make PR in P/the longest of the two 
lines equal to P F the other; draw-F R, then 
a line through P parallel to F R will be the 
tangent required. (Les, G. C. I., P. 11, 12.) 
(Vide note I.) 

Or make P S in P / produced equal to P F ; join F S, and 
bisect it in T, then a line through P T is the tangent. 

Greater accuracy will be obtained by combining both these 
constructions. 

The line bisecting the angle formed by the two lines drawn 
from any point in the ellipse to the foci will be a normal to the 
curve at that point, or will be perpendicular to the tangent : these 
normals will represent the joints of the stones of an elliptic arc ; 
the carpenter and mason, therefore, require this construction to 
make the moulds of the different stones* 

4. Through P draw a diameter, produced 
to meet the directrix in R ; join R and F the 
focus ; then a line from P perpendicular to R F 
will be a tangent to the curve at R. (Les. G. 
C. L, R 10.) 

Case 2. If P be not in the curve. 

1. The construction given in Prob. 54. may beused^ and will be 
simplified from the curve being given. 

2. Through the given point, draw a diameter 
P C, and make C S a third proportional to C P 
and CA; then through S draw the ordinate 
S R parallel to the conjugate diameter to A C ; 
then lines through P and R will be the tangents 
required. 

In all cases where a point is determined by the intersection of 
a line with the ellipse, in problems where the curve is given, the ac- 
curacy of the construction must entirely depend on that of the 
curve^ and whenever this has not been drawn by a machine, but 
by hand, it will be better not to make use of the curve, but to 
adopt that construction applicable to the case given in some of 
the previous problems where the curve is not required. 

In this problem, if the curve has been described by an ellip- 
tograph, a tangent carefully drawn from the given point to touch 
the curve will be frequently more accurate than if the point of 
contact were found- by the above constructions. The same has 
been observed of the circle, (see Prob. 42.) and the remark may 
be generally applied to all curves. 
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To find the axes of on sHt^ue that tooutd ht inscribed m a given 
quadnlateral, or to wbwh tha tides efthi» wovidbtUatganti. 

' Let A B C D be any trapesium. 

Produce the opposite sides to meet io 
the points E, F, aod draw the diagonds 
A C, B D intersecting in G ; draw E G, 
FG; then the four points P, Q, B and 
S, ia which these lines cut the sides of 
the figure will be the tangential points, 
or the points where the required ellipse 
will touch those sides. Bisect PQ, RS, B 

and draw E 0, F O through Uie bisecting 

points, cutting each other in O; then O will be the centn of the 
ellipse. (Les. G. C. I. P. 17. Cor. 3.) 

If one point P had been given in a side of the trapeziam. as 
one of the tangential points, then a line P Q must nave been 
drawn from it through G, cutting BE in Q, and B D produced 
to meet E F in H ; then H P, if Q being drawn would hare tut 
the other sides in R and S, the other tangential points. In this 
supposition, R S and P Q need not necessarily pass through B F. 

The centre O of the ellipse being found ; from P, one of the 
tangential points, draw PT through O, and make OT equal 
to P ; through Q, another of the tangentid points, draw Q W 
panUM to C D, cutting P T in Y. and midie V W equal to V Q. 
Then WQ will .be an ordiaote to the diameter PT. (Geo. App. 
Def 17. and Prop. 17.) 

Through O drew a line also parallel to C D and WQ, mod by 
Prob. 55 find the exlremities of this diameter, which will be con- 
jugate to PT, and the axes may be found from these two diame- 
ters by Prob. 49. 

If two sides of the given figure were parallel, r/ 

the construction is mudi simplified, for the other /;\ 

two being produced to meet in F and the diagO' / / \ 

niJs drawn, a line PT through F apd their in- * ■/ tV \- n ' 

tersection willbeadiameter.whichbeingbisected ^ /J^::JL::''.\ 
in O, the centre of the ellipse, a line through /■W"r'"'--'\ 
Oparallelto AB,CDwillbetheindefinitecon- '^'* " 

jugate diameter to PT; and an ordinate through either of the 
tangential points in the other sides, parallel to B D or AC, will 
furnish the means of determining the vertices of this conjugate 
as before. 

If the given figure were a parallelogram, lines through the 



centre of the figure, which will be ulso the centre of the ellipse, 
parallel to the sides, and terminated by them, will obviouslv be 
conjugate diameters, and the axes can be found by Prob. 49, as 
before*. 



Problem 61* 

To find a rectilinear Jiguref or a circle, equal in area to a given 

ellipse. 

Find a mean proportional between the transverse and the con- 
jugate axes. 

Then the decimal '8863, taken from any scale to which this 
mean 'proportional is unity, will be the length of the side of the 
square equal in area to the ellipse. 

And the same mean proportional between the two axes will be 
the diameter of a circle equal in area to the ellipse. 

The following properties of the ellipse may occasionally be of 
service to the practical geometrician. 

If AB be the major axis of an ellipse 
formed by the section of a right cone, of 
which H B and A G are the diameters of the . 
parallel circular sections made at the vertices 
of A B. (See Geo. App. passim.) 

Then the square of the transverse axis is equal to the rectangle 
under the diameters of the circular sections^ together with the 
square of the slant side of the frustum ; that is 

AB2=s:AQ. BH+Am 

And the square of the conjugate D E is equal to the rectangle 
under the diameters of the same circular sections, or 
DE«=2:AG* HB, and the distance between the foci is equal to 
the length of the slant side of the frustum, or F/ = B G = A H. 

If A B be any diameter of an ellipse, and D E 
its conjugate; then if a semicircle be described 
on A B, and a perpendicular D G to A B^ drawn 
from D or E, the area of the semicircle will 
be to the area of the serai-ellipse as C D to D G • 
and consequently two squares on these lines will 
have the same ratio to each other as the circle and the ellipse 
have. (Les. G. C. II., Fr. 29.) 

* The demonstration of the construetions in thii Ftoblem cannot be undentood 
without 4 knowledge of the principles of linear perspective (See also C^metry^, Ap» 
pendix, peusim) ; but as the constructions here employed are sfrictly within the limits 
of plane geometry, they are given because they ofier a much easier and more ae« 
curate mode pf obtaining the axes of an elUpee to whioh four gifsa lioei abaU bt tuh 
gentSj than any deduced from the conic sections alone* 
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Let D C be the diameter of any circle^ and 
let another, the diameter of which is just half 
D C, be supposed to roll within the larger 
round the circumference of it ; the centre of 
the second will obviously describe a circle ; 
any point in its circumference will describe 
a right line^ a diameter to the larger circle ; 
and any other points P, within or without the 
circumference of it, will describe ellipses, the 
axes of which will be the linies described by 
the extremities of the diameter in which P lies. (Note I I.) 

If six points be taken anywhere at pleasure in the periphery of 
an ellipse, or opposite hyperbolas, or parabola, and if the opposite 
lines joining them, by which a hexagonal figure is inscribed in 
the curve, be produced till they meet in three points, those points 
will be in a right line. (Les. G. C. II. P. 15.) 

The trammel^ or elliptic compasses as it is called, consists of a 
beam^ like that of a beam compass, which 
carries a pencil at one end^ and two 
sockets with cylindrical pegs which can 
be clamped at any distance from each 
other on the bar; these pegs move in two 
grooves at right angles to each other cut in 
the arms of a cross of brass, and by this 
motion the pencil describes an ellipse when the bar is turned round. 

To adjust this instrument, the peg nearest the pencil is clamped 
on the bar at a distance from it, equal to the semi-conjugate axis 
of the ellipse intended to be drawn : and the farther peg is clamped 
at a distance from the pencil equal to the semi-transverse, that is, 
so that the distance between the pegs shall be equal to the diflfer- 
ence of the two semi-axes : this distance being kept unaltered, 
the pegs are forced by the turning of the beam to move backwards 
and forwards in the vertical directions of the cross grooves, which 
correspond with that of the axes of the required ellipse, and the 
pencil necessarily draws the curve. (Note J J.) 

The cross stands on four pointed feet, by means of which it is 
set in the direction of the axes, which are previously drawn at 
right angles to each other on the paper, the centre of the cross, 
or the point where the grooves cut each other, being thus exactly 
over the centre of the ellipse. 

But since the distance between the pegs must always be equal 
to the difference of the two semi-axes, if this difference in the 
ellipse to be drawn, be greater than the length of the groove from 
the centre, the instrument cannot be used, and therefore no 
ellipse with an excentricity^ beyond this limit can be described 
with the trammel, and the arms of the cross prevent a small 
ellipse being drawn at all by means of it. 
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■ " To the carpenter or cabioet-maker, who seMom reqaire a very 
excentric or a small ellipse, the trammel ia of considerable use, 
but these defects, together with the awkward mode of its applica- 
tion on the paper rendering it totally useless to the artist and 
draughtsman, an instrument acting on the same principle and 
intended to remedy its deficiencies, was invented by Mr, J. Cle- 
ments ; a complete description of this, with illustrative plates, will 
be found in the 36th vol. of the Transactions of the Society of 
Arts. We can here only give a general account of it, 

A square frame of brass carries in the middle of each side a 
pillar with a spherical head, 
through triangular' holes in 
which slide tno triangular bars 
at right angles to each other, , 
and one raised above the other, 
its pillars being taller for that 
■purpose. Axes passing through 
the centre of each bar are con- 
nected by a carriage lying be- 
tween them ; by a micrometer 

head and screw on which, the axes can be either brought vertically 
over each other, or removed to any distance within the hmits of 
the length of the screw with the greatest accuracy. A second 
carriage and screw connected with the axes lies under the lower 
bar and carries the pencil or pen ; this is also contrived so as to 
admit of being brought under the axes in the same vertical line : 
in this position the carriages with the pen can be turned round 
and the bars will not move in the sockets, the pencil only describing 
apoinf in the common centre of the two axes; if the pencil be 
now moved by the lower screw, which does not alter the axes, it 
■will, if the carriage be turned round, describe a circle of any dia- 
meter from the point to the length of the screw, or about two 
inches radius ; if the upper screw be then used to remove the axes 
to any given distance from each other, this being kept unchanged 
during the motion, the bars will advance and recede alternately 
in the sockets of the pillars, and the pencil will describe an ellipse, 
the bars corresponding to the cylindrical pegs moving in the 
grooves of the trammel. The conjugate diameter of the ellipse 
will he equal to that of t!ie circle described before the axes were 
removed from their concentric position ; the difference of the 
two eUiptic diameters being given by the upper screw, which thus 
corresponds with the beam of the trammel. 

For adjustment on the drawing board, the frame carrying the 
pillars is attached to and slides on another, having an inner cogged 
edge, worked by a pinion, as seen in the figure ; this larger frame 
is carried by a circle which rests on the paper, with « cogged edge 
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and pinkni, thus CDsbKng tin caatn of tbe apper fnm& to be 
•djuatod sccuntety after it u first let down ; by this meaiM the 
centre of the intended ellipse it bronght into tbe proper potiticm 
on tbe drawmg, wbile the right direction of the axea is gtven by 
the circle. 

The minutinof tbe constmction and adjuitmenti of thu in- 
■trument could not be explained vithoat more detailed fignrei ; 
but by means of theie adjustments, and by a further addition 
which it is oesdleBi to describe, any ellipse, from a straight line to 
a uide of four inches, can be drawn to any gi?c9i dimenaions to 
the T^jvtb of an incb, and this ellipse can be placed with equal 
accuracy in any part of the drawing, and may aubsequenlly be 
divided either penpictisely or orikographically into any numbCT 
of equal parti. The plates given as examples of what it is capable 
of achieving) in the volume referred to, and which were drawn on 
the copper by means of the instrument, are a sufficient propf of 
the perfection of its constmction ; but this machine is too ex- 
pensive to be; in the hands of many, while the elhptograph 
of Mr. John Farey, though by no means so comprehensive or so 
complete, is sufficiently so for the purposes of moat artists, and is 
iimple Rbd therefore cheap enough to be atuinable by the majority. 

This elliptc^Kph consists of two eqaal brass rings aboat four 
and a half inches in diameter, 
lying one over the other ; they 
are snrrounded by a aqaare 
brass frame, two opposite sides 
of which are at a small dis- 
tance above, though fixed to 
the other lower two. Each • 
ring bas a projecting rim, that 
of the lower one overlapping 
the parallel sides of the frame 
between which it lies, and that 
of the upper ring overlapping 
the other sides of the frame. 
Each ring has also two parallel 
bars corresponding to each 
other, which slide between short 
pillars with expanded heads 
fixed in each ring respectively. ' 
By this construction the lings ' 

are kept close together, and yet each can slide between the parallel 
sides of the square frame in directions at right angles to each 
other when they are not concentric. 

A pinion fixed to the lower ring works in a rack attached to 
One brftss chord bar of the upper } by means of this the two rings 



n&cniQAL aioiiKnar. u 

mfty be fixed si any degree of eiccetktriciiy of their eeotrts within 
certain limitd, the rack moving the upper ring between its parallel 
bars* while the other remains in the same place ; the bars between 
which it lies preventing its motion in the mme direction with the 
upper one. 

Another pinion fixed in the upper ring works in a rack attached 
to a small frame, which thus slides between the bars of the ring, 
and carries a socket for one leg of a pair of bow compasses, the 
ether having either a steel pen or a panciL 

If the two rings are jost over each other or perfectly amemtrie, 
and the frame carrying the pen so placed that this is over the 
centre of the two circles^ then the rings being turned round between 
the frame by means of six small handles fixed into the upper cir* 
cumference of the ring for that purpose, the pen or pencil will 
obvbttsly describe 9l pointy corresponding to the common centre 
of the rings ; if by means of the last*mentioned pinion> the pen 
or pencil is moved between the chord-bars, the two rings being 
still concentric, the pencil will describe a circle of any diameter 
less than that of the rin^s, but if these are moved excentric by 
means of the other pinion, the compound motion of the rings 
advancing and receding in directions perpendicular to each other 
between the upper and lower parallel sides of the frame will cause 
the pen to describe an ellipse^ the conjugate diameter of which 
will always be twice the distance of the point of the pen or pencil 
from the centre of the upper ring ; and the difference of the two 
semi-axes will be eqnal to the distance of the two centres ''of the 
rings or of their excentricity. (See the Note J J.) 

The whole frame is attached to another bar, on the under side 
of which are two small sharp pins which keep it steady on the 

Esper, and it is held down by two fingers placed on two milled 
eads with screws which pass through rectangular holes in the 
extremities of the upper bars of the frame, which are extended a 
little beyond the othens for this purpose, and lie over the detached 
bar just mentioned : in this there are two similar holes, and the 
screw acts on flanches which press the bars together and fix the 
frame to the detached bar; but when the screws are slackened, 
these holes allow the frame to be moved a small quantity in di- 
rections at right angles, so as to adjust it correctly to the situation 
where the ellipse is rec(uired to be on the drawing, the detached 
bar not being moved, aftef it is put down on the board; when 
the correct situation is found by trial, the milled heads are tight* 
ened and the instrument is fixed and held by the fingers of the 
left hand. To adjust the instrument, place it on the paper so 
that the detached bar, which is on the same level with the lower 
ones of the frame, shall be parallel to the shorter axis of the in- 
tended ellipse, end so thet the centre of the two rings when con-* 
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centric shall be over thdt of the ellipse : the pen being moved by 
the rack and pinion to one end of this shorter diameter^ the rings 
are turned round ; and if the point of the pen does not coincide 
with the other vertex of the conjugate, the frame is moved parallel 
to the detached bar^ a quantity equal to half the error, and the 
pen is moved by the pinion for the other half; the trial is then 
repeated till the adjustment in this direction is made. The rings 
are then turned one quarter round, the rings are then moved ex- 
centric by the rack and pinion for that purpose till the pen is 
brought to the end of the transverse diameter, and an analogous 
adjustment to the former of shifting the whole frame in the 
direction perpendicular to the bar half the error and changing the 
excentricity of the rings the other half. Of course care must be 
taken in making this last adjustment not to alter the previous one 
made for the shorter diameter, but the power of doing this is soon 
attained by practice; and then the correctness and neatness of the 
curve, the simplicity and, consequently, cheapness of the instru- 
ment render it the most generally useful of any. 

A simple mechanical application of the principle of these in- 
struments, which will frequently be found of use to the draughts- 
man, must be noticed here. 

A B, D E being the axes of an ellipse which is required ; take 
a piece of flat paper having a straight edge cut ; 
and mark on it the distance A C and C D from 
any point P to R and Q, then this edge being 
applied anywhere so that the points R and Q may 
always be in the lines of the axes, the point P will indicate the 
curve, and a dot may be made accordingly ; if this be done with 
care, any number of points may be found with considerable accu- 
racy, either to draw the curve through by hand, or for the purpose 
of making other constructions when the curve is not required. 

A cheap and simple instrument is easily .made, by means of 
which a curve very nearly approaching an ellipse can be de- 
scribed, and is employed for 
that purpose by some en- 
gravers and artists. A C is / 
an arm or radius moveable on i- 
the fixed centre C ; E F is a 
bar of wood Or metal having 
a groove in it, in which 
slides a cylindrical pin, fixed near one extremity of the rule B F, 
the other end B is attached at any part of the radius A C by any 
convenient contrivance. 

If now the radius A C turn round C, by which the end B of 
B F is made to describe a circle, the pin causing the other ex-^ 
tremity to move backwards and forwards in the straight line of 
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the groove ; a pencil fixed any where in the rule B F as at D, will 
describe an oval curve which sufficiently approaches to a true 
ellipse^ as not to be distinguished from it by an inexperienced eye. 

The longer axis a b will always be equal to twice the distance 
from C to B, or the point where B F is attached to A C, wherever 
the point D may be between B and F : consequently the distance 
C B being made equal to half the given axis, the point P must 
then be moved on the bar till it pass through the vertex of the 
shorter axis erf; this adjustment is easily made by a trial or two. 

The longer the rule B F is, the more nearly will the curve re- 
semble a true ellipse.* 

Though the mechanical mode of describing an ellipse by means 
of a thread and pins, and explained in p. 78, would always be em- 
ployed, when possible, as the simplest; yet the following methods 
of describing this curve by means of jointed rules may be occa- 
sionally useful to the mechanic. 

1. Let C D E be a rule of equal legs 
jointed at D, and let the end C be 
fixed to the board by a pin on which 
it may turn as a centre, then a pencil 
fixed at any point P in D E, will de- 
scribe an ellipse, if the end of the rule 
E be moved along a line A B for the tranrsverse axis. This is a 
mechanical application of the second case, Prob. 56. — See 
Note D D. 

2. Let the extremities of two rules be 
fixed to pins at F, /, which represent the 
foci, so that the rules may turn on them as 
centres ; then another rule must be jointed 
to the others at R and S, placed so as to 
cross each other at P, F S, / R being made 
equal to the transverse axis, and R S equal 
to F / then a pencil at P will describe 

the curve, when the rules are turned on F/. This is a 
mechanical application of the third construction in Case 1, 
Prob. 59. 

Carpenters and other mechanics frequently have recourse to 
the following methods of describing a figure nearly resembling an 
ellipse, consisting of segments of circles of different radii, passing 
through points which would lie in the true ellipse. 

Let A B, D E bisecting each other at right angles, be the given 
axes of the proposed curve. Draw A P, I) P at each extremity 
of these two axes, and parallel to them ; bisect A P in 1, and 

* If the rule were infinitely long, it would Always move parallel to itself, and the 
point P would consequently describe a circle or a true eUipte of equal diameters. 

H 
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draw E P, D 1 cutting each other in M ; 
or if A C be bisected, E P must be 
drawn through the point of bisection ; 
then the point M will be a point in the 
eUipse. (Prob, 56, Case 2.) 

Bisect D M by a perpendicular cut- 
ting D E in F. Draw F Q perpendi- 
cular to, and equal to F D ; from Q draw 
a line through B ; and cut it in the point G, by an arc described 
from F, with the radius F D or F Q ; draw F G cutting A B in 
H. Make A I equal to B H, and E K equal to D F, and draw 
lines from K and F through I and H. Then F, K, I, and H, 
are the four centres of the segments to be described with the 
radii F D, and H B ; these will pass through M, and points cor- 
responding to it in each quarter, and will form a figure resembling 
an ellipse, nearly enough for some practical purposes. 

If A P and A C were each divided 
into three equal parts, and lines were 
drawn from E and D through the 
points of division ; as shown in the 
figure, two points in the ellipse M, N, 
would be found by their intersec- 
tions. 

Find the centre F, in D E, of the 
segment to pass through D a,nd M as 
before, draw F M cutting A B in I, 
and make C H equal to C I, C K equal to C F, and draw F H. 
Bisect M N by a perpendicular cutting F M in R, and through R 
draw R Q parallel to A B, cutting F H in S ; make S Q equal to 
R M or R N, and draw Q B, fromS cut Q B in the point N with 
the distance S Q, (R M or R N). Join S N, cutting A B in T, 
and make B V equal to A T. From K set off K W, K X on 
K H, K I equal to F S or F R, and then F, K, R, S, W, X, T, 
and V, will be the eight centres from which the segments are to 
be described with the proper radii, so that they shall pass through 
A, B, D and E, and through M, N and points in the other quar- 
ters corresponding to them : this figure will be more correct than 
the preceding. 

In these constructions care must be taken to terminate each 
segment at the line joining its centre with that of the adjacent 
segment, so that there may be no angles in the curve. (See 
Prob. 48.) 

When this factitious ellipse is made use of by the carpenter or 
mason, for the mould of an arch, the normals to the curve, repre- 
senting the joints of the stones, must be drawn to the centre t)f 
each segment in which they occur. 
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From all that has been said of the objections against these 
modes of drawing the ellipse, the artist will conclude that he must, 
in the greatest number of cases, trust to his eye and hand for 
delineating the curve, after having found a sufficient number 
of points: for this reason many problems have been given for this 
purpose, and for finding the true direction of the axis ; when these 
are obtained, and the curve carefully traced by the hand of an 
experienced draughtsman, the defects in smoothnessofline are of 
little importance in perspective drawings of instruments or build- 
ings, the occasions on which the ellipse is mostly wanted. 
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§ PROBLEMS RELATING TO THE HYPERBOLA. 




PSOBLEU 62. 

f 

To find points in the curves of the hyperbolas Jirom different data^ 

Case 1.' Given the transverse axis AB, and the foci F/. 
(Geo. App. passim.) 

Take any points in A B produced be* 
yond F, then with the distance of each point 
respectively from the two vertices of the 
axis A and B, describe arcs from the foci 
as centres on each side of the axis, and the 
intersections will be points in the curve. 
(Geo. Ap. Prop. 21." Cor. 4. and Schol.) 

Each assumed point in A B produced, will thus fumfsh two 
points in the curve of each of the opposite hyperbolas. 

Case 2. Given any diameter A B, and a double ordinate to it 
F G, (Geo. Ap. Def. 17, p. 16.) cutting oflF the abscissa A H. 

Through each extremity of F G, drkw lines 
parallel to and equal to the abscissa A H ; 
divide each half ordinate, and each of the 
parallels just drawn^ into the same number 
of equal parts ; then lines from the opposite 
vertex (B) of the diameter, to that at -which 
the construction is made, drawn to each point 
of division in the ordinates, will be cut by 
lines drawn fiK)m the first vertex (A) to the corresponding points 
of division in the parallels to the diameter, in points of the curve. 
(Note K K.) 

The same construction may be made for the opposite hyperbola 
with the corresponding ordinate and abscissa f g, B A, and if 
the conjugate diameter to A B be found (Prob. 63.) or be given 
the conjugate hyperbohis (Geo. App. Schol. to Prop. 19.) may 
be drawn by means of a similar construction. It need hardly be 
remarked that the same construction applies to the axis. In this 
case the ordinate will be at right angles, and the parallelogram 
will be a rectangle. (See Prob. 56. of the Ellipse.) 

Case 3. Given the asymptotes^ and any one point B, in the 
curve. (Geo. App. Props. 6 and 14.) 

1. Through .B draw lines, in any directions, at pleasure ; but 
80 as to cut both asymptotes, as A D, B F, E G; &c. &c. 
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Make D F equal to A B, and G H equal to 
B E, and the same with the others ; then the 
fourth point thus found in each line will be 
a point in one of the curves. (Les. G. C. L 
Prop. J 6.) 

The equal segment in each line must be 
set off from the intersection of the one asymp- 
tote, in the contrary direction to that in which 
the point (B) lies from the other intersection. 

If any of the points thus found be made 
use of as a new original point, and treated in the same manner, 
any number of new points may be found, or the former verified. 

Since the point C in which the given asymptotes intersect is 
the centre of the curves, (Geo. App. Def. 15. and Prop. 14.) a 
line drawn through B and C, and produced till it is bisected in C, 
will be a diameter, the conjugate diameter to B C may be found 
by Prob. 63, and then by the construction points in the conju- 
gate hyperbolas may be obtained. 

The corresponding points in the opposite hyperbolas to any of 
those found as above^ may be obtained by drawing a diameter 
through C, and the point in question ; and making the other 
half of this diameter equal to> from C, the distance of the original 
point. 

2. Through the given point B draw B A, 
B D parallel to the two asymptotes, and set off 
equal distances A 6^ 6 c, &c., equal to A C ; and 
D e, e/, &c. equal to C D along each asymp- 
tote respectively; through these points of equal 
division draw lines parallel to the asymptote. 

Make the parallel through b equal to half 
A B, that through C equal to one fourth of A B, 
and so on ; in the same way make the parallel 
through e one half of B D, and the next to it one 
fourth of B D, the next one eighth of B D and so on, then the 
extremities of these parallels will be points in the curve. (Les. 
G. C. I., Prop. 18. Cor. 3.) 




Problem 63. 

Given a diameter AB, to find the conjugate diameter and the 

asymptotes, the curves being given. 

Bisect AB in'C, which will be the centre ; draw any line KI 
terminated by the opposite hyperbolas^ parallel to AB; and 
bisect K I in R ; then C R being drawn is the indefinite conjugate 
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sought ; divide K I in N, so tbat the rectangle 
K N. N I shaU be equal to C B% (Prob. 7.) 
and make K L equal to N 1 ; then tinea drawn 
through L and N, and through C, will be the 
asymptotes.* 

Through B draw n line parallel to C R ; 
this will be a tangent to the curve at B, and 
the segment of this line intercepted from B by 
either asymptote will be equal to the semi- 
conjugate diameter to A B, and may be there- 
fore set off from C on C H, each way for its vertices. (T^s. G. 
C. I., Prop. 16. Cor. 1. and 2, and G. App. SchoU to Prop. 19.) 





Given two conjugate diameters C A, C D to find the 
and' foci, of ike hyperbolas to whkh they ' 

Through A draw a line pa- 
ndlel to C D ; this line will be 
a tangent to the curve at A. 
(G. App. Prop. 19. Schol.) 
Make A N a third proportional 
to AC, CD. Bisect CN by 
a perpendicular, Cutting the 
tangent at A, in O; from.O 
as a centre with CO for a ra- 
dius, describe a circle cutting 
OAin G,K:; thenCG.CK 
being drawn, they will be the 
axes ; from A draw A P, A Q 
perpendicular to C G, C K, then 
a mean proportional between CG.CP will give the semi-trans- 
yerse, and another between C K, C Q will be the semi-conjugate 
axis. (Us. G. C. I., Prop. 30.) 

The hypotenuse of the right angled triangle formed by the two 
^semi-axes set off from C each way on the transverse produced 
will give the foci. And if a circle be described on the transverse 
axis, and another on the distance between the centre C and foci, or 
on the excentricity, for diameters, the lines joining the two inter- 
sections of these circles will be perpendicular to the transverse, 
and will be the directrices. (Les. G. C, Prop. 6. and Schol.) 
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The foregoing are all the probtems relating to the hyperbola 
that it is necessary to give in this work, it being a curve not often 
required either by the draughtsman or mechanic. Since most of 
the constructions relating to the ellipse are equally applicable to 
the hyperbola, attention being paid to the difference of the curves, 
any intelligent reader will be able to apply the rules accordingly, 
if he should have occasion for the analogous construction applied 
to the latter curve. 
. The following is a mechanical mode of drawing the hyperbola, 
and corresponds to that of drawing the ellipse by means of a 
thread, being founded on the same principle. (Geo. App. Prop. 
21. and Schol.) 

If AB be the transverse axis, and F/the 
foci, let a rule, so constructed that it can 
turn round a pin against the edge, be fixed at 
F, with one end of a thread made fast to a 
pin in the other focus, the other end being 
tied to the extremity of the rule at G, the 
whole length of the string being equal to the 
length of the end G from B and the dis- 
tance B/ in addition, then a pencil kept 
against the edge of the rule, so as to keep 
the thread stretched from /, will describe half 
an hyperbola if the rule be turned round F 
as a centre. To describe the other half, the rule must be re- 
versed, as shown by the dotted line, and by changing the end of 
the rule to /instead of F, the opposite hyperbola may be drawn. 

A piece of brass fixed across one end of a common rule, just 
projecting beyond the edges, with two small holes made through it 
close to those edges, and opposite each other, as shown in the 
figure, will be found useful for this purpose, a little stud may be 
fixed at the other end of the rule to fasten the string to. 

The description of an instrument contrived by Mr. R. Child 
for drawing hyperbolas, will be found in the " Mechanics Maga- 
zine" for January 2, 1830. 





§ PROBLEMS RELATING TO THE PARABOLA. 

Problem 65. 

To find points in the curve of a Parabola from different data. 

Case 1. Given the axis A K, the focus F, and the parameter 
DE, or the directrix LM. 

1. Bisect FL in A for the vertex, if the 
directrix is given ; or make FA, A L each 
equal to one foiirlh of DE, that is F L 
equal to D F or F E, if ihe parameler be 
given, then L M drawn at right angles to 
the axis will be the directrix. 

From any poinis I, taken At pleasure in 
the axis beyond L, describe arcs with the 
radius I F, to cut the directrix in two points M M, which will 
obviously be at equal distances on each side of L ; from M and 
from F with the same radius describe arcs intersecting in a point 
on each side of the axis, which two points will be in the curve. 
(Geo. App. Pr. 21. Cor. 4.) {Les. G. C. I., Prop, i.) 

2. Draw any ordinates at pleasure parallel to the directrix 
and parameter, and therefore perpendicular to the axis; then 
with the distance of the intersection of each ordinate, and the 
axis from the point L (as LK for example,) for a radius, from F 
as a centre, describe arcs cutting that ordinate in points in the 
curve as G. G, that is F G is to be made equal to L K. 

If the parabola is large, it will be better to combine both of 
these methods, employing the first for points more remote, and 
the second for those near the vertex ; or for verifying any point 
obtained by the other method, when the arcs cut each other too 
obliquely. 

Case 2. Given any diameter A B, and 
a double ordinate CD. Through the 
extremities of the ordinate C, D, draw 
lines parallel and equal to A B; or 
draw a line throuf^h A parallel to CD, 
to cut the first parallels in segments 
equal to AB. 

Divide each semi-ordinate into any 
number of equal parts; and each of ihe parallels to AB into the 
same nomber of equal parts, in 1, 2, &c., ^rnw lines from A 
through the points of division in the parallels to AB as 
A 1, A 2 ; and through the points of division in the ordinate. 
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draw lines parallel to A B ; which will cut the former lines re- 
spectively in points in the curve. (Note LL.) 

If the equal divisions are continued along the lines, produced 
points in the curve beyond the given ordinate will be obtained, 
as is shown in the figure. 

This construction is obviously applicable to the axis, and its 
perpendicular ordinates. 

Case 3. Given a line A B for a diameter, 
and the tangent' A T at its vertex, with any 
other point P in the curve. 

Through P draw another diameter parallel 
to A B, and cutting A T in L. Set off any 
distance L N and A H equal to each other, 
but on contrary sides of the tangent; then 
lines drawn from A through N, and from H 
through P> will intersect each other in a point in the curve. (See 
Note L L.) 

Problem 66. 

The focus F and directrix L M being given to find the intersections 
of the parabola with any given right line C M. 

Let the given line C M cut the directrix in any point M. Draw 
a line through MF; in the given line take 
any point at pleasure C, from which as a centre 
with a radius equal to its perpendicular dis- 
tance from the directrix describe a circle, 
cutting FM in two points P and Q; draw 
C P, C Q* and draw F D, F E from F parallel 
to CP, CQ to cut the given line in D, E 
which will be points in the curve. (Les. G. 
C. I. Prop. 9.) 

If the given line were parallel to the axis and therefore perpen- 
dicular to the directrix, the distance C M being the radius of the 
circle and F M drawn, the point P would coincide with M, and 
consequently a parallel to C P through F would also be parallel 
to C M the given line and would be the axis, and there could be 
no second intersection. 

If the given line were inclined to the axis so as to cut it between 
F and L, one point of intersection would lie on each side of the 
axis ; but if the given line produced cut the axis on the further 
side of L, then of course both points of intersection with the curve 
will lie on the same side. 

* C Q is not drawn in the figure to avoid confusion, and the point of meeting D 
of F D, M D is too far off to faU within it. 
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The focus F and directrix h M being.given, to draw from a given 
point T, lines which would be tangents to the parabola. 

Case 1. If the given point T be in the directrix. 

Draw T F; then lines bisecting the angles 
FTM, FTm will be the tangents; and 
if T M, T m be made equal to F T and 
lines be drawn through M and m parallel to , .-. 
the axis, they will cut the tangents in the Ian- / / 

gential points. 

If T were at L, the intersection of the axis and directrix, these 
lines drawn bisecting the right angles and consequently at right 
angles themselves, will be the tangents, and an ordinate through 
F, perpendicular to the axis, will cut them in the tangential 
points. 

Case 2. If the given point T be in the 

Make AQ in the axis equal to A T, 
and draw the ordinate P Q perpendicular 
to it, then with the distance F T, from F ■ 
as a centre, cut this ordinate by an arc 
in P, K,* which will be the tangential 
points, and T P, T R will be the tangents 
required. (Les. G. C. I. P. II. Cor. 3.) 

Case 3. When the point T lies anywhere without the curre. 

With the perpendicular distance from the directrix describe a 
circle from T as a centre, so that the directrix will be a tangent 
to the circle. From F tiie focus draw two other tangents to this ■ 
circle cutting the directrix in M* and N, and MT, NT drawn 
from these points will be the tangents required. 

The same construction may be employed in Case 2, T being in 
the axis, as is shown by the dotted lines, but the other is more 
accurate. 

If the circle described on T, touching the directrix, should also 
pass tjirough the focus, the point then lies in the curve ; and if 
the length of the line F T be set along the axis towards the direc- 
trix, a line drawn through T and the point thus marked in the 
axis will be the tangent. 

■ The points E Bud M do not fall wilhia Ibe Gguce. 
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Problem 68. 
• A parabola being given, to find the axis, focus, and directrix. 

Draw any two parallel chords as far apart as possible^ so that 
each may cut the curve in two points ; bisect theoi both, and a 
line drawn through the bisecting points will be a diameter. 

Draw any other chord P Q at right angles to this diameter, 
and bisect it in R ; then a line through K, parallel to the dia- 
meter already found, will be the axis, and the point A where it 
cuts the curve is the vertex. 

Join A Q, and draw Q S perpendicular to it 
cutting the axis in S; one fourth of RS, set 
off on the axis each way from A, will give the 
focus and the intersection of the directrix 
with the axis. (Les. G. C. I. Prop. 29.) 

The focal ordinate to the axis is the para- 
meter to the axis, and the ordinate to any dia- 
meter drawn through the focus is the para* 
meter to that diameter. 




Problem 69. 

To draw an ordinate to a given diameter A B, through a given , 

point in the curve H. 

Through H draw H K perpendicular to A B, cutting it in G, 
and make G K equal to H G; or. through 
H and A draw a line and make A k in it 
equal to H A. Then a line through K or i 
parallel to A B will cut the curve in a point 
P, and H P being drawn it will be the ordi- 
nate required. (Geo. II. § 4. Pr. 29.) 

If the given diameter be the axis, a line 
through H perpendicular to it will be the 
ordinate itself. 




Problem 70. 

The parabola being given, to draw a tangent to it from any given 

point or parallel to a given line. 

Case 1. If the given, point P be in the curve. 

1. Through P draw an ordinate P H to any diameter A B 
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(preceding Prob. and figure), and set the length of the abscissa D A 
along that diameter produced from A to T; then a line drawn 
through T and P will be the tangent required. (Leslie, Observ. 
to Def. 19. and Prop. 20, Cor. 3.) 

If T H be drawn from T through H the other extremity of the 
ordinate, it will be a tangent at H. 

2. Through P draw a diameter, to ivhich draw an ordinate 
through any point at pleasure ; then a line through P parallel to 
the ordinate will be the tangent required. 

As the faither the ordinate is from the vertex P, the longer it 
will be ; so much the more correctly can the tangent be drawn 
parallel to it. 

3. Draw P F to the fodus and draw F M perpendicular to P F 
to cut the directrix in M ; then P M being 
drawn will be the tangent. (I^s. G. C. I. 
Prop. 9. Cor. 3.) 

4. Through P draw a diameter, or a line 
parallel to the axis, to cut the directrix in E. 
Join E F, then P M drawn perpendicular 
to or bisecting E F, or bisecting the angle 
E PF, will be the tangent at P. (Les. G. C. L, Prop. 11.) 

If the angle formed by a line drawn to the focus, and the dia- 
meter from any point in the curve be bisected by a line, this will 
be a normal to the curve at that point, and will be perpendicular 
to the tangent. 

In this way the joints of the stones of a parabolic arch are 
drawn by the carpenter and mason. 

Case 2. If the point P be not in the 
curve. 

1. Through P draw any line to cut the 
curve in two points R, S, and make P B a 
mean proportional between PR, PS, then 
the vertex T of a diameter drawn through 
B will be one of the tangential points. 
(Note MM.) 

2. Through P draw a diameter PD and make the abscissa 
AD equal to PA. Through D draw an ordinate to AD which 
will cut the curve in the two tangential points T, T'. (Case 1. 1.) 

Case 3. If the ' required tangent is to be parallel to a given 
line C D. 

Through the focus F draw a line perpendi- 
cular to C D, meeting the directrix in M ; then 
a diameter, or line parallel to the axis, being 
drawn through M cutting the curve in T, T 
will be the tangential point ; the tangent re- 
quired must be drawn through it parallel to 
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the given line, C D, and it will bisect F M and the angle F T M. 
(Les. G, C, I. Prop. 10.) 




Problem 71. 

jTo find a rectilinear figure equal to the space included by a para» 
bola and any straight line cutting the curve in two points. 

Draw C D the diameter to the given secant A B as 
an ordinate, and complete the parallelogram A B F G 
by parallels to the diameter C D, from A, B, and by 
the tangent at C parallel to A B. 

Divide A F or A B into three equal parts, and draw 
a line through one point of division parallel to the 
other sides, thus forming a parallelogram equal to two thirds of 
A B F G which will be equal to the area of the parabola. 

A rectangle equal to the area is made by taking two thirds of 
the perpendicular to A B from C for one side, and A B for the 
other. 

A parabola may be readily observed in a stream of water flowing 
out of the tap of a barrel^ or in the jet d'eau of a fountain. 

To draw a parabola mechanically, one side of a drawing-board 
being assumed as the directrix, or as a line parallel to it^ a pin 
must be fixed in the board as the focus, and a T square applied 
to that side of it. A thread being then fixed to the pin and to 
the extremity of the blade of the square, will cause a pencil held 
against the edge pf the square to describe a parabola, provided 
the thread be kept stretched^ as the square is moved along' the 
side of the board. 

When the ed^e of the blade touches the pin, the part of the 
thread from the pin to the pencil, which will then be in the vertex 
of the axis as represented by the edge of the blade, will be double, 
and therefore will be equal to half the distance of the focus from 
the directrix. 

The square must be reversed to draw the two halves of the 
curve, as the pin will not allow of its passing to draw them conti- 
nuously. Aline parallel to the edge of the board against which 
the square was moved, and at precisely the same distance from 
the vertex that this is from the focus or pin, will be the true direc- 
trix to the curve as thus drawn. 

A curve resembling a parabola may be drawn composed of seg- 
ments of circles in a manner analogous to that in which an imi- 
tation of the ellipse was produced. 

Let AC be the axis of the proposed parabola, and D£ an 
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ordinate lo it. Find one or more 
points in the curve M {by Prob. 65,) 
Join A M and bisect it by a perpen- 
dicular cutting the axis in G for the 
ceritre of the segment at the vertex. 
Draw M G ; M and the next point E 
beinw joined and bisected by a per- 
pendicular, this will cut M G pro- 
duced in the centre H, for the next 
segment, and so of as many as may 
be thought requisite. If this con- 
struction be used by masons for an arch, the joiots of the 
stones must be drawn to the centres of each segment, as was 
directed for the ellipse. 

The property of the parabola, that a third tanftent cuts off pro- 
portional parts from two others (Les. G, C. I. Pr. 20, Cor. 4,) 
presents an easy, and generally applicable, method of describing 
the curve. 

Let A B be any line bisected in C by a line C D forming with it 
any angle ; in C D take any point D and bisect D C in E. 
Join DA, DB and divide both into any, the .„ 

same, number of equal parts. Join the points of 
division in succession from A to D with those 
from D to B, and these lines will all be tangents 
to the parabola, of which C D is a diameter, 
AB a double ordinate, and E the vertex to the 
diameter. 

If the number of divisions, and consequently^ ~ 
of the tangents, be sufficiently numerous, the 
curve will be formed by the portions of each 
tangent intercepted by those adjacent to it, and , 
the small angularity may be removed by drawing 
the parabola by hand subsequently. 

By these means a parabola can he made to pass through any 
three given points A, B, E, by joining the two 
extreme points A and B, and bisecting AB in 
C; draw CD through E and make DE equal 
to C E, and join A D, D B, and proceed with the 
construction as given above. 

A line from any point of division in AD or DB parallel to 
C D will obviously be a diameter, and its vertex will be accurately 
defined by the intersection of the tangent which forms the portion 
of the curve at the part through which it passes; and as a line 
parallel to any of the tangents will be an ordinate and may be 
equally well defined at its extremities, many constructions may 
be made as accurately as if the curve were perfectly continuous. 
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Thus the normal to the curve for the joint of the stone of an 
arch may be drawn vertical to any of these tangents at the tan- 
gential point of it. 

Architectural draughtsmen make great use of this mode of 
drawing a parabola in the construction of Gothic arches, which 
are frequently made to consist of two equal half parabolas, their 
point of springing being the vertex of a diameter, and the straight 
side of the window or door forming a tangent to the cur\'e at that 
point. 



Problem 72. 

Given three points A, B, and C to find the axes and directrices of 
the conic section that shall pass through them, having a fourth 
given point F for its focus. 

Join F A, F B, and F C, and draw a line through any two of 
the points as A B ; divide A B externally in L, so that 
F A ; F B : : A L : B L (Plane Geo. 
Pr. 12.) through the remaining ppin 
C and either of the others A or B, dra w 
a line and divide it externally in M, so 
that F C : B F (F A) :: C M : B M (AM); 
then a line through L and M will be 
the directrix, and a line through F per- 
pendicular to L M will be the principal 
axis. 

From either of the points as A draw 
AE perpendicular to LM, or parallel 
to the axis F N, and divide F N inter- 
nally and externally in a and b in the 
ratio of F A : A E, that is so that 
Fa:aN::FA:AEandF6:6N::FA:AE; 
then a and 6 will be the vertices of the axes. 

1. If F A be less than A E, F a will be less than a N, and F6 
less than 6N, and the curve will be an ellipse. 

2. If FA be greater than AE, Fa will be greater than aN 
and F 6 greater than 6N, and the curve will be an hyperbola. 
The division of AC or B C must be internal if the point C is in 
the opposite hyperbola. 

3. If F A be equal to A E, F a will be equal to a N ; but there 
can be no external point of division, or 6 will lie at an infinite 
distance in F N and the curve is a parabola. 

If FA, FB, and FC were all equal, the curve would be a 
circle and the directrix LM will be infinitely distant. (Les. G, 
Cur. II. Pr. 18.) ^ 




§ THE CYCLOID AND EPICYCLOID. 

If a circle revolve on its centre so that a point in its circum- 
ference makes one revolution, in the same time that the centre 
of the circle describe a straight line equal to that circumfe- 
rence, the point will describe a curve called a cycloid^ or some- 
times a trochoid. 

Thus if any point in the circumference of a carriage wheel 
were marked, it would describe the curve mentioned while the 
wheel rolled along a flat road, for the centre of the wheel would 
clearly move in a right line equal to the periphery, while the point 
made one complete revolution. 

The circle, by the combined motion of which the curve is pro- 
duced, is the datum for describing the curve geometrically, and«* 
is called the generating circle. 

The right line on which the generating circle is supposed to 
roll, and which is equal to the circumference of it, is called the 
base, and a perpendicular to it from the central point, which will 
divide the cycloid into two equal parts, is the axis of the curve. 

A line parallel to the base terminated by the curve and which 
is obviously bisected by the axis, is a double ordinate, and the cor- 
responding segment of the axis the abscissa. 

If the generating circle be described on the axis as a diameter, 
and an ordinate to the curve be drawn, the arc of the circle cut 
oflF from the vertex by this ordinate is called the corresponding 
arc to that of the curve. 

1. The periphery or length of the circumference must be found 
by multiplying the diameter of it by 3-1416, &c., or by 
taking this number from any scale of equal parts, to which that 
diameter is the unit. 

2. Draw a right line A B 
equal to the circumference 
of the generating circle thus 
obtained, and divide it into 
any convenient number of 
equal parts according to its 
length, as for example twelve. 

3. On each point of division describe a circle equal to the 
.generating circle, and draw abo, tangent to all these and therefore 

obviously parallel and equal to A B, and divide a b into equal 
divisions in order to obtain the true tangential point of each 
circle. 

4. Divide the semicircle into half the number of equal parts 
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that A B was divided into^ or, which is the same, divide the whole 
circumference into the same number of equal parts that A B was 
divided into^ and from each tangential point on a by from a and 6 
in succession, towards the middle point, set off the chords of one, 
two, three, &c., parts of the circumference respectively, on the 
circumference of the corresponding circle described on the points 
of division of A B, and these points will lie in the curve of the 
cycloid, which may be drawn by hand through them. For it is 
obvious, from the description of the mode in which the cycloid is 
generated, that supposing the fixed point in the circumference of 
the generating circle to be at a, while its centre moves from 
A to the first point of division in A B, that the point will, by the 
revolution of the circle on its centre, come into the situation d, 
on the circle described on the first point of equal division from 
A to B, and when the centre of the circle comes to the second 
point of division in A B, the point in its circumference will come 
to e ; and so on till the circle has performed half its course or 
revolution, when the point will be at c, since the half of A B is 
equal to the half of the circumference of the circle. 

And in thus following the point, it will be found in points in the 
corresponding half of the curve in succession till it comes to the 
tangent point in a 6 again at 6, while the centre has moved from 
A to B, or in a line equal to the circumference of the generating 
circle. \ 

And if the circle were supposed to move on in the same line, 
a similar and equal cycloid would be again described by the point. 

If the cycloid is large, it may be necessary to find points inter- 
mediate to those near the vertex, by bisecting the divisions on A B 
and describing the circle on these new centres, the division of the 
generating circle being also bisected and the chord being set off 
on the circumferences. 

The points d, e, &c., between a and c, and the corresponding 
points between c and 6, could also be found by drawing parallels 
to A B through the points of equal division on the circle, as is 
obvious from the figure, but this mode would not be so productive 
of accuracy as that given. 

If the fixed point, instead of being in the circumference of the 
generating circle, were taken within it, a curve called the prolate 
or inflected cycloid will be produced, the successive portions of 
which formed by the continued motion of the circle will together 
form an undulating curve ; and if the point were taken without 
the circumference, the curtate or contracted cycloid is produced, 
which has loops formed at each successive recommencement of 
the revolutions. If it were required to draw these modified 
cycloids, the line A B must be made, as before, equal to the peri- 
phery of the generating circle and divided into equal parts, but 
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on these points of division circles must be described with a radiuB 
equal to the distance of the fixed point from the centre of the 
generating circle, and the chords of the equal divisions of these 
circumferences being set off as before^ the points will be obtained. 

If the centre of the generating circle, instead of moving in a 
right line^ were supposed to move in a circle ; or if the generating 
circle were supposed to roll round the circumference of another 
circle instead of rolling on a right line^ then the given point would 
describe the curve called the epicycloid or epitrochoid ; if the gene- 
rating circle roll round the convex circumference, the curve pro- 
duced is called the exterior epicycloid ; if it roll round the concave 
circumference, or within it, the curve is called an interior epi«* 
cycloid. 

1. The circle round which the generating circle revolves, and 
this latter being given, a circle must be described with a radius 
equal to the sum or difference of their radii according as the 
generating circle rolled round the outside or inside of the other : 
this will obviously be the circle described by the centre of the 
generating one during its course. 

2. Draw a right line P Q equal in length to the periphery of 
the generating circle, and divide it into any number of equal parts. 
A second right line R S must be made equal to the circumference 
of the circle round which the generating circle rolls, and divisions 
equal to those of P Q must be set along it, and the number into 
which it is thus divided observed. 

3. Divide, by trial, the circumference of the circle described 
by the centre of the generating circle into as many equal parts» 
and a fractional part as the right line R S contained of the divi- 
sions of P Q, and draw radii through the points of division, and on 
each of these describe the generating circle, the points where the 
radii cut these circles obviously correspond to the tangential 
points in the line a 6 in the figure of the cycloid, and from them 
the chords of the equal divisions of that generating circle must be 
set in succession, to obtain the points in the curve of the epicy- 
cloid, in a manner analogous to that by which those of the cycloid 
were obtained. 

If the circumferences of the two given circles were commensu- 
rable, the right lines P Q, R S, or the equals of those circumfe- 
rences, would be also commensurate, and the magnitude which 
divided P Q into any assumed number of equal parts would also 
divide R S into some definite number of equal parts without re- 
mainder. On this supposition the fixed point in the circumfe- 
rence of the generating circle will describe, in its progress round 
the other, one or more epicycloids which will recur over again in 
the same places^ on the commencement of a second complete revp- 
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lution } but ifthecircumfereiiMs or the equivalent lines PQ.RS are 
not commensurable, then 
the second series of curves 
will be like the first, but 
will not coincide with them. 

If the generatinj^ circle 
be of the sBme diameter as 
that round which it rolls, 
then the point will describe_ 
one epicycloid terminating 
at the same point it com- 
menced on. In this sup- 
position, of course no in- 
terior epicycloid could be 
generated, or it will coin- 
cide with the circles them- 
selves. 

If the generating circle be smaller than the other, more than 
one epicycloid will be produced ; and if the circumferences are 
commensurable, the curves will terminate in the same point as they 
began, or will return into themselves ; and if the generating circle 
be larger than the one round which it revolves, the curve will not 
be completed while the generating circle revolves once round the 
other, and will form a loop at each recommencement of the epi- 
cycloid. In this case also of course there can he no interior epi- 
cycloid. 

If the radius of the generating circle bejust one half of that of the 
other, then the interior epicycloid will be a straight line or the dia- 
meter of the circle. (Les. G.C. III. Prop. Epicyc. Prop. 5, Cor.) 

If the fixed or tracing point be taken within or without the cir- 
cumference of the generating circle, modifications of the curve 
analogous to those produced by the same conditions in the cycloid 
will be produced, and which may be conceived without further 
exemplification. 

The following properties of these curves may be of occasional 
use to the draughtsman. 

In the cycloid. 

1. An arc of the cycloid measured from the vertex is equal to 
twice the corresponding chord of the 

generating circle, that is D C = 2 (/ C 
(Les. G. C. III. Cyclo. Prop. 3.) and 
the whole curve is equal to four 
times the diameter of the generating 
circle. 

2. If a tangent be drawn through the vertex parallel and equal 
to the base, and the rectangle b« completed by perpendicuUrs to 
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these parallels from the extremities of the base, then the space 
comprised by the curve and the three sides of the rectangle is 
equal to the area of the generating circle^ and the space comprised 
by the cycloid and the base or fourth side of the rectangle is 
equal to three times the area of the generating circle. 

3. The tangeut to a cycloid at the extremity of any ordinate is 
parallel to the chord of the corresponding arc drawn from the 
vertex ; that is, the tangent at D is parallel to C d. 

In the epicycloid, a tangent to the curve at a given point is 
perpendicular to the chord drawn from the point of contact of 
the two circles to that given point, when the generating circle 
has brought the fixed point in its circumference to the situation 
where the tangent is drawn. 

These curves are important to the engineer from their having 
been proposed as the form of the teeth of cogged wheels and 
racks. 

If the balls which re|)resent the earth and moon in the machine 
called an Orrery be taken off and pencils put in their places, and a 
sheet of stiff flat pasteboard fixed on the place of the sun, one 
pencil will describe a circle and the other an epicycloid ; but from 
the erroneous proportional distances of the planets in the machine, 
the epicycloid will be very unlike the kind of curve really described 
by the moon in space. 



THE CONCHOID. 



If a point P, and a straight line A B, be given ; and any lines be 
drawn from P to cut A B ; and equal segments a 6 be set off on 
them from the points of intersection b ; the curve passing through 
the extremities a of these equal segments will be a Conchoid, 
called from its inventor, that of Nicomedes. 

When the equal segments 
are set off on the other side \«- 
of A B, to that on which the 
point or pole P lies, the curve 
is termed the superior con- 
choid. 

And when the segments are 
set off on the same side of A B as P, the curve is called the 
inferiiPt conchoid. 

The line P C perpendicular to A B is the axis ; and C D, or the 
segment, the diameter ; the line A B is the directrix. To draw the 
curves, it is therefore only necessary to draw a sufficient number 
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of lines through P, and make, the segments a b equals and the 
curve must be drawn by hand through the points a. 

If the segment a 6 of the radiating line of an inferior conchoid be 
larger than the perpendicular distance, P D, of this pole from the 
given line A B^ the curve will form a loop and pass through the 
pole P twice, or P will be the point where the curve crosses itself. 

This curve is of importance to architects from its being that 
best adapted for the contour of the shaft of the column. 

In this application of it, the axis of the shaft is made the 
directrix of the superior conchoid; the axis of the curve is taken 
just above the mouldings of the base, and of course at right angles 
to the directrix or axis of the column ; and consequently the 
semi-diameter of the shaft at that part is the diameter of the 
curve, the distance of the pole P being made equal to the length 
of the shaft. 

Thus the shaft of the column is a solid formed by the revolu- 
tion of a conchoid about its directrix. 




THE CISSOID. 

Let a B be a diameter of the 
circle ABDE, and let a tan* 
gent be drawn through the ex- 
tremity B : from A draw any 
number of lines at pleasure to 
cut the tangent, and from the 
points of intersections set off 

towards A, the length of the chord intercepted by the circle from 
A in each line respectively ; then a curve drawn to pass through 
the points P thus found, will be that called the cissoid of Diocles, 
so called from its discoverer. 

It is obvious from the construction that the curve will have two 
equal and similar branches arising from A, and passing through 
the extremities D^ E, of the diameter parallel to the tangent, and 
also that the tangent is an assymptote to the curve. 

If the line A P be drawn through any point P in the curve, 
cutting the circle in R and C R joined, and a line through P 
parallel to C R be drawn, cutting the diameter D £ produced, m S, 
then S P will be equal to the radius of the generating circle. 
And if P T be made also equal to S P or C R the radius, and 
T O be drawn perpendicular to ST, to cut A B produced in O, 
then O A will be equal to A C or to the radius. 

This property affords a mechanical mode of drawing the curve : 
for if S T, the side of a triangular rule S T O, were equal to the 
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diameter of the generating circle, and a pin were fixed at O, 
then a pencil at P in the middle of the side 8 T, would describe 
the curve ; the edge of the rule O T being always moved against 
the pin, while the angle of the rule S moved along the perpendi«- 
cular diameter S C. 

The cissoid is a curve of great importance to mathematicians 
from its affording a solution to several curious problems : but it is 
never used in the arts, and therefore the mode of describing it 
is all that is necessary to be given in this work* 



I ^ 



OF THE SPIRAL. 




If from a given pointy any number of lines forming equal angles 
be drawn^ and the length of each increases in succession by an 
equal quantity, the curve that passes through these points is that 
called Archimedes* Spiral. 

If the spiral is to pass through a given 
point A^ and to consist of a given number 
of turns from the centre C^ as for example 
four ; draw A C, and divide it into four 
equal parts. Draw any convenient num- 
ber of lines from C^ forming equal angles 
with each other and with AC; subdivide 
each fourth part of A C into the same num- 
ber of equal parts that there are angles 
formed by the radii round C, Then set 
off the length of the line A C, diminished each time in succes- 
sion by one subdivision, on each radius from the centre C, and 
the spiral must be drawn by hand through the points thus found, 
and will commence from A^ and make four revolutions termina- 
ting in the centre C. 

It is obvious that, if the radius, instead of increasing in length 
by an equal quantity, as it is supposed to revolve round C, were 
to increase by any other law, as, for example, in a geometrical 
ratio, then different spirals would be produced ; and if^ combined 
with this variation, the angles formed by the radii were to vary by 
some other law, the different species of spirals might be still fur*^ 
ther increased. 

The principal spirals besides the above are : 

1. That termed the Hyperbolic or Reci- ' 
procal, which is a spiral passing through the 
extremities of any number of arcs of circles 
of equal length, measured from a given right 
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line C A, and described from the centre C ; that is^ the arcs 
ab, cd, ef^ &c., described at any distances at pleasure from C, 
are equal. 

To make them so practically^ any small quantity at pleasure 
must be set o£P along them by spring dividers, the same number 
of times. 

2. The Logarithmic, in which the radii 
make equal angles, and the spiral cuts them 
all at an equal angle : the length of the radii 
increases in a geometrical progression, that is 
C A : C B : : C B : C D : : C D : C E, &c. 

Spirals are found in a variety of objects, 
produced naturally in shells, as that of the 
snail^ and an infinity of others; in a watch spring; in the sparks 
from the common fire-work called a Catherine wheel ; &c. &c. 

The spiral is of interest to the architect, from its being the form 
of the ornament* of the capital of the Ionic column called the 
Volute; and a great many modes have been suggested by different 
artists, of producing spiral lines for this purpose, by portions of 
circles described from different centres, but all these curves thus 
produced are deficient in the grace of form which characterizes 
the volutes of the columns of the ancients, and which can only be 
copied by a spiral drawn very carefully by hand. 



An instrument has been contrived by Mr. Jopling, by means 
of which a great variety of curves may be drawn, applicable in 
different arts. 

It is a frame composed of jointed rules, capable of having the 
centres of motion set at any relative distances from each other ; 
and by the various compound motions thus produced, the curves 
are described. 

The general principle of Mr. Jopling's instrument may be un- 
derstood from imagining various combinations of either the right 
line or circle substituted for the lines and equidistant points by 
which the elliptic motion of the common trammel is produced : 
thus if two pins were made to move in the circumferences of two 
circles, or in a right line and a circle, instead of in the cross grooves 
of the trammel, a pencil carried by a beam to which the pins were 
fixed would describe a compound curve instead of an ellipse ; 
and if the distance between the pins were made to vary during the 
motion, a new form would be produced. The object of Mr. Jop- 
ling' s instrument is to allow of these various combinations being 
practically made use of; and it is both simple and ingenious. He 
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has in his professional pursuits applied the curves thus obtained 
on several occasions with great success. 

In a Scholium to Prop. 4. of Sect. 10. Book III. of the Geom. of 
Curves, Professor Leshe described an instrument by which the 
Catenary may be drawn ; and from the circumstance of this curve 
not admitting of being geometrically described, and from its im* 
portance in the construction of suspension bridges^ this simple 
and elegant instrument is of great utility. 

Descriptions of many instruments for drawing various curves 
may also be found in '^Adams's Geometrical and Graphical 
Essays." 
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INTRODUCTION. 

Linear Perspectite is an application of Geometry to the Art 
of Drawing, by which the outline or form of a particular class of 
objects can be delineated as they appear to the eye. 

Objects are seen« as is well known, by means of rays of light 
proceeding in right lines from every point of their surface ; these 
rays enter the eye, and produce on the retina an inverted 
image, or picture, of the original. If a plane be supposed 
placed between any such object and the spectator^ it would inter- 
cept these rays; and if the points of intersection were coloured^ so 
as to resemble the corresponding points of the object, an image or 
picture of this would be produced on the surface,'8uch as it ap- 
peared to him in that position. . 

To explain this more clearly, let the spectator be supposed to 
look at any object^ such as a building* through a window. If, 
always keeping his eye steadily in the same place, he marked on 
the glass the different lines by which the various parts of the ori- 
ginal «6em«c{ separated from each other^ or bounded, he would 
obtain the cutline as it is termed of the buildings as it appeared 
to him from that point of view. 

And such an outline or image, even when removed from its 
original situation^ would partly convey an idea of the building to 
any other person who placed his eye to view this image in the 
same relative situation with respect to it ; because the rays from 
this outline would form, on the retina of his eye, an image simi* 
lar to that whtch would be produced by the rays which would 
have proceeded from the original object, and will therefore affect 
his mind in the same way^ or produce a similar idea. 

But since it is impracticable to obtain such an outline by inter- 
posing a plane in the manner described, the artist has recourse 
to his hand and eye, to copy on a convenient surface^ such as 
paper or canvass, as accurately as he is able, the apparent con* 
tour of the original object he wishes to draw; provided this do not 
consist of, or cannot be reduced to, geometrical forms ; as is the 
case with the human figure^ trees, animals^ or most natural pro* 
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ductioDS. To effect this^ is one principal part of the art of 
drawing. 

But the outUnes of those objects — as buildings, machinery^ and 
most works of human labour — which consist of geometrical forms^ 
or which can be reduced to them, may be most accurately ob- 
tained by the rules of linear perspective^ since the intersection, 
with an interposed plane » of the rays of light proceeding from every 
point of such objects^ may be obtained by the principles of geo^ 
metry. 

An acquaintance, therefore^ with this art is indispensable to the 
architect, engineer, and all those who require outlines of such 
objects in their different pursuits. 

Having thus generally shown the coMiexion between the art of 
drawing and linear perspective^ the principles of the latter will be 
now explained as a part of geometry, in pursuance of the plan of 
this work. 

Let the place of the eye, therefore, be considered as a geometri- 
cal point, the rays of light as right lines producible indefinitely, 
and the surface on which the outline is formed, a plane indefinitely 
extended. 

Of all such rays there must be a series which, if produced be- 
yond the object, would be tangential to its surface ; that is, each 
such ray would touch it in one point only^ and would not be im- 
peded in its prolongation by the solidity of the body. The inter- 
section of this series by the interposed plane would obviously give 
the apparent exterior outline of the original. 

Where two portions of the surface of an object, which are not 
continuous^ meet^ a line is apparently formed ; and the rays from 
every point of such lines will^ byv their intersection with tb^ plane, 
form lines in the ima^e or representation, corresponding to the 
original lines ; and the whole image thus produced is termed the 
perspective projection of the original. 

Each such series of rays forms a pyramid^"^ the vertex of 
which is the point in which the, eye is supposed to be placed ; the 
form of the pyramid being determined by that of the portion of 
the original object which constitutes its base : and in the limi- 
tation of the class of objects to which the rules of perspective are 
applied, this form will always be a geometrical figure^ or at least 
reducible to such. 

In the first part of the following treatise, such original objects 
will alone be considered as are bounded by planes forming by their 
intersections right-lined figures ; or geometrical figures^ bounded 
by right lines> will themselves be considered as original objects. 

* This is not always a pyramid, in the geometrical wma^ of the word; since, from the 
variety of forms of its base, some of its sides may be plane triangles, and some eoni- 
cal surfaces. 



DEFINITIONS. 

Def. 1. The point in which the rays proceeding from an original 
object or figure meet^ is termed the vertex. 

This, from its being the place of the spectator's eye^ is also 
called the point of sight, and is^the vertex of the imaginary 
pyramids before mentioned. 

Def. 2. The plane on which the image of any object is formed by 
the section of these rays, is called the plane of projection. 

From the application of perspective to paintings this is also 
called the plane of the picture. 

Def. 3. A plane passing through the vertex^ parallel to the plane 
of projection, is termed the vertical plane. (See Geom. 
App. 1. 1.) 

Def. 4. The plane in which any original pointy line^ or figure, con- 
sidered as an object^ lies^ is called the original plane of that 
point, line, or figure ; and the different planes which form 
the surface of a solid are called original planes of that solid^ 
and are supposed to be indefinitely extensible. 

Def. 5. The plane which passes through any original ri ght line^. 
and through the vertex, is termed the projecting plane of 
that line. 

The perspective projection of an original right line is there- 
fore the intersection of the projecting plane of that line with 
the plane of projection, and this intersection is always a right 
line. (Geom. App. 1, Pr. 2.) 

Def. 6. The intersection of any original plan^e with the plane of 
projection is called the intersecting line of that plane ; and its 
intersection with the vertical plane is called its jtation line, 

Def. 7. The point where a perpendicular from the vertex meets 

the plane of projection, is called the centre of the picture, and 

the length of this perpendicular is the distance of the vertex. 

It is also called, for reasons before given, the distance of 

the picture. 

Def. 8. The right line passing through any original point and the 
vertex is called the ray of that jpoint. 

The perspective projection of an original point is the in- 
tersection of its ray with* the plane Of projection. 
1. An original plane can only have three positions' relatively to 

the plane of projection. 

If it be parallel to it, it will also b)e parallel to the vertical plane, 

and it can consequently have neither intersecting line nor station 

line. (Def 6.) 

If it be perpendicular to the plane of projection, it will be also 

perpendicular to the vertical plane. 
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If it be inclined to the plane of projection, it will be inclined in 
the same angle to the vertical plane ; and in this and the preced- 
ing case, its intersecting and station lines will be parallel to each 
other, these being the intersections of parallel planes by a third 
plane. (Geom. IV.^ Pr. 12.) 

2. If an original plane pass through the vertex, the rays from 
any points in it will lie wholly in that original plane^ and these 
rays will obviously cut the plane of projection in the intersecting 
line of that plane. (Def. 6.) 

Consequently^ the perspective projections of all original lines^ 
lying in such an original plane, will coincide with its intersecting 
line, or the projecting planes of all such lines will coincide with 
the plane itself. (Def. 5.) 

3. But if the original plane do not pass through the vertex, all 
lines in it will have separate projecting planes, and consequently 
separate perspective projections. 

And it necessarily follows that no original line lying in such a 
plane can pass through the vertex, 

Let an indefinite right line^ lying in an original plane, which is 
supposed not to pass through the vertex, be next considered* 

4. If this original line be parallel to the intersecting line of the 
plane in which it lies> it will also be parallel to the station line, 
and can consequently never intersect either the plane of projection 
or the vertical plane. (Geom. IV. § I. P. 10.) 

5. But if this line be not parallel to the intersecting or station 
lin&of the plane in which it lies, and consequently not parallel to 
the plane of projection and vertical plants, it will cut these. 
Def. 9. The point in which an original line cuts the plane of pro- 
jection, is the intersecting point of that line ; and the point in 
which it cuts the vertical plane, is its station point 

6. And it is obvious that the intersecting and station points of 
any original line, will be in the intersecting and station lines re* 
spectively of the original plane in which it lies. 

7« As the rays from all ^points in any original line lie wholly 
in the projecting plane of that line, (Def. 5, 8.) the perspective 
projections of all points in the original line will be points in the 
perspective projection of it. (Def 5.) 

8. Let V* be the vertex, A B an original line, D being its in- 

* In Uiese diagrams, it is necessary to express a plane by four lines apparently 
limiting it ; but the reader must constantly bear in mind, that a// planes are sup- 
posed indefinitely extended in every direction. 

The following notation will be invariably used, unless expressly stated otherwise* 
V is the vertex, C the centre of the picture, (Def. 7.) Capittu letters will be used to 
•zpress points in an original line : thus A B means an indefinite right line in which 
two points are marked by those letters ; and the same letters^ small, will be applied to 
the perspective projections of those original points, and therefore will also express 
the indefinite perspective projection of the original line AB : a 6 is therefore the ptO» 
j«etion of the line A B. 
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terteciiDg, and E its station points; a 6 will be the petipecHve 




prqfioHon of A B, mnce it is the intersection of the projecting 
plane of A B with the plane of projection. 

The poipt Ei or the station point, is the only one in A B that 
can have no projection*. (Geom. App. Pr. 1.) The point D, or 
the intersecting point, is identical with its projection^ it being com* 
mon to the three planes. 

Through V1et a line be supposed to pass parallel to A B> and 
therefore lyin^ in its proje^ting'plane ; and let it cut the plane of 
projection in X, which it will necessarily do in a 6, the projection 
ofAB. ' 

Then the projections of all snch points as B, lying in A B be- 
.yond D from E, will lie in the segment D X of the i^rojection of 
A B ; and thefarther from D, B is situated, the farther from D or 
the nearer to X^will its projection A lie : X, therefore, may be 
considered as the projection of a point in A B^ at an infinite dis* 
tance from D. 

Points such as p, lying between the intersecting and staiionpoints 
of A B, will have their projections in a 6 beySifd D fropi X; and 
the nearer F lies to E^ the farther from D will its projection /be: 
the projection of E is consequently at an infinite distance from D 
in a b, or it has no projection at all (Geom. App. Prop. 2, and 
Cors.) as was before stated. 

The points, A, lying beyond E from D, have their projections 
in a & beyond X from D^ and the farther A is situated from D 
beyond E^ the nearer its projection approaches X : X may con- 
secjuently be considered as the projection of a point in A B, in- 
finitely distant from D, in the contrary direction to the infinitely 
distant point (B) of which it was before stated to be the conven* 
tional projection. 

* In order to avoid unnecMStry repetition^ the motd projection used alone will be 
ixnderstood to mean perspective projection : the term image will be aiyo uged to expreei 
tht same thing. 
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Def. 10. The point (X) where a line passing through, the vertex 
parallel to any original line^ cuts the plane of projection, is 
called the vanishing point of that original line ; and this point 
may be considered as the projection of two points in the 
original^ infinitely distant from the intersecting or station 
points, in opposite directions. 
Def. 11. The line (VX) through the vertex parallel to any original 
line by which the vanishing point of this last is determined^ is 
called the radial of that original line. 
9. As the radial of any original line will also be parallel to all 
other original lines to which the first is parallel, it will be the 
common radial of them all; and the vanishing point determined 
by that radial will be the common vanishing point of all lines 
parallel to the first. 

Hence, also^ since the radials of original lines are parallel 
to them^ the radials form the same angles at the vertex that the 
originals make with each other. 

Suppose any number of original lines parallel to each other , 
but lying in different planes. The rays from all these lines will 
lie, as has been already stated^ in their several projecting planes. 
Now since all these projecting planes pass through the ori- 
ginal lines, and through the vertex, their common intersection will 
be parallel to those original lines^ and will pass through the vertex. 
(Geom. IV. § 1, Pr. 10, Cor. 1.) This common intersection will 
therefore be the radial of all those original lines, and the intersec- 
tion of this common radial with the plane of projection is the 
common vanishing point of those original lines. 

This property of one vanishing point being common to any 
number of original lines, provided these are parallel, is the chief 
theorem on which practical linear perspective depends : and as all 
the phenomena of the modification of the real forms of objects, as 
seen by the eye, are referrible to it, by dwelling on it here, the 
learner will not only be more impressed with the principle, but 
will feel an additional interest in the subject by having the con- 
nexion of the geometrical truth with the art of painting pointed 
out to him. 

If a long line of buildings, such as a street, be looked at, all 
the principal lines of which are parallels^ and either horizontal or 
vertical, the former will appear to approach each other, or to con- 
verge ; and if these horizontal lines are attentively considered, they 
will appear to approach the end of an indefinite imaginary line 
passing through the eye of the spectator, parallel to the originals. 
Because the rays proceeding to the eye from points in the origi- 
nals in succession more and more distant, will make a smaller and 
smaller angle with such an imaginary parallel ; and tf the original 
lines of the buildings or street in question were sufficiently long. 
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SO as to extend beyond the limits of the power of sights they would 
appear to meet in a point. If the spectator move to different dis- 
tances from the buildings, this apparent point of convergence will 
seem to move with his eye, being determined by the imaginary 
parallel through it before mentioned^ which is, in fact,, the radial 
of the lines in question. 

Now if the spectator conceive a transparent plane placed at 
any convenient distance before his eye^ he will easily understand 
that this radial would cut this plane in a vanishing point; to which 
lines, drawn corresponding to those of the buildings as they appeared 
to him^ would tend: and if, instead of supposing the plane set up 
before him, he were to substitute a sheet of drawing-paper, held 
flat on a board, and attempted to draw by his eye, as it is termed* 
the appearance of the buildings, he would find, that in order to 
give a correct representation of them^ the lines in his drawing must 
converge to a vanishing point supposed to be found on the paper 
by such an imaginary radial. 

If the spectator stand in the middle of a street, the horizontal 
lines of the buildings on both sides of him would appear to con- 
verge or vanish to the same point ; this arises from these lines 
being parallel, the opposite buildings beidg generally so, and there- 
fore both sets of lines in the two rows of houses having a common 
radial and vanishing point. 

A street is mentioned, because it is there that the longest straight 
lines are to be found in nature^ and therefore the apparent conver- 
gence, or vanishing of them, is most readily observed : but as the 
principle holds true whatever may be the direction or length of the 
original lines, provided they are parallel, the reader can satisfac- 
torily account by the same reasoning for all the forms assumed by 
objects containing parallel right lines. Thus the appearance of 
the floor, walls, and ceiling of a room, the aisle of a cathedral, 
the sides and top of any rectangular box, or even a book, is refer- 
rible, in all these objects, to this cause, namely, the common vanish- 
ing pomt or apparent point of convergence of lines really parallel. 

These examples will be referred to again in illustration of the 
principles about to be explained, and the other phenomena of 
apparent form will be shown to depend on' analogous causes. 

10. A series of parallel original lines may have three relative 
positions with regard to ih^ plane of projection. 

They may be either parallel, perpendicular, or inclined to it, in 
any angle, as was before stated of a single line, v 

In the first case, none of them can have an intersecting point, 
as has been shown (4) ; and since their common radial will also v 
be parallel to the plane of projection, it can never meet that plane, 
and consequently they can have no vanishing point. 

K 
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11. On the second supposition, of the original parallels being per- 
pendicular to the plane of projection^ their common radial will 
also be perpendicular to it : therefore the centre of the picture 
f Def. 7.) will be the common vanishing point of all lines perpen- 
dicular to the plane of projection. 

12. On the third supposition^ of the original parallels being in- 
clined to the plane of projection in any angle ; it is obvious that 
their radial will cut that plane, somewhere^ in an equal angle, and 
that such lines will have a vanishing point, but that this can never 
coincide with the centre of the picture. 

13. It has been shown (8), that the perspective projection of 
any original line passes through its intersecting and vanishing 
points : consequently, when the former points of any number of 
original parallel lines have been found, lines drawn through these 
intersecting points and through the common vanishing point, will 
be the perspective projections of all those original lines. 

14. Original lines parallel to each other have as yet been alone 
considered ; but now let any number* of lines, S E, DB, L A, 
&c.^ not parallel, be assumed as lying in one original plane. Let 
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S, D, and L be the intersectina points, and let the lines cut each 
other in the points A, B, and E. 

15. The radials of these original lines being respectively parallel 
to them, and all passing through the vertex, they must lie in one 
plane, which will be parallel to the original plane, and will pass 
through the vertex. (Geom. IV. § 2, Pr, 15.) 
Def. 12. The plane passing through the vertex, parallel to any 

original plane, is called the vanishing plane of that original 

plane: and 
Def. 13. The intersection of the vanishing plane with the plane 

of projection is called the vanishing line, and its intersection 

with the vertical plane is termed the parallel of the veriea^ to 

the original plane. 

* Though only three are shown in the diagram, any number may be snppoaed^ and 
the same reasoning will apply to them all i hencQ the references are expressed as if an 
indefinite number were alluded to, 
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16. Hence it follows, that the vanishing plane being a plane 
parallel to an original one, and passing through the vertex^ any 
number of original parallel planes will have a common vanishing 
plane. 

17. All original planes that are parallel will, hence, have a com- , 
mon x^aimhmg line, 

18. The vanishing points (Def. 10.) of all lines lying in the 
same, or in parallel original planes, will be points in the common 
vanishing line of those planes. Because the radials of all the 
original lines lie in one vanishing plane, and will therefore cut the 
plane of projection in the intersection of the6e two last-mentioned 
planes^ which is that common Vanishing line. 

19. Hence, also, the point in which the vanishing lines of two 
planes cut each other, will be the vanishing point of the comttion 
intersection of those planes. 

20. The vanishing line of a plane, or of many parallel planes, 
will be parallel to the intersecting line^ or lines, of that plane or 
planes, and also to the parallel of the vertex and to their station 
lines, these four lines being the intersections of parallel planes, 
namely, the original planes and their vanishing plane, with the 
plane of projection and the vertical plane. 

21. The vanishing planes of all planes perpendicular to the plane 
of projection, will be also perpendicular to that same plane ; and 
the vanishing lines of such original planes will pass through the 
centre of the picture. And no plane that is not perpendicular 
to the plane of projection can have its vanishing line pass 
through the centre of the picture. 

22. The vertical plane (Def. 3.) is the vanishing plane of all 
original planes which are parallel to the plane of projection. 

23. Hence no plane parallel to the plane of projection can 
have any vanishing line> or parallel of the vertex. It has been 
already shown (1 ) that it can have no intersecting nor station line. 

24. As the vanishing planes are always parallel to the original 
planes, it is also obvious that the vanishing planes of any original 
ones will form the same dihedral angle (Geom. IV. § 1. Def 4.) 
that the original planes themselves do. (Geom. IV. § 2. Schol. to 
Prop. 17.) 

25. As the radials of any original lines are parallel to those lines, 
and as the intersecting line and parallel of the vertex of the original 
plane are also parallels, it follows that the radials will make the 
same angles with each other and with the parallel of the vertex 
that the originals do with each other and with the intersecting line. 
(Geom. IV. § 2. Pr. 15.) 

If the line LB (see the last figure) be perpendicular to the 
intersecting line S L, it will have its vanishing point X in the in- 
tersection of a radial V X through V, perpendicular to the vanish- 

k2 
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ing line X Z, the angles V X Z and B L S being right angles ; and 
therefore X will be the vanishing point of all lines perpendicular 
to the intersecting line. 

Def. 14. The centre of VLwy' vanishing line, is the point where a 
radial from the vertex cuts it at right angles^ and is the vanish- 
ing point of all lines perpendicnlar to the intersecting lines of 
the corresponding original planes^ and drawn in them. This 
radial perpendicular to any vanishing line is called the 
principal radial of the original plane. 
The vanishing point of any other original line, as D B, (last 
figure,) will lie nearer to, or farther from, the centre of the vanishing 
line, according as the original makes a greater or less angle with 
the intersecting line SL: thus the line SA makes a more acute 
angle with S L, than D B makes with S L ; the corresponding 
radial V Z will consequently make a more acute angle with the 
vanishing line X Z than V Y does ; therefore Z is farther from the 
centre X than Y island the radial V Z will be longer than the radial 
V Y, (Geom. 1. § 2. Pr. 12, Cors. 2 and 3.) In the same way it 
may be shown that the intersecting points oforiginal lines are more 
and more distant from L, as those lines make less angles with 
the intersecting lines. 

26. When the original lines are parallel to the intersecting lines , 
of the planes in which they lie, and therefore parallel to each 
other, they will have neither intersecting nor vanishing points ; or 
these points may be conceived at an infinite distance in opposite 
directions, and the perspective projections of all such original pa- 
rallels will be parallel to the intersecting and vanishing lines of the 
planes in which they lie, or may be considered as passing through 
these infinitely distant points. 

Let R S, E F, G H, &c., be any number of original parallel 
lines lying in a plane, and alsQ parallel to the intersecting line 
A B ; P Q being the vanishing line of the plane. The perspective 
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projections of these parallels will be parallels to the intersecting 
line A B, because these projections will be the intersections, of pro- 
jecting planes passing through the original lines and the vertex, 
with the plane of projection. (Geom. IV. § 1. Prop. 10.) 

Such of these original parallels E F, IK, &c., as lie beyond 
the plane of projection from the vertex V, will have their projec- 
tions efy &c., between the intersecting line AB and the vanishing 
line P Q ; and the farther from A B the original lies, so much the 
nearer to the vanishing line will be its projection : hence this va- 
nishing line may be considered as the projection of a parallel to 
A B at an infinj^te distance. 

27. If the original parallels, as R S, &c., lie between the plane 
of projection and the vertical plane, their projections r s will lie 
on the farther side of the intersecting line AB from PQ; and the 
station line of the original plane, which may be considered one of 
the parallels, will have no projection, because its projecting plane 
coincides with the vertical plane, and is therefore parallel to the 
plane of projection. 

28. If the original parallels L M, N O, &c., lie beyond the ver- 
tical plane from the plane of projection, their projections will lie 
above P Q from A B, and the farther the original is from A B, the 
nearer its projection will be to P Q ; so that this vanishing line 
may be also considered as the projection of a parallel at an infinite 
distance from A B in a contrary direction to that, in which the 
former infinitely distant parallel was supposed to lie, of which 
P Q was also considered the projection. (See § 8.) 

I-iCt any two lines N I, O K be drawn parallel to each other in 
the j)lane of the parallels, so as to cut them all, and intercept 
equal segments of them, as N O, R S, G H, &c., &c. Then V X 
will be the radial and X the vanishing point of these two lines, 
VX being drawn in the vanishing plane (15) parallel to them; 
and X A, X B, drawn through their intersecting and vanishing 
points, will be their perspective projections. (8 and 13.) 

It is obvious that the portions of the indefinite parallel projec- 
tions of the original lines E F, IK, &c., which are intercepted 
between the projections X A, X Bj are the images, or projections^ 
of the corresponding equal segments of the originals ; and that the 
farther from A B the original segment lies, the nearer to P Q, and 
consequently the shorter, is its projection, because it is intercepted 
nearer the point of convergence X, or vanishing point of the lines 
cutting ofi* the original segment : and hence X itself may be re- 
garded as the image of a segment at an infinite distance, inter- 
cepted by the two parallels infinitely prolonged from A B in either 
direction. 

The radial of an original line is parallel, as has-been shown, to 
that original, it being the intersection of the projecting plane with 
the vanishing plane (8, 9.) ; and the intersection of the same pro- 
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jecting plane with the vertical plane will be parallel to the per- 
spective projection of the original line, being also the intersection 
of two parallel planes by the same projecting plane. 
Def. 15. This intersection of the projecting plane of an original line 
with the vertical plane^ is called the vertical of that original. 

29. Consequently an original line, its radial^ its perapectwe pro- 
jection^ and its vertical, always form a parallelogram, the radial 
being equal to the segment of the original lying between its inter'" 
seating and station points^ and its vertical being equal to the seg- 
ment of its projection, lying between its intersecting and vanishing 
points. 

If two or more original lines A E, 
B E, meet in a point E, in the sta- 
tion line of the plane in which they lie, 
their perspective projections C X D H> 
will be equal and parallel to each other, 
because these are parallel and equal to 
the common vertical VE (Def. 15, 29); 
and the vanishing points X, R of such 
lines will be at the same distance from 
each other in the vanishing line, that the 
intersecting points C, D are from each other in the intersecting 
line. 

It may assist the learner to recapitulate here the various defi- 
nitions^ for it is essential that he should remember them correctly. 
Def. 1. The vertex, or point of sight, V, is the point in which the 

projecting lines, or rays, of original points, meet. 
Def, 2. The plane of projection^ or the plane of the picture, ahd^ 
is that on which the image of an original point, line, or ob- 
ject, is produced, by the intersection of the rays from that 
point, line, or object, to the vertex, these rays being indefi- 
nitely extended in both directions. 
Def. 3. The vertical plane, fgh, is one passing through the 

verf^x^ parallel to the plane of projection. 
Def. 4. Original planes, pmn, are those in which any point T, 
line, or plane figure lie ; all the planes bounding a plane 
geometrical solid, are original planes ; and are always sup- 
posed to be indefinitely extended. 
Def. 5. The projecting plane, i& j/ D E, of an original straight line, 
T E, is one passing through the vertex> and in which the 
line wholly lies. 
Def. 6. The intersecting and station lines, A D, B £, of an origi- 
nal plane, are its intersections, respectively, with the plane of 
prelection, and with the vertical plane. 
Def. 7. The centre ^f tite picture, C, is the point in which a line, 
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tbrough the vertex', perpendicular to the plane of projectioa^ 
meets this plane. The centre of the picture is, therefore, the 
point of the plane of projection, which is nearest the vertex. 
And the length of this perpendicular V C, between the two 
points, is the distance of the vertex or ofthepictttre. 

Def. 8. The ray, V T, of an original point T, is a straight line 
passing through it and the vertex. 

Def. 9. The intersecting and station pointx, D, E, of an original 
straight line, are the points in which it cuts the plane of pro- 
jection, and the vertical plane, respectively; and are, in the 
intersecting and station lines of the plane in which the line 
lies. 

Def 10. The vanUkiTig point, X, of an original strught line, is 
that in which a line through the vertex, parallel to the 
original, cuts the plane of projection. 

Def. 11. The radial,V X, of an original line, is the line through 
the vertex, parallel to that original, by which the vanishing 
point is detennined. 

Def. 12. The vanishing plane, 9 o F Q, of an original plane, is 
one passing through the vertex, parallel to that original. 

Def. 13. The vanishing line, P Q, of an original plane, is the 
common intersection of the vanishing plane of the ori- 
ginal, with the plane of projection. The parallel of the vertex, 
F G, is the common intersection of the same vaniihing plane 
with the vertical plane. 
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Def, 14. The centre R, of a vanishing line, P Q, is the point where 
a radial from the vertex cats it at right angles ; and this 
radial is called the principal radial of the original plane. 

The principles which have just been explained^ regarding the 
vanishing lines, planes, and points, of original planes and lines^ 
admit of the most general and obvious elucidations from the appear- 
ances of natural objects. 

Thus, to recur to the example before cited of the buildings in a 
street, the upright sides of the windows, which may be considered 
as parallel lines^ appear to approach nearer and nearer to each 
other, the farther they are from the spectator; and the lines of the 
tops and bottoms of the same windows, which are parallel and 
horizontal; converge to the imaginary vanishing point before men- 
tioned : the windows, therefore, appear to become smaller and 
smaller, till, if the street be sufficiently long, they look like short 
lines hardly perceivable, but bearing the^same relative proportion 
to the whole apparent height of the house that those do which are 
close to the person looking at them : and if the street be imagined 
indefinitely prolonged, the vanishing point will be the representa- 
tive of the infinitely distant window. 

The joints of the stones of the Qag pavement in a street, or a 
long room, as Westminster Hall, apparently diminish in distance 
as they recede from the spectator towards the farther end of the 
place; and he will find, upqn attentively considering them, that 
they obey the laws above explained, in the form they present to 
the eye; although he is aware, or afterwards observes, that the 
stones constituting such a pavement are really equal squares or 
rectangles*. 

It may be alleged, that in looking at a street, or any of the 
objects mentioned, there is no plane of projection to receive the 
images, and that therefore the connexion between the geometrical 
principles and the forms of the natural objects is not sufficiently 
clear. But it must be recollected, that the supposition of the 
image being produced on an interposed plane of projection, in no 
way alters the form of the pyramid of rays proceeding from an object 
to the eye of a spectator, and that it is the modification of this 
imaginary pyramid, by a relative change of situation of the eye and 
the object, that causes the change of apparent form of that object, 
because by «uch relative change of situation the image on the 
retina is really altered. 

Thus let a chess-board be the object looked at, and let the 
place of the eye of the spectator be supposed to remain in the 

* The reader cannot have a better object to exemplify these theorems, than a com- 
mon chess-board, which he\may place in different positions : from the regularity of the 
squares, he will perceive more easily the truth of these principles. 




LINBAR PERSPECTIVE. . 137 

same point; the rays from the lines forming the squares on the 
board will form quadrilateral pyramids, of which all the liases are 
really equal and the vertex common ; but the form of these py- 
racaids will be very different according to the relative distance of the 
squares constituting their bases : the farther the square from the 
eye, or the farther from the vertex the base is, so much the smaller 
the solid angle (Geom. IV. § 1, Def. 7.) formed at the eye, or ver- 
tex, or so much the sharper- pointed the pyramid ; the image on the 
retina will be so much the smaller, and consequently convey to 
the mind the idea or perception of a smaller form, though that 
form is really known not to be smaller, 
but to be equal to the others with which 
it is compared. If the chess-board be 
placed so that the eye is in a line perpen- 
dicular to the middle of the board, and at , 
a considerable; distance, compared to the 
size of it, the pyramids of rays will have 
nearly equal solid angles at the vertex, and 
the squares will be seen of iiearlythe same 
size and form, or as equal squares, whereas, 
when the board is held very obliquelv, the 
squares nearest are not only in appear- 
ance larger in area, but different in form 
to those more distant, as will be easily recognised from the an- 
nexed figures. 

Letthe same chess-board be supposed to be viewed from the same 
fixed point in the same position, and of course, therefore, present- 
ing one constant appearance, or forming a constant image on the 
retina, as long as the eye and board retain the same relative situa- 
tions. But if these constant pyramids of rays be supposed to be 
cut by a plane in different angles and positions, the perspective 
projections, on thirplane in these different positions, will be very 
different, or form very different figures, or images, of the original 
squares. 

Thus if the cutting plane be supposed parallel to the plane 
of the board, or to the bases of the pyramids of rays, the images, 
or projections, of the squares will be squares equal and similar 
to each other, though smaller or larger than the original squares 
of the board, accordingly as the plane of projection was nearer or 
farther from the vertex than the board itself. (Geom. IV. Prop. 
15. Cor, : demonstration to Prop. 30., and Schol. to Prop. 29.) 

If the cutting plane, or plane of pToJection, were supposed not pa- 
rallel to the board, the lines of the board which form the real squares 
will have vanishing points, and the images of the squares will be 
no longer squares, but trapeziums, or other quadrilateral figures, 
according to the relative positions of the intersecting line of the 
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plane of the board with the plane of projection, as has been ex* 
plained in the preceding propositions. And if the plane of pro- 
jection move parallel to itself in the same angle of obliquity to 
the board, the figures of the squares on it will remain similar^ but 
diminish or increase, in area or size, as the cutting plane approaches 
to, or recedes from the vertex. 

Hence any number of different images of the same forms may 
be obtained, while the real appearance of the squares remains un- 
altered to the eye, kept in the same point ; and yet these very differ- 
ent images are all correct perspective projections of the same object. 

The explanation of this apparent contradiction is derived from 
the correct conception of what the perspective projection of an 
object is, and that such a projection will only give a correct image 
of the original, when the eye is placed in the same point, with 
regard to the plane of projection on which the image is formed, 
as it must be to cause that image to be a true section of the 
pyramid of rays proceeding from the object to the eye, for in that 
situation only will the rays from the image correspond with those 
from the object itself^ and consequently produce a similar image 
on the retina. 

If the eye of the spectator and the chess-board keep their same 
relative position, and any number of planes be interposed between, 
or be placed beyond the board and eye, the images which 
would be formed on them, by projettiog planes passing through 
the lines of the original squares, though absolutely very different 
on the different planes» will still coincide, when viewed from the 
same poiitt, with the original lines ; and if these figures were cor- 
rectly coloured, they would be all equally correct pictures of 
the chess-board, as seen from that point ; but if any of them 
be looked at from any other point, the representation will no 
longer be true, or will not produce an image on the retina the same 
as that which the original board would produce. 

It has been shown (§ 26, 27, pp. 132, 133.) that the indefinite 
projections of straight lines, parallel to the plane oi projection and 
to themselves, will be straight lines, parallel to the intersecting and 
vanishing lines, and therefore to one another; because the pro- 
jecting planes of such original lines will be cut in parallel straight 
lines by the plane of projection. Now let anybody, convinced of 
this geometrical theorem, stand before a long wall, the top and 
bottom of which may be considered as parallel right lines ;^ these, 
instead of appearing parallel^ will seem to converge or approach 
each other in opposite directions on each side of him : as he is 
aware that no right lines could do this without forming an angle, 
and as he not only perceives none, but is convinced that none 
really exists, in the top and bottom lines of the wall, he is per- 
suaded at last that the outlines are curves, and not straight line* 



LINEAR PERSPECTIVE. 139 

and still less pamllel lines : here^ then, is an apparent inconsistency 
between the geometrical principles and the real appearance of 
objects. As the explanation of this difficulty will throw a still 
clearer light on the connexion between linear perspective and its 
application to drawing, it will be entered on at length. 

To simplify the case, let the top and bottom of the wall be sup- 
posed two geometrical right lines F D, E C, truly parallel to each 
other, and let parallel lines or ordinates, perpendicular to both, be 
supposed drawn on the face of the wall at equal distances^ thus 
dividing the surface of it into equal rectangular spaces. 

Now the rays from the two horizontal lines will lie in two planes^ 
the intersection of which will be a right line parallel to them (Geom. 
IV. § 1. Prop. 10. Cor. 1.), and passing through the vertex V or 
place of the eye. Let the rays from the extremities of one of the 
perpendicular ordi nates, A B^ be at right angles to this intersection ; 
then the angle B V A contained by these two rays will be greater 
than the angles D V C, F V E contained by the rays from the ex- 
tremities of the ordinates C D, £ F lying one on each side of the 
former^ and these angles will decrease as 
these ordinates recede farther and farther on 
each side from the first AB ; because each 
pair of rays and the ordinate from which they 
proceed form triangles, the bases of which, or 
the ordinates, are equal, and the sides, or rays, 
constantly increasing in length : therefore the 
aggie subtended by the equal bases will dimi- 
nish, as is plainly seen from the lower figure. a^~~c" 

Now, it is the magnitude of the angle subtended at the vertex, 
or eye, that determines the image of the ordinates made on the 
retina ; and the farther the ordinates recede on each side from the 
central ordinate A B, the smaller this angle is shown to become ; 
and consequently the apparent outline ofthe horizontal lines of the 
wall, which is determined by the length of these apparently diminish- 
ing ordinates, will appear to converge on each side ofthe spectator. 

If a plane be supposed to cut the rays from such a wall, parallel 
to the plane of it, the section of the two planes passing through the 
horizontal lines of the wall will be two parallel right lines, as 
before mentioned, and the images or projections of the perpendi- 
cular ordinates will be parallel and equal lines at equal distances 
from each other, because the quadrilateral pyramids of rays are 
supposed to be cut by this plane parallel to their bases, and there- 
fore the sections will be similar to those bases ; but these being 
equal rectangles, their images, or these sections, will be equal 
rectangles. When viewed from the right point, these equal images 
will subtend less and less angles, as they lie farther and farther 
from the vertex, or eye, on each side, on the same principle as 
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above explained of the real ordinates on the wall ; and conse- 
quently their apparent diminishing^ in length, will give to the right 
lines of the projection of the top and bottom of the wall, the same 
curve that the real outlines assume to the eye, and such an image 
or picture will not give a correct idea of the original object unless 
viewed from the right point or from the true vertex. 

Another explanation of an analogous discordance between the 
theory and the real appearance of objects, will not be misplaced 
here. If a spectator stand opposite the middle of a colonnade, 
the column nearest him, or that to which he is opposite, will ob- 
viously appear, not only the highest, but the thickest in diameter^ 
or altogether the largest, that is, it will form the largest image 
on the retina ; yet if the rays from the columns were cut by a plane 
parallel to that passing through their axes, ,all the images of the 
columns on it would be of the same height, for the reasons above 
given, accounting for the parallel lines representing the top and 
bottom of the wall : but the diameters of the images of the columns 
would increase, the farther the originals receded on each side from 
the spectator ; because the two planes of rays, tangential to the 
two sides of each more distant shaft, would be cut more obliquely, 
and consequently, the intercepted segment, which constitutes the 
diameter of the image, would be greater and greater. 

Such a perspective projection, or view, of a colonnade, however 
correct in theory, would be revolting to the eye, as directly contra- 
dicting the evidence of the senses ; consequently no judicious 
artist ever attempts to delineate a long wall or colonnade as seen 
from such a point of view, because he must either falsify the 
accuracy of his outline, which will lead him into errors in other 
related parts of his design, or, if he observes the geometrical prin- 
ciples, his drawing will be preposterous, since it is very seldom 
that any design is viewed from the precise, and only point, which 
would render it a correct image of the original object. 






§ OF THE PERSPECTIVE PROJECTION OF RIG^T 

LINE FIGURES, Sfc. 

Having thus shown the general relations between original planes 
and lines, and their vanishing planes, lines, and points ; by means 
of which the perspective projections of the former are indefinitely 
determined, it will be necessary to explain the mode in which 
these principles are practically applied, before entering on the 
subject of the definite images of finite lines, composing figures or 
solids. ^ 

Any original, vanishing, or projecting plane, may be conceived 
to be turned round on its intersection with the plane of projec- 
tion, or with the vertical plane, till it entirely coincides with these ; 
the paper or drawing board may then represent either, or both, of 
these last mentioned planes, with the others brought to coincide 
vfilh them, according to circumstances ; and any constructions can 
be practically made on it. 

Let V be the vertex, A E, B E two ori- 
ginal lines lying in an original plane, of 
which A B is the intersecting, P Q the 
vanishing lines : and V P, V Q the radials 
of the original lines ; now if the original 
and vanishing planes be supposed turned 
round on A B and P Q, till they coincide 
with W X Y Z, the plane of projection^ by 
this supposition the vertex V will be 
brought to V, and the radials will be V P, 

V Q, which will obviously form the same 
angle with each other that they did in 
their original position ; the triangles 

V P Q, and V P Q being equal in every 
respect. , 

In the same way, if the original plane be turned round on A B, 
till it coincide with W X Y Z, the original lines in it will fall into 
the situation A E' B E^ and will form the same angles with each 
other as before ; and any other original line as E D, when brought 
into the plane of projection by this supposed revolution on A B, will 
bear the same relation, in. every respect, to the intersecting and 
vanishing lines of its plane, that it did when in its first position. 
The radials V P, V' Q will also preserve their parallelism to B E' 
A E' when the planes are brought to coincide : and as it is very 
important that this should be clearly understood^ from the facility 
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it affords to practical perspective^ it will be demonstrated here at 
length. 

Let V R be perpendicular to P Q ; then V R, during the re- 
volution of the vanishing plane, will describe a plane which will be 
perpendicular both to this last,, and to the plane of projection ; 
consequently R V'j also perpendicular to PQ, will be the intersection 
of this plane formed by V R, with the plane of projection, (Geom. 
IV. § 1. Prop. 3. Cor. 1.) and as V R and P R remain of the same 
length, the triangles V P R, V P R are similar and equal in alt 
respects, therefore V P is equal to V P* : the same demonstra- 
tion will apply to the triangles V R Q, V R Q ; and, therefore, 
V Q is equal to V Q, consequently the whole triangle V' P Q 
has its three sides equal to those of V PQ, and is, therefore, equal 
and similar to it in every respect. 

By precisely the same mode of demonstration, the triangle 
AE'B, formed by any two original lines, and the intersecting line 
of their plane, when brought to coincide with the plane of pro- 
jection, may be shown to be equal and similar to the same triangle 
A E B, when in its original position. Now the radial V P being 
parallel to B E, (Def. 11.) and P Q being also parallel to A B> 
(20.) the angles V P Q, E B A are equal, (Geom. IV. § 2. 
Prop. 15.) and since it has been just shown that the angle V P Q 
is equal to V P Q, and the angle E' B A to the angle E B A, there- 
fore V'P Q, E' B A are also equal, and as P Q, A B are parallel as 
before, V' P is also parallel to E' B. (Geom. 1. § 3. Prop. 18.) 

30. The same demonstration will of course apply to any other 
original lines, and their radials ; and consequently the radial of 
an original line will always be parallel to it, when both are 
brought into one plane, as that of projection ; or when into any 
other position than the original one ; protided the two planes in 
which they lie are supposed to preserve their parallelism. 

31. Hence the whole surface of the drawing board may represent, 
either the plane of projection, or any original plane brought to 
coincide with it, by being made to turn on its intersecting line ; or 
any vanishing plane turned round on the vanishing line, till it 
coincide with the same plane of projection ; and since all planes 
are supposed indefinitely extended, the space on each side of these 
lines on the drawing board may represent part of these respective 
planes; great attention must, therefore, be paid, to ascertain in 
practice which plane is intended during any part of the construc- 
tion; and what parts of an original line, with respect to the 

* , It will be easily perceived that P R is tlie axis of a right cooe Ibrmed by the rero* 
lutton of P V round a circle, of which R V is the radius ; this remark will apply 
whenever one plane revolves on its intersection with another ; and the reader will often 
have his conception of the effect produced by the different planes in perspective prolH 
lem$ matexiaUy iacilitated by coniidering thiun in tbia mumef. 
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vertex and plane or projection, the two segments on the drawing 
board on each side of the line on which 
the plane is supposed to be turned, re- 
present. Thus if A B represent on the 
drawing board the intersecting line of an 
original plane, the segment D B represents 
the part of an original line between the 
vertical, and the plane of projection, and 
E B the part beyond the plane, supposing 

the original plane to be turned round in one direction ; but if this 
plane be supposed to be turned round in the contrary direction, 
the 8ame original line will assume a new aspect on the board, 
and D'B will be the part between the vertical and plane of pro- 
jection, while E'B now represents the part more remote. In 
all practical applications of perspective, these complicated relations 
of lines occur, and patient attention and thought will alone enable 
the student to avoid the errors he may commit by not rightly un- 
derstanding them. 

Let a line A B (see fig. p. 145.) be given^ or assumed at plea- 
sure, on the drawing board, as the intersecting line of an original 
plane making any angle with the plane of projection. Let C be 
the centre of the picture, and let D E, D F, E F, be three original 
lines in the given plane (A B)f forming a triangle^ the side, or 
line, D B, being parallel to A B. 

32. To obtain the vanishing line of the original plane ; draw 
C y from C the centre of the picture parallel to AB, and equal 
to the distance of the vertex. (Def. 7.) Make the angle C V R 
equal to the complement of the angle which the original plane 
makes with the plane of projection, and draw C R perpendicular 
to A B, cutting V R in R ; a line through R, parallel to AB, 
will be the vanishing line of the original plane. 

On which side of C V the angle C V R is to be constructed, 
depends on the direction in which the original plane is inclined to 
the plane of projection. Let C be the centre of the picture^ V 
the vertex, and AB the intersecting line of the given plane; let a 
plane passing through the vertex, perpendicular to the plane of pro- 

^ Any orij^inal planOT, lines, or points, may be asenmed as given and at any 
angles with each other, as may also the centre of the picture, and the distance of the 
vertex, or the lenp^h of the radial from the vertex perpendicular to the plane of projec- 
tion. (Def. 7.) When the rules of perspective are applied to delineate real objects, such 
aa biuidings, machines, &c., the original planes of which are consequently ^iven, the 
relative position of these, with regard to the plane of projection, is determined from 
other considerations. 

t To avoid unnecessary repetition, an original plane will be expressed by its inter- 
aeeting line, vanishing line, or by its intersections with other planes, the context always 
immediately showing which plane is meant : thus in the text, (A B) will express the 
given origmal plane, the letters being placed between brackets when the plane, ami 
not the line itself, is referred to, 
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jection, and to the given plane, cut the former in R P, which will 
pass through C, because V C is perpendicular to the plane of 
projection, (Geom. IV. §2. Pr. 18.) and let it cut the original plane 
in PQ, which will be perpendicular to AB; then the angle 
RPQ is the angle of inclination of the original plane to the 




plane of projection ; and if this angle is acute, the principal radial, 
VR, (Def 14.) will cut the plane of projection on the other side 
of C from A B ; but if the angle R P Q is obtuse, then V R will 
meet the plane of projection nearer to A B than C. The angle C V R 
is obviously equal to the complement of R P Q, for if another 
plane A B S passed through A B, perpendicular to the plane of pro- 
jection, this latter would form, with the first original plane, an angle, 
which would be the complement to a right angle of RPQ, and 
would be measured by the angle Q P S, to which R V C is equal ; 
the radials V R, V C being parallel to P Q, P S. (Geom. IV. 
§ 2. Pr. 15.) 

Now let the triangle R V C be turned round on R C, till it 
coincides with the plane of projection ; the angle R C V being a 
right angle, and remaining so, unchanged by the revolution of the 
triangle, C V will become parallel to A B, and the angle C V R 
(see following figure) being constructed on the drawing board, 
equal to the complement of the angle of the original plane, (A B) 
to the plane of projection, as directed in the above construction, 
VR will give R the centre of the vanishing line of AB. (Def. 

14.) 

If the given plane (A B) were supposed perpendicular to the 

plane of projection ; then its vanishing line must be drawn at 

once through C, the centre of the picture, parallel to its intersect-- 

ing line, for in this case V R and V C would coincide. (21.) 

Having thus obtained the vanishing line of the given plane 

(AB), draw R V perpendicular to it, and equal to RV, its 

principal radial (Def. 14.) ; through V draw a line, parallel 

to A B and the vanishing line ; this line will be the parallel of 

the vertex, (Def. 13.) brought into the plane of projection. 

Draw the radials, V'X,V'Y, parallel to the original lines D F, 
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E F,or, making the same angles 
with each other, and with the 
parallel of the vertex, that 
those originals do with each 
other, and with the intersecting 
line AB <25) ; then X, Y, 
where these radials meet the 
vanishing line> will be the va- 
nishing points of D F, E F re- 
spectively (18) ; and lines drawn 
through these vanishing points, 
and through the intersecting 
points G, H, will be the prcjec-- 
tions of the originals ; the point y^ where they cut each other, will be 
the projection of F, the point of intersection of the originals (6). 

The point F, from the situation of the original lines, with re- 
spect to the intersecting line A B, obviously lies between this 
last line, and the station line ; consequently its projection / will 
be on the other side of the line AB from its vanishing line 
(8, 31). 

If a line be drawn from V to F, it will pass through/; such a 
line will represent the ray by which the image/, of F, is deter- 
mined ; this ray would of course pass through/ if the different 
planes were in their original relative situations to each other ; but 
that the line F V will also pass through / when these various 
planes are turned round so as to coincide in one, is proved by 
the following theorem. 

33. If V X, G F, be two finite lines> drawn parallel to each 
other from the extremities of a line G X, 
and a line V F be drawn, cutting GX in/; 
then, however the lines X V'^ G F' be sup- 
posed turned round on X and G as centres ; 
provided they are always parallel, the line 
V F' joining their extremities will cut the 
line GX in the same point/. 

For the revolving sides, always being 
supposed parallel, and of a constant length, '" ''' 

they form similar triangles with the line V F, joining their extre- 
mities, and with the segments of the constant line GX. This 
line G X is therefore always cut in the point / into segments, 
having the same ratio, namely that of the revolving sides. (Geom. 
II. Prop. 31.) But a line of given length, always divided in a 
given ratio^ will always have the same segments; therefore/ is a 
fixed point. 

Hence if X be the vanishing and G the intersecting point of a 
line G F, VX its radial, and V F the ray ; this last will cut the 







146 LINXAB F8&SPSCTIVB. 

projection GX in the same point/, when the radial VX, and the 
original line G F^ are turned round, so as to eome into one plane, 
viz., the plane of projection, provided the line and its radial are 
still parallel to each other, and of the same lengths respectively 
that they originally were. 

This principle is of great and constant use in practice ; for if 
the image/, of a point F, be not accurately enough determined 
by the intersection of the projections of two lines, in which F is 
situated ; it is only necessary to set the length of the radial alcHig 
any line drawn from the vanishing point, and the length of the 
segment of the original line, from its intersecting point to the point 
F, along a line drawn parallel to the former from that intersecting 
point ; then a line joining the extremities of these parallels will 
cut the projection of the line in the image/ of F, more distinctly, 
provided the parallels are drawn in the direction best calculated 
for that purpose. 

34. And since, in the above demonstration, the consequents 
would remain the same if the antecedents wer^ multiplied or 
divided by any the same number ; in the practical construction 
any the same multiple, or part, of the radial and original segment, 
may be made use of to determine the projection / of the original 
point; this is frequently done when the lines are too long to 
admit of their being set off on the drawing board. 

36. The projections of the points D, £ (figure p. 145) are 
best found by means of the principle just explained, for the line 
D E being parallel to A B, and therefore having no intersecting nor 
vanishing points (10), the projection of it cannot be obtained by 
the usual method. Set the length of the radial V Y, from Y, along 
the vanishing line to w^ and the length of the segment H E of the 
original line F E from its intersecting point H, along the line 
A B to j), but in the contrary direction ; then the line p w will 
cut/ Y in e : d might foe found by a similar construction, made 
with the radial and segment of F D, but since the projection of 
D E must be parallel to A B, because the original is so, it is suffi- 
cient to find one point e in that projection ; then a line drawn 
through e parallel to A B will be the projection of D E as required. 

The rays V D, V E might have been made use of to obtain d, e, 
but they would have cut the projections /X,/Y too obliqudy to 
allow of the points d, e being accurately determined. 

On comparing the triangle d ef, or the projection of D E F, 
with its original, the effect of viewing a right line figure obliquely 
will be apparent : whatever may be the distance of the vertex (or 
place of the eye) from the plane of projection, if the plane of the 
original figure be not parallel to this latter, the perspective projeo 
Hon of the original wiU be unlike it, and may e\^n be totally 
different: thus if the point F were in the station line, that is^ if 
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the perpendicular distance of F from A B were equal to tht length 
of the principal radial V R, then the original lines F D, F E would 
be projected into parallel lines (28, 29), for in that case F could 
have no projection, and an original triangle would be projected 
into three lines which would not form a triangle. 

36. If the point F were farther from A B 
than V is from X Y, G H would be longer 
than X Y, and the projections of DF, EF 
drawn through G and X» H and Y instead 
of intersecting below A B^ as in the first 
case, or instead of being parallel as in the 
case last supposed^ would meet a6ov6 the 
vanishing line in the point /^ which would 
be the projection of F, and the whole ori- 
ginal triangle would be represented by a 
triangle d e/. 

37. It is almost needless to remark^ that this last supposition 
arises from the purely geometrical manner in which the subject of 
perspective is treated^ by dropping all consideration of vision, and 
therefore cannot be realized in nature, since it is of course impos- 
sible for the eye to see at the same time the two parts of the same 
figure, one lying before it, and the other behind it; but in practical 
linear perspective, the projection of an original point situated, as 
it were, behind the vertex, is of common occurrence, when the 
principles are applied to interior views, or to the projection of 
shadows. 

38. The last two hypothetical cases of the projection of the 
converging lines into parallel lines, or into lines intersecting above 
the vanishing line, will admit of a certain degree of exemplification 
by real objects. If a large plane triangle D E F be chalked, or 
marked in any way, on the ground, and the spectator 
look at it attentively from any point S out of it, he 
will see it as a triangle, but unlike the original, the 
acute angle D E F would probably appear obtuse; and 
the other two, much more acute than they really are, 
according to the height of his eye above the floor, and 
his distance from the nearest angle F : but if he place himself on 
the point F, that point will of course be unseen by him as long as he 
keeps his eye steady; and since imaginary parallel ordinates between 
the two sides F D, F E, would subtend proportionably greater 
angles at his eye, the nearer they if ere to his foot, or to the angle F, 
the lines D F, E F, instead of appearing to approach each other as 
they really do, would appear to be parallel. If he stood within 
the triangle, these sides would still less appear to converge towards 
him, that is, they would appear to converge from him ; for it is 
clear that if the triangle were sufficiently large, the side D £ might 




148 LINBAR PERSPECTIVB. 

be SO distant as to appear very much smaller than any line, sup- 
posed to be drawn on the floor parallel to D £^ between the other 
two sides, but near to the point where the spectator stood ; yet, 
since D £ will always subtend some angle, unless it were infi- 
nitely distant, D E will always appear as a line, and form one side 
of the triangle, and the other two will appear to approach each 
other, the farther they were extended from him. * 

39. Since lines drawn parallel to the sides of any triangle will 
form triangles similar to the first; if the vanishing points X, Y, Z 
of the three sides of a triangle be given or found, any lines drawn, 
through X, Y and Z will be the projections of parallel lines, and 
will consequently form the projections of triangles, as hik, Imfi, 
similar to the original of d e/, the first triangle. 








Let def be given as the projection of a triangle, Y Z as the 
vanishing line, and A G as the intersecting line of its plane : if 
the situation and distance of the vertex be unknown, the original 
triangle cannot be determined, since die/ may be the projection of 
any number of difierent triangles, to different points taken as ver- 
tices* To determine that original, therefore, one other datum 
must be assumed. Let the original of the point c{, and angle 
y d e be given or assumed. 

Produce Z d, Y e, X e to the intersecting points A, G, and B 
of the original sides ; on A B describe the segment of a circle 
which shall contain the assumed, or given, original of the angle/d e. 
(Prob. 39, p. 69.) From any given or assumed point D, in the arc, 
draw DA, D B, and draw lines from X and Y parallel to D A, 
D B, meeting in V : join V Y : through G draw a line parallel to 
VY, cutting DA inF, and DBinE: then the triangle D E F 
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will be the original of which d efh the projection , V being the 
place of vertex, and hi k^ Imn will be the projections of triangles 
similar to D £ F, which triangles may be found by drawing lines 
parallel to the sides of this last^ or parallel to the radials V X, 
VY, VZ, through the intersecting points, as is shown in the 
figure^ of Imn, the original of which is L M N. 

40. It is obvious that the point D might be taken in the segment 
on A B^ so as to fulfil some other condition relative to the original 
triangle D E F^ as well as that of having an angle F D £ of a given 
magnitude^ or^ if instead of deriving the place of the vertex from the 
assumed position of one point D of the Original of a given image 
def.Y were assumed first; then the points D, E and F would 
be determined by drawing lines from A, B and G parallel to the 
radials V Z, V X, and V Y ; but in either case, hik^ Imn will be 
the projections of triangles similar to D E F. 

41. A similar converse of the perspective problem, or the find- 
ing the original figure, of which a given one shall be the projec- 
tion, is subsequently shown of a parallelogram, since it occasion- 
ally occurs in practice. (See p. 155.) 

42. LetAB, XY be the intersecting 
and vanishing lines as before, and D E .F G 
be a square, the side DE coinciding with 
A B. And since, consequently, D F, 
£ G are perpendicular to A B, the pro- 
jections of these sides will have R, the 
centre of the vanishing line, for their va- 
nishing point, and V R for their tadial. 
(25, Def. 14) 

Make R X equal to R V, then X will 
be the vanishing point, and VX the radial of the diagonal of the 
square : for R VX will be an angle of 45° ; £ X, being therefore 
drawn, will be the indefinite projection of the diagonal £ F, and' a 
line through /parallel to A B will complete the projection of the 
square, since D E and its projections are identical (26). If another 
square, equal to D E F G, were supposed to be situated next to 
it, with its sides in the same lines, D F, E G produced, its image 
or projection is immediately obtained, by drawing g X, cutting 
D R in /', and /' g' being drawn parallel to A B, will be the projec- 
tion of the farther side from the vertex of this second square. 
Again,' if jf' X were drawn, another image of another equal square 
would be obtained, for the two sides of the originals being in the 
same lines as D F, £ G ; D R, E R will be their common projec- 
tions, and since the diagonals of such a series of original squares 
thus situated would be parallel, X will be the common vanishing 
point of them all. 

If E L, L M, &c., be made equal to D E, then L R, M R, &c., 
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being (Irawa, tlwy will be the projectioDs of the lidss of sqinies 
equal to the first, «nd L X, M X, &c„ will ba the diagonnls. And 
the projection of ah original consitting of equal squares will be 
produced, such as the squares of n chess-board or a marble pave- 
mtnU 

These images of the same or equal squares, it wiU be now seen, 
are very different, according to the situation of the respective 
original square with reference to the vertex, and these images 
become smaller and soiBller as those originala are farther and 
farther from that vertex. (See observ. pp. 137> 138.) 

In the annexed figure, the squares are represented placed 
obliquely to the intersecting Une ; 
while this, the vanishing line and 
distance of the vertex remain 
unaltered, the projections are 
obtained by the vanishing points 
X, Y, of the sides, and the vanish- 
ing point R of the diagonals. 
Here the same or equal squares are 
projected into very unequal and 
dissimilar trapeziums, which are 
all, nevertheless, correct images 
of the same equal squares, ax 

these would appear to an eye placed at the perpendicular dis- 
tance of V from the plane of projection, or from the paper which 
represents it, the original squares being in the respective positions 
indicated by the squares D E FG, &c., he. 

Since the figure consisting of the original squares may be sup- 
posed indefinitely extended in every direction by the application 
of new squares ; some of these would lie behind the station line, 
and consequently would have their images above the vanishing 
line XY; the projections of such squares will be obtained by 
producing the lines E X, E Y, &c., and the trapeziums thus pro- 
duced will be still more unlike the original, yet are nevertheless 
correct projections, or correct sections of the pyramids of rays 
proceeding from the points of equal squares to a common vertex 
at V, by a plane of projection intersecting the plane of those 
squares in A B. 

The projections of right lines have hitherto been considered 
without any reference to their relative magnitude to the originals: 
but several prineiples of practical utility are deducible from 
these relations, which renders it necessary, before proceeding 
farther, to enter into «ome explanation of them. 

43. Let A B be any finite right line, situated in a plane, 
panllol to the plane of projection ; V the vertex, and V C the 
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distance ^ the vertex (Def* 7.)» and let 
V C prodaced meet the original plane in 
D : V D will be also perpendicular to this 
plane. (Geom. IV. § 2, Pr. 11.) Then a 6, 
the projection of A B, will be in the same 
proportion to AB, that VC is to V D ; what- 
ever may be their relative lengths ; or how- 
ever the plane of projection may he situated with respect to the 
vertex and original plane. 

For draw a C, 6 C, and AD, BD ; then the planes being parallel , 
the sides of the triangles ab C, ABD, will be r^pectively parallel^ 
or the triangles will be similar, and the triangles Va C, V A D, will 
be similar, as will also the triangles V a 6, V A B, therefore, 
AB : a6 ;: VA : Va«and VJ):VC::VA:V<3t, consequently 
AB :a6::VD: VC. 

44. If the original line were divided into two or more segiQents 
in any proportion to each other, or to the whole line, by any 
point or points as at E, th^ projection e, of E^ will divide the 
image a 6 in the same proportion as the original is divided by E 
(Geom. II. § 4. Pr, 30.), for each segment of the image is to the 
corresponding segment of the original line as V C to V D, 

45. And since the lengths of V C, V D will remain always 
the same, wherever the vertex may be situated in the vertical 
plane (Def. 3.), as long as the three planes remain unaltered in 
their relative distances, the projection ab will remain of th^ 
same length, wherever V may be in the vertical plane ; though 
the position" of a & in the plane of projection will of course vary 
as V varies. 

From these theorems the reason is obvious why the projection 
of a right line figure, the plane of which is parallel to the plane of 
projection, is always similar to the original ; and from the last it 
appears that that projection will be of the same magnitude, 
wherever the vertex may be situated in the same vertical plane ; 
because on this supposition the sides of the projection will be of 
the same length in every position of V; and they will always be 
in the same proportion to the sides of the original figure that 
the distance of the vertical plane from the plane of projection, 
bears to the distance of the vertical plane from that of the 
figure. 

46. If the plane of projection lie between the vertex and the 
original^ the projection of a right line, or of a right line figure, 
will be l€99 than the original ; V C. being less than VD. If the 
plane of projection were beyond the original,, or this be supposed/ 
between it and the vertex, then the projection will be greater 
than the original, for in this case V C woulfl be greater than 
VD. And if VC w«^ equal to V D, the image and the 
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original would be equal ; this can only happen when the original 
plane either coincides with the plane of projection^ or when the 
vertical plane is at equal distances between both. 

47. But it is also clear that, in the first two cases, that is 
supposing the plane of projection and the original plane to lie 
on the same side of the vertex, that the farther from the former 
the vertical plane is, the more nearly will the projection approach 
in magnitude to the original ; for in this case the more nearly 
will the ratio of V C to V D approximate to a ratio of equaUty : and 
if V C were infinite, or the vertex were at an infinite distance 
from the plane of projection, then V C and V D would be 
equal, both being infinite, and consequently the projection of 
the line or figure would be equal to the original. 

This theorem will be hereafter, alluded to and exemplified 
when orthographic projection is explained. 

48. Let A, o, be tlie in- 
tersecting and station points 
of an original line A S : 
VX its radial (Def. II.); X 
its vanishing point, b the 
projection of a point B situ- 
ated any where in A S. 
Then the distance of 6 from 
X will be to the distance of 
6 from A, in the same ratio 
that X V is to A B. 

For V X being parall^ to A S, the triangles X V 6, A B fr 
formed by these lines and the ray from. B are always similar, 
(Geom. 1. Pr. 15.) (Geom. II. § 14. Pr. 31) and consequently 
6 X : 6 A : : VX : B A, whether the original point be at B, B' or B". 

Hence, if in a construction, an original point in a line jies so 
far from its intersecting pointy that it does not fall within the 
limits, of the paper or drawing board, so that the ray cannot 
be drawn from it to the vertex, by which its projection can be 
determined ; its image 6 may be found by dividing A X, either 
internally or externally, in the ratio of the radial V X of the 
original line, to B A, the distance of the given point from the 
intersecting point of the line, this latter being known. 

49. Since the truth of the last proposition is totally independent 
of the angle at which the original plane is inclined to the plane of 
projection and vertical plane ; it follows that, as long as the 
radial V X, the vertical V S, and the original point B, remain the 
same, the projection A X of the original line will be cut in the 
same point h by the ray from B, however the angle B A X or 
B S V may be varied by the planes turning round on the 
intersecting and station lines, provided they are always parallel ; 
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thus if they were revolved till S V^ A X come into the positibn 
S VV A X', the point V in AX' would be at the same distance 
from the intersecting and vanishing points tl\at b was ; because 
V X and B A remain unchanged. 

50. If an original finite line A D be 
bisected by a point B, the projection of 
the line, included between the vanishing 
point X and a, the farthest image of one 
extremity of the line, will be harmonically 
divided by the images 6, d of the other 
two points ; that isa&:6c{::aX:dX. For the three rays 
from the points, and the radial of the line, form harmonical lines 
(Geom. II. §6.), by which the projection a X of the line is 
therefore harmonically divided (Geom. II. § 6. Pr. 49.) This 
property affords a practical rule of frequent application ; for the 
image a 6 of a finite line may be perspectively * bisected by 
dividing the distance between the extremity a, and the vanishing 
point harmonically, in a fourth point 6, (Prob. 15. p. 37.) ; the 
point b so formed will be the projection of a point B which 
bisects the original line.* 

And so also, if the image of a finite line ss aborbd were given, 
another point d or a may be found, which will, be the projection 
of a point D, or A, cutting off another segment of the original line 
equal to the former. 

Hence the images a, b, dj e, /, SxCy &c., of points in an original 
line which is divided by those originals into equal parts ; form an 
harmonical progression with the whole indefinite image of the 
line to its vanishing point ; that is if a 6, a d, a X ; b d,b e^ bH i 
d e, dfy d X, &c., &c., be harmonical progressionals, the 
original points will be at equal distances from each other in the 
origina) line. 

51. And since the vertical of any original line (Def. 15^) is 
parallel, to its projection (28) ; if any segment of that projection, as 
ad, is geometrically bisected by a point b, the original line 
between its station point S and the further original point of the 
given segment, as D, will be harmonically divided by the originals 
of the other points, that is S D is harmonically divided in A and B, 

This is obvious from the preceding demonstration. 

52. The same mode of proceeding, by which the projections 
of the square were obtained in the last example, is applicable to 
any parallelogram ; but for the sake of illustrating the practical 
use of some of the foregoing principles, another example of such 
a figure will be given. 

* The image of a finite line is said to be pertpectlvely bisected by a point, when the 
ori^nal of that point geometrically bisectti the original line ; when this species of 
bisection is not meant, the bisection of an image of a line is called a geometrical 
bisection if the two parts are equal to each other. 
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T^ original plana of the figure P QRS is em|doyed ta this 
case instead of the plane of projection ; A B being tha ioter- 
secti&g line, and V the point where the perpendicular from the 
vertex meets the station line L O ; V V being the distance of tho 
vertex from the station liae, laid down on the orinnal plane. 
Produce PQ. RS,RP, aad 
S Q, to their stattoa poinh 
M, 0, L and N, and draw 
VL.VM.VN, VO: these 
lines will be the verticals 
(Def. 15.) of the original 
lines, and will consequently 
be parallel to the projections 
of those lines (26) ; if, there- 
fore, lines be drawn through the intersecting points D, E, and Q, 
parallel to V L, V O, V M and V N, they wilt he the projections ; 
and the trapezium pQr a formed by them will be the projection 
of the original figure ; the plane of projection being supposed 
turned down on the original plane. 

Since A B and L O are parallel, D Q is equal to L N, and Q E 
is equal to M O, consequently the triangles D Y Q, L V N will 
be equal and similar, as will also be the triangles Q X E, M V O ; 
in consequence, therefore, of the common vertex V of the two 
triangles, the vertices X, Y, of the two which are equal to M V d 
LVN, must be in a line parallel to A B, and at the same dis- 
tance from it that V is from L V ; (Geom. 1. Prop. 27.) Y X is 
therefore the vanishing line of the original plane, and these points, 
the vanishing points of the parallel sides of the parallelogram ; 
and the projection j>Qrsobtained by this construction is the 
same figure, as if it had been found at once by means of those 
vanishing points. 

Let P Q, R S be bisected by the line T v, parallel to P R, then 
the projection of T v may be found by dividing the image Q X 
harmonically in the point v (Prob. 15. p. 37.) and v Y being 
joined, it will give the line t v. 

It has been shown (49) that the points i, t and r, in E X, and the 
points p and v in Q X, wiU always be the same, whatever angle the 
plane of projection and vertical plane may make with the original 
plane, provided 'the tntersecltng and vanithing linei, the station 
Iin« and parallel of the vertex, remain the same ; and as this 
applies equally to the projections of all the points of an original 
figure, it follows that the projection of that figure will be the 
same, under the same conditions. The truth of this principle ia 
also confirmed by the preceding construction, where no alteration 
of the angle of the planes would have affected the result, that 
angle not being in any way employed. 
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This might appear to contradict what was before remarked 
(p. 138) on the circumstance of very different figures being pro- 
duced by the sections of the same pyramids of rays^ supposing 
the original and the vertex to remain constant, and the plane 
of projection to form various angles with the plane of that 
original ; but it must be recollected, that if the original plane and 
vertex are supposed to preserve the same relative .situations, all 
changes of position of the plane of projection, and consequently of 
the vertical plane*, will produce very different intersectina and 
station linies with respect to that vertex^ and that^ consequently, the 
lengths of the radials and verticals of the original lines will vary, 
as will also the distances between the intersecting points of those 
lines and the points of the original figure : while in the present 
supposition, all these lines and distances remain the same ; and 
by the change of the angle of inclination of the plane of projection 
and vertical plane to the original plane, the relative distances 
of the vertex and the original figure are alone altered^ this being 
precisely the converse of the former conditions. ' 

This practical construction of the projection of an original 
figure, by means of the intersecting points and verticals, is not 
so oflen used, as that by means of the intersecting and vanishing 
points; because a line cannot be so accurately drawn from a 
point, parallel to another, or making the same angle as that 
other does with a third line, as it can be drawn through two 
points ; but there are occasions on which it may be successfully 
employed in combination with the more usual method. 

The converse of this problem, the finding the original pa- 
rallelogram of which a given 
quadrilateral is the projec- 
tion, is frequently required. 

Let Abcdbe given, to find 
the situation and distance of 
the vertex, so that A bed 
shall be the projection of a 
square. Produce the oppo- 
site sides till they meet in the 
points X and Y^ join X Y, 
draw and produce the diagonals of the figure to cut X Y in 
W and Z. On X Y and W Z describe semicircles cutting each 
other in V, then V will be the vertex, and V R perpendicular to 
W Y, the principal radial of the original plane. If a line be 
drawn through A parallel to the vanishing line, it will be the 
intersecting line of the plane, and the length of the side of the 

* Thou||li the point of i\xe vertex ia supposed fixed, ^ vertical plane passing 
through it must vary as the plane of projection varies, when this latter changes its 
angle of inclination to the original plane; 
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sqaare may be found on it, by setting either radial V X or V Y, 
from the vanishing pointy along the vanishing line, a line drawn 
from the point thus marked through b or c, which will give the 
required side on the intersecting line. (33. p. 145.) 

If the given figure were to represent a parallelogram, not 
rectangular^ segments of circles must he described on the dis* 
tances between the vanishing points, which shall contain the 
angles, the sides and diagonals of the proposed original are 
to form. 

If two sides of the given projection are parallel, the vanishing 
line must be drawn parallel to them, through the point in which 
the other two sides meet; and this point will be the centre of 
that vanishing line if the original is to be a rectangle (Def. 14.). 

If the given projection be itself a parallelogram, the original 
must be parallel to the plane of it, and similar to it. 

53. Let a 6 be the projection of a finite line, on which it 
is required to describe that of a regular pentagon ; V X being the 
radial of A B, the original line. Draw the radial V Z to form an 
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angle of 108** with V X, then Z will be the vanishing point of 
the side a e (25) : set the length of the radial X V, from X along 
the vanishing line to x, and draw xb produced to cut the 
intersecting line in V ; then a V will be the length of the side of 
the polygon (33) ; make a e' equal to a 6' ; draw e' v to v, Z d being 
the length of the radial set along the vanishing line ; ev will cut 
aZ in e, the extremity of the side a e. Draw the radials V W, 
V Y, to divide the angle X V Z into three equal angles of 36^ 
each ; then by drawing a Y, 6 Y, e X, a W and « W ; the in- 
tersection of these lines will complete the figure abcde. If 
the drawing board will not admit of the vanishing point Z or X 
falling within it, the points c and d can be found by the vanishing 
points W and Y, and then by constructing the projections of the 
sides of the triangles adj ce, ac^ the point e can be obtained. 
It is very seldom that all five vanishing points will come on the 
board : in the present example, the side cdis drawn from c to li 
found by other means, its vanishing point being too remote^ as 
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the direction of its radial YS indicates; the radials of the 
perpendiculars from the angles of the polygon^ bisecting each op- 
posite side, may also be employed for finding the points^ when 
any of the vanishing points are inaccessible. Thus if a £ were 
perspectively bisected by a perpendicular, this would assist in de- 
termining the point d, and the same of any other side. The 
vanishing point of such a perspective perpendicular is found by 
drawing its radial perpendicular to X v^ for example in the case 
of a bj the radial of the side. 

Let P 9 be given^ or obtained, as the projection of one side of a 
regular octagon, and let V X be its radial ; draw V W at right 
angles to V X for the radial of the sides of a square on P q^ and 
VY, VZ for those of its diagonals, VY bisecting the angle 
X V W, and V Z, perpendicular to V Y, Complete the projec- 
tion of the square as shown in the figure, producing the diagonals 
indefinitely: make Xx equal to the radial X V^ draw a line from 
X, through q^ to cut A B^ the intersecting line^ in m : then P m 
is the length of the side P Q '^of the polygon (33). Make m n 
at right angles to A B, equal 
to Pwi, and join P n, which 
will be equal to the diagonal 
of the square on P Q ; make 
V Of ml, each equal to half 
this diagonal P n, then I x^ 
X being drawn, will cut 
P a Xf in e and d ; and e W 
d W will be the indefinite pro- 
jections of the sides of the 
octagon which are at right 
angles to P Q. The projection 
of the diagonals of the square 
on P q, will cut these sides 
in one extremity, as « and v ; and QY^ PZ being drawn will 
give the intermediate sides: the completion of the figure re- 
quires no explanation (See Prob. 35. p. 62, § 6.). 

The projections of the various lines which would verify and 
assist the construction of the plane figure; will verify and 
assist the construction of its projection. 

In these two last examples the projected sides of the polygons 
might of course have been obtained from the originals instead of 
being assumed, but the subsequent proceedings would be the 
same* 

These examples will be sufficient to explain the mode of 
obtaining the projection of any plane right line figure^ as the 
same principles are generally applicable. 

* That ill of the original tide of which P 9 if the projection. 
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And as ftU plane sdlklft cbnsUt of such figares, fhd pmjectton of 
such a solid may be obtained by repeating the same Con8tructtonfl(» 
if the intersecting and vanishing lines of the different planes of 
it are previonsly found ; the manner of doing this is Wiiat must 
next be explained. 

But the learner may be assured that unless be mi^kd himself 
thoroughly master of these elementary principles, he never Can 
practically apply them ; for no precept^ illustrated by one example 
only^ can be made applicable to all the combinations of lines 
and planes which may occur in practical perspective. 
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§ OF THE VANISHING LINES OF ORIGINAL 
PLANES. 

54. Let AB be the intersecting line of any original plane, 
given or assumed, as before ; let C be the 
centre of the picture, and Y R the principal 
radial of the plane (A B) (32). 

A second origiDal plane may have three 
positions with regard to (A B). 

I. If it be parallel to it ; it can have no 
intersection with (AB) but its intersecting 
line * will be parallel to A B, and it will have 
the same vanishing line, and the dihedral 
angle formed by this second plane and the 
plane of projection will be equal to that 
formed by (AB) and the plane of projectionf 
which is the plane angle C B V (32). 

Consequently, to find the intersecting line of such a plane, it is 
only necessary to draw a line parallel to V R, at the same 
per^>endiciiiar distance from it, that the two planes are from each 
other ; and through the point E, where this parallel cuts C R, 
8 line parallel to A B will be the intersecting line required. 

II. If the second plane be perpendiculfur to (A B) ; its van- 
ishing line will pass through the vanishing point of all lines 
perpendicular to (A B ) ; because all such lines will lie, either in 
the required plane, or in planes parallel to it and therefore equally 
perpendicular to (A B), and which will therefore have a common 
vanishing line in which that vanishing point must be situated. 
(18 p. 131.) 

Let V R be the principal radial of the plane (A B) then 

V O perpendicular to V R, and 
consequently to the plane, will be 
the tadt^ of all lines perpendicular 
to (^A B), V O will cut the plane of 
projection in C R produced; because 

V R, V C and V O all lie in one plane 
which is perpendicular both to (AB) 
and to the jAaae of projection, and 
whichcuts theiatter inCR. TofindS, 
where V O cuts CR, draw VS perpendi- 
cular to VR (iafig. 1), and S where 
it meets C R produced, will be the 

• The wader amrt recollect that the MenecHttg fine of a plane, alwavi mea 
inteneetioa with the plane of pTfg'fclKn, the iatmectioa of one ori^n 1 pUoe 
wiother ii umf\j termed iti inteTtection ; he nnul not confouail these tenns. 
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vanishing point of all lines perpendicular to (A B) : F^r the 
triangle V R S in figure 2, being turned round on its side R S ; 
will be the triangle V R S in fig. 1, brought into the plane of 
projection*. 

Let L M {fi^. 2.) be the intersection of the second plane with 
(A B) ; and N the point where L M cuts A B, consequently the 
intersecting line of the plane (L M) will pass through N. Let P Q 
(perpendicular to the plane A B) be the intersection of the plane 
(L M), with the plane passing through V R, V S, for these two 
planes being both perpendicular to the plane (A 6) their inter- 
section P Q will be also perpendicular to the same plane (Geom. 
IV. § 2, Pr. 18, Cor. 2.) and the point Q where P Q meets the plane 
of projection will also be a point in the intersecting line of the plane 
(L M), consequently N Q will be that intersecting line. To find 
the point Q, it is only necessary to construct the triangle D P Q 
supposing it turned down on the first original plane^ and then 
brought with this into the plane of projection ; in this triangle the 
angle P D Q is that at which the plane of projection and the 
plane (A B) are inclined to each other and is therefore given. 

Let L M {Jig. 1.) be the intersection given or assumed of the 
second original plane with (A B) and which is supposed to be 
perpendicular to (A B), let P be the point in which L M cuts R S, 
or Q D, draw P Q' perpendicular to R S, or parallel to A B ; 
and make the angle P D Q' equal to that formed by the plane of 
projection and the plane (AB)^ make D Q equal to D Q'; then 
a line through N and Q will be the intersecting line of the 
plane L M : and, therefore, a line through S parallel to N Q will 
be the vanishing line of the Plane (LM). 

If the plane (L M) were also perpendicular to the plane of pro- 
jection, its intersection L M with (A B) would be parallel to R S, 
and consequently R S would be its vanishing line, for RS is the 
intersection of a plane vertical both to the plane (AB) and to 
the plane of projection ; and consequently parallel to (L M) and 
is therefore the vanishing plane of (L M)« 

If the intersection L M of the second plane be parallel to A B, 
then its intersecting line would be parallel to A B (Geom. IV. 
§ 1. Pr. 10, Cor. 1.) and is found by constructing the angle P D Q' 
as before, equal to the angle of the plane (A B) with the plane of 
projection, D Q being made equal to D' Q^ a line through Q parallel 
to A B will be the intersecting line of the plane (LM) sought. 

For if the two planes (A B) and (L M) be cut by a third which 

* The learner mustfamiliarisEe himself with the correct idea of the effect of turning 
planes round on their common intersectionsi so as to bring them to coincide in one 
plane; all the constructions of linear perspective require this proceeding. A few 
pieces of card board, to place in different positions, will materially assist a beginner to 
form correct conceptions on this subject. 
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is also perpendicul&r to them unci to the plane of projection, it will 
obviously form a triangle to whicli D P Q' is equal ; supposing 
it turned down on the side DP; and first brought into the plane 
(A B) and then brought with this into the plane of projection by 
the revolution of (AB) on AB. This will be easily understood 
by referring to the preceding figure. 

The vanishing line of (LM) is in this case a line drawn 
through S parallel to A B, and therefore parallel to the tnfer- 
aec/ing line N Q of the plane (LM). 

These constructions will, in both cases, be greatly simplified, if the 
first original plane (A B) be perpendicular to the plane of projec- 
tion instead of inclined to it, as it has hitherto beea supposed 
to be. 

LetAB be the intersecting line of this original plane, (AB,) 
supposed perpendicular to the plane of 
projection ; then its vanishmg line will 
pass through C the centre of the picture 
(21.), and will be parallel to AB ; now 
as all lines perpendicular to the plane 
(A B) will b^ parallel to the plane of 
projection, these lines can have no 
vanishing point; or the point S will 
be at an infinite distance from C (or R ; 
see last figs.) ; for (he radial, V S, of such lines, will be also parallel 
to the plane of projection, and can consequently never meet it. 

Let L M be the intersection of » second plane with (A B) as 
before, then V Y drawn through V parallel to L M, will be the 
radial of it, and Y will be its vanishing point ; this second plane 
(L M) being supposed perpendicular to (A B), its intersectiTiQ line 
will be perpendicular to A B (Geom. IV. § 2. Pr. IB), and is there- 
fore a line passing through N parallel to C V, or perpendicular to 
A B : and a line through Y also parallel to C V or perpendicular to 
AB, will be the vanishing line of the plane (LM). If the inter- 
section L M be parallel to A B, the plane 
(LM) supposed perpendicular to (AB), 
will be parallel to the plane of projection ; 
and can consequently have neither inter- 
secting nor vanishing line (1. and 23.). 

III. If the second plane (LM) be not 
perpendicular to the plane (A B), its vanith- 
ing line cannot pass through S, the vanish- 
ing point of lines perpendicular to (A B) ; 
because no line in (L M) can be perpen- 
dicular to (A B), and consequently no line 
in it can have S for a vanishing point. 
. Let L M be the intersection of the 
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second pl&ne^ which is supposed to be inclined to the plane 

(AB), at any given or known angle: frotn any point P*^ in 

LM« draw PD^PQ, perpendicular and parallel to AB> and 

make the angle P D Q equal to CRY, or to the togle, which 

the plane (A B) makes with the plane of projection ; let the 

line D Q cut. the perpendicular from P in 

Q. Make P O, in L M, equal to P Q ; 

and through O and P draw lines per* 

pendicular to L M ; make the angle T P X 

equal to that which the second plane (L M) 

makes with (A B) ; let the line P X meet 

O X in X ; make D Q' equal to D Q» 

and draw Q' Y parallel to A B ; make 

Y Q' X' equal to the angle D P N, or to the 

complement of D N P, and make Q'^X' equal to O X, drftw XT 

perpendicular to Q' X' cutting QT in Y, then a Une drawn through 

N and Y will be the intersecting line of the plane (LM). ' 

In fig. 2, these differept planes and lines are shown in theii* 
relative situations, which will render the construction in fig. 1| 
where they are brought into one plane, sufficiently clear> the 
points being marked in each with the same letters. 

The next step, previous to finding the vanishing line of (L M), 
is to ascertain the real angle this plane makes with the plane of 
projection. For this purpose draw P F perpendicular to L M, 
and make it equal to P Xf ; through F draw F Z parallel to 
LM and make it equal to X'Y, join NZ; the quadhlateral 
P F N Z will be part of the plane VL M) turned round on its in- 
tersection LM, and the side N Z is its intersectim line N Y 
brought by this into the plane (A B) ; the angle Z N M being 
the angle made by the intersection LM, and the intersecting 
line NY. (See fig, 2.) Make the angle YNp equal to 
Z N My and make N p equal to N P ; draw p r perpendicular to 
N Y, cutting it in q and A B in r, join P r^ make r$,Ps equal to 
rq.pq respectively, then the angle r sr, or its supplement, is equal 
to the angle which the plane L M makes with the plane ofprojec* 
ti(ml. 

* P is taken in the line R S for the sake of simplifying the figure ; but it will be 
seen from the construction that it ihight be taken anywhere in L M at pleasure. 

t That is, if the same point P is made use of, as in 'the last figure ; but if any other 
point P is taken in L M, then P D must be drawn at right angles to A B, the angle 
P D Q being made, as before, equal to the inclination of the plane (A B) with the 
plane of projection ; and .the perpendicular must be drawn to meet the line D Q. The 
rest of the construction by which T is found will be entirely changed $ it will be better 
therefore to take P, so as to serve for both parts of the probleuL 

X The learner is advised to draw the figure conectly to a large scale, on a piece of, 
card board ; and to cut out of another piece the triangles P D Q, P X T, and the 
quadrilateral PN F Z ; then by setting these pieces to stand on the lines PD, t^ T, 
wd PN, bringing the points Q^ X and F to niNty he will perceiTS the printipte of tb« 
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The vanishing line is drawti through o pftfalM to NY by thd 
construction before given (32.)f mfJcing the ftngle CY o equal to 
the complement ofFsr just found. 

If the intersection LM were per- 
pendicular to A B, which it would be 
if the plane were perpendicular to the 
plane of projection^ then the points 
N and D would coincide; conse* 
quently N Q' being made equal to 
N 'Q. Q' Y drawn parallel to A B, and 
equal to OX, will give the point Y 
at once for the intersecting line N Y, 
and a line through C parallel to NY will be the vanishing 
Une (21). 

If LM were parallel to AB, let P be any point in LM^ and 
make P D perpendicular to A B ; 
make the angle P D-H equal to the 
angle formed by the plane of projec- 
tion, and the plane (A B), ana make 
the angle D P H equal to that 
formed by the two planes (A B) and 
(LM); make DQ, in DP pro- 
duced^ equal to D H, then a line 
through Q, parallel to A B, will be 
the intersecting line of L M* 

The vanishing line is found, as 
before, by making C V O equal to 
the complement of D H P^ the angle formed by the plane (L M) 
and the plane of projection. If the plane (L M) were parallel to 
the plane of projection* the angles D P H, P D H would be 
together equal to two right angles (Geom. IV. § 2. Pr. 17. 2» 
in Scho.) ; and the lines D H^ P H, would consequently be 
parallel^ the plane (L M) having in this case neither intersecting 
nor vanishing line< 

If the first plane (A B) be perpendicular to the plane of projec-* 
tion, and L M be the intersection of the second plane with (A B)^ 
from any point D» in A B> draw D P, D Q perpendicular and 
parallel to LM ; make the angle D P Q equal to that formed by 

constructicfn iii the text He will also see that the constiuetioii for finding the angto 
the plane (L M) makes with the plane of prqjeetioni U founded on the pnnciple of an 
auxiliary plane being supposed to pass through a line P r, perpendicular to both 
planes, cutting the plane of projection in r a, and the plane (L M) inqp; and as this 
auxiliary plane mast be perpendicular to N T, the common intersectloii of the two 
planes, qr^ qp will be brought into one straight line by the levolution of the one 
plane on that intersection. This auxiliary plane wiU| by its intersections with the two 
others, measure the angle ; and the triangle P « r, ill the portion of this auxiliary plane 
included between the two in quektioOi aad tbs fifft pUne (A B) turned rotind OH F f* 
tiUitooiaadfliwitb(AB)< 

m2 
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die two planes (L M) (AB). Make D Q' perpendicalarto A B, 
and equal to D Q, then NQ', drawn through the intersecting point 




N and .Q^ will be the intersecting line of the second plane ; and 
a line through X the vanishing point of LM^ parallel to N Q', will 
be the vanishing line sought. 

In all the preceding constructions^ for finding the intersecting 
and vanishing lines of planes, inclined in all directions to the 
plane of projection, many abridgments of the processes will 
suggest themselves to the student when applying them under 
different conditions. 

By some one of the foregoing constructions, the intersecting 
and vanishing line of any plane can be founds whatever may be 
its relative position to some other original plane, and to the plane 
of projection : therefore the vanishing lines of the various planes 
which constitute any geometrical solid^ considered as an original 
object, may be determined ; and the intersections of these vanish- 
ing lines will be the vanishing points of the intersections of the 
original planes respectively. For the angles which the planes of 
such a solid make with each other are known ^ or given, from 
the properties of the figure; and the plane of projection is taken 
according to the circumstances of the case, either parallel, perpen- 
dicular to, or making some determined angle with, anyone or more 
of these planes : therefore from these data the foregoing construc- 
tions could be applied to find the vanishing lines and points of the 
planes and lines constituting the outline or contour of the object. 
But when the original solid consists of many planes at oblique 
angles to each other, the repeated application of these problems 
would cause such a confusion and multiplicity of lines on the 
drawing, as would render the delineation of the projection of such 
a figure practically useless : to obviate this, the constructions are 
only made use of for one or two of the principal planes, and the 
rest of the lines of the original are projected by the application of 
other methods which simplify and shorten the operation; and 
since the plane of projection, in by far the greater number of 
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cases, can be taken either parallel or perpendicular to some of the 
principal planes^ the vanishing lines of which must be determined^ 
the simpler constructions only are generally required. Thus prac- 
tical perspective becomes much easier and readier of application 
than the student might have been led to imagine from the preced- 
ing investigations. 

A mode of obtaining the perspective projection of a solid, so 
situated with respect to some original plane, or to the plane of 
projection^ that it would require the application of several com- 
plicated constructions in order to find its vanishing lines and 
points, must be explained before proceeding to any practical 
examples of the foregoing principles ; because^ though the method 
in question is never employed alone, for the purpose of obtaining 
the perspective projection of an object, yet the principle of it, 
combined with others^ is applied in almost all constructions for 
that purpose. 

Let the original solid, for example, be an octohedron PQ RS, 
so situated that all its faces are oblique to a given plane of pro- 
jection, A B C D. The projection of the solid on any plane^ by 
parallel lines perpendicular to this plane, or the plan* of it on that 
plane, is easily determined ; and if two such auxiliary planes ABE; 
B D F, be assumed vertical to the plane of projection, the parallel 
lines by which the projections P QRS, pars of PQRS, on 
them are determined^ .will necessarily be parallel to A B C D. If 
P QRS^p qrshe considered as original objects, their perspective 
projections on A B C D, with reference to the given vertex v, be- 




ing first obtained, parallel lines from the various points of these 
projections being drawn on the plane of projection, will obviously 

* The explanation of what a plan is, wiU be found tnbsequently, under Ortho- 
oRAPHio Projection. 
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by their respeottve interaections determine the correiponding 
pBTip^eHve projeeHons on A B C D of the original points of the 
octohedron : for these lines are the perspective projections of the 
parallel lineg, by means of which the plans PQR S^pqrs were 
determined ; and which proceeding from the points of the octo* 
hedron, to those projections, will be represented on ABCD l^ 
the lines drawn from the points of the perspective images of those 
projections*. Since, as has been mentioned^ this mode of ob« 
taining the image of an original solid is never employed alone* 
from its liability to inaccuracy^ it will not be necessary to give 
a practical example of it here^ as its useful application in abridg-^ 
ing the operations of perspective will be shewn soon, and the 
principle will be sufficiently obvious from the figuref, in which 
the raye determining the perspective projections of the original 
solid, as well as of its projections by parallels P p,Ql q, &c., PP, 
Q Q, &c., are drawn. 

* Before ifa« tioM of Dr. Bfook Ttyloff this was the method chiefly employed by 
artists. See '' Vignola's work on Perspective." 

f In looking at the figure, the reader must recollect that the supposed projections 
on the plane A B C D are the figures the solid and its two planes would present to the 
eye at V ; and therefore are very difiereot to that which the reader, considered as 
another spectator, would see th>m under : the solid itself is represented by a true pro- 
jection to a point, from which the reader may be supposed to view it. Ae same re- 
marks apply on many occMions to the diagrams in this work. 
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f ON THE PERSPECTIVE PROJECTIONS OF 
GEOMETRICAL SOLIDS. 

Fpr the sake of illustrating thp practical application of the fore- 
going theorems, relating to the projections of %ures and solids^ 
consisting of right lines . and planes^ the mode of obtaining the 
perspective image of a tetrahedron will be now given at length. 

The situation and distance of the vertex and plane of projec- 
tion, with relation to the object, may be assumed at pleasure, 
being deterijained on, as has J>een before mentioned, from other 
considerations, foreign to the subject considered purely geome- 
trically. 

A line, AB, (Plate 1., Fig 1.) being drawn any where on the 
paper, for the intersecting line of the plana of the triangle D E F, 
one side of the tetrahedron"^, let a point, C, be assumed as the 
centre of the picture, from which as a centre, with a radius equal 
to the distance of the vertex, describe a circle, V M : let the plane 
(A B) be supposed inclined to the plane of projection at an angle 
of 70° ; draw the radius C V parallel to A B, and make the angle 
C V R equal to 20°, (32. p. 143,) the line V R cutting C R, drawn 
at right angles to A B, in R ; therefore a line drawn through R, 
parallel to A B, is the vanishing line of the plane of D E F. 

Make RV, in RC, equal to RVf, and from V draw the 
radials of the sides of the triangle D E F, to make the same angles 
with each other, namely 60°, that the originals do ; and to make 
the same angles with the parallel of the vertex that those 
originals make with A B (25. p. 131.). In doing this, the stu- 
dent must be very careful in constructing these angles on the 
proper side of R V ; because, from the position of that line with 
reference to A3, these radials will not, in this case, be parallel 
to the originals, as they would if R V had been set off, as is com- 
monly done, on the opposite side of the vanishing line to the 
intersecting line ; but when one of these radials, as V Y, is cor- 
rectly detern^ined from this consideration, the other two may be 

* It must be remembered that a tetrahedron is a regular solid, bounded by four 
equal and equilateral trianeles ; and consequently if one of the triangles be given, 
it determines the whoi^ %ure. The same remark applies to the other regular 
solids. 

t It will be readily seen, that it is immaterial on which side of the vanishing line 
Hie vanithing plane of any original plane is supposed to be turned down on the plane 
of projection : in practice, when, from the size of the construction, there is not room 
on the board for it ta be supposed turned down on the other side from the intersect- 
ing line, as has hifo^rto bee^ t^e fW. the proceeding in the text and diagram ig 
frequently adopted* r 
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drawn one on each side of it» and making an angle of 60^ with 
it, and all three will, if produced, cut the vanishing line in the 
vanishing points of the sides of D E F. (18. p. 131.) 

It will most frequently happen that one of the vanishing 
points (Z) will be at such a distance as not to fall within the 
board or paper, from the side of the given triangle, to which such 
vanishing point belongs, forming too acute an angle with A B 
(25.) : in this case, the projection of that side must be either 
drawn through the projections d, /, of it& two extremities, 
found as points in the other sides ; or, if accuracy is required, 
one of these projections being correctly determined, the projection 
of the required side must be drawn through it, as tending to an 
inaccessible point, and the point of convergence of two given lines, 
the vanishing line XY, and radial VZ (by Prob. 21. of Pract, 
Plane Geo. p. 41.) 

But even when there is sufficient room for the vanishing point 
to fall within the limits of the drawing board, as the vanishing 
line and radial cut each other obliquely, the point is seldom well 
defined, and it will be better, either to apply the problem alluded 
to, or what is more readily done, to obtain the projections of the 
two extremities of the sides in question, by assuming two new 
original lines parallel to each other, and perpendicular to A B, 
consequently having the centre R for their vanishing point. 
The projections of these accessary lines will, in conjunction with 
the projections of the other sides of the triangle, determine the 
points in the oblique side, correctly enough to enable the student 
to dispense with the vanishing point. 

Another construction, with which the student should be fami* 
liar, and applicable in the case in question, will be found fre- 
quently of use. 

When the radial {V Z) is much longer than the radius of the 
arc* by which the angle R V Z is constructed, the intersection 
of V Z with R Z cannot be trusted to, since a very small error 
in measuring the arc is much magnified in drawing a long secant 
through its extremity. To avoid this, or to verify the construction, 
take R », any aliquot part as half, or a third, &c., of R V, and 
construct the angle at v, draw i; z, then R z will be the same 
part of RZ that R v was taken of R V, and consequently R s 
being set off the proper number of times along R Z will give the 
' point Z more correctly, or will verify it, if previously found. 

It is often advisable to apply this proceeding to a whole series 

* In determining: the principal vanishing points, the angles formed by the radials 
should always, for the sake of accuracy, be measured on the arcs of the largest circle 
that can be conveniently drawn, and never set off by means of a protractor; since 
a slight error in such vanishing points will frequently cause great confusion and 
trouble in the subsequent constructions. 
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of radials> drawn from the point v, and afterwards to double or 
treble the distances from R^ of the points thus found, for the true 
vanishing points. 

It will^ however, be frequently founds that when one side of an 
original polygon is very oblique to the intersecting line, or forms 
an angle with it of less than 10°, the plane of projection might 
have been so taken that that side should be parallelr and all these 
difficulties avoided. 

The projection d efj of the original side of the tetrahedron, 
being obtained by any of these methods, the next proceeding is 
to obtain that of the vertex of it. The point G, in the centre of 
the triangle D E F, is obviously the projection of that vertex on 
the plane of D E F> by a projecting line perpendicular to that 
plane : to find g, the perspective projection of G, or the perspective 
centre of the triangle d ef, draw the radials of the lines E G or 
F G, which radials will of course bisect the angles made by the 
former radials ; and since the student knows this, there will be no 
occasion for finding the original point G at all ; but he will draw 
these secondary radials at once, and thus find the vanishing points 
T, U, of any two of the lines E G, F G, D G, which may be most 
convenient ; then by drawing « T,/U, he obtains, by their inter- 
section, the point g as required. Draw Y S perpendicular to 
y R^ cutting K C in S, which will be the vanishing point of lines 
perpendicular to the plane (A B), (54 Case II. p. 159) ; a line, 
therefore, drawn through S and g, will be the perspective projection 
of a line from the vertex of the solid, perpendicular to the plane 
of the base D E F ; which cuts that plane in the centre of the 
triangle ; and the perspective image of the vertex will of course 
be somewhere in the line S g. 

Draw G P perpendicular to E H from E ; with E F for a radius, 
describe an arc to cut G P in P ; and from H, with H £ for a 
radius, cut the first arc in P more accurately ; join H P, E P ; 
then EPH will be the section of the tetrahedron by a plane 
passing through the arris from E, and through E H, and therefore 
perpendicular to the base ; and G P will be the altitude of the solid, 

A line drawn through S and T will be the vanishing line of the 
plane of the section EPH; for the originals of the lines g S, 
e h, lie in that plane, and S and T are their vanishing points ; 
consequently S T is the vanishing line of that plane. (18. p. 131.) 
Find the centre O^ and principal radial Y" O, of this vanishing 
line, (32.) by the construction shown in dotted lines in the figure ; 
and draw T V" the radial of E H (c A). Make the angle TV" Q 
equal to the angle E H P, V" Q cutting T S in Q ; then Q is the 
vanishing point of the line H P, and a line drawn through A, from 
Q, will be the projection of this line, and will consequently cut 
g 8 in p, the projection of the vertex of the solid. 
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If the angle T V^' L were nmde equal to HEP, then the 
vanishiog point L^* of the line E P^ (ep) of the same section of 
the solid would be found, and e L being drawn, it will also give the 
point 0, and will complete the prcgection of the triangular section 
EHp,{e hp). 

It will occasionally be necessary to apply these constructions to 
find the projection of a corresponding section through another 
angle of the original triangle ; in order to verify the point p, this 
is done in the figure, the line S U being its vanishing line, and 
M the vanishing point of the arris /|>. 

Another mode of finding the projection p of the vertex may be 
employed : produce F G to its intersecting point in A B^ and 
through this point draw the intersecting line of the plane /op, 
parallel to S U, its vanishing line. Make S v' equal to S V', 
and draw f/ g to cut the intersecting line in 1 ; make 1, 2^ equal to 
G P, the height of the solid ; then 2 i/ being drawn, it will cut 
8 g iapt the perspective vertex (33.): p being thus found, lines 
from a, e and / to it will complete the figure^ d efp being the 
projection of the tetrahedron under the given conditions. 

By employing the vanishing lines of the planes of the sections 
E H P, &c., which^ from the property of the solid, are known to be 
perpendicular to the plane of the original face D E F> the compli- 
cated construction of finding the vanishing lines of the other faces 
of the solid which are oblique to the plane (A B), as well as to 
the plane of projection, is avoided f. It is obvious that lines 
dra^p through L and X, L and Y, and through K and Z will be 
these vanishing lines; and that LY will pass through M^ because 
the arris j7 /is common to the two faces ep/ d p/ of which LY, 
K Z are the vanishing lines (18.) ; and for the same reason K Z 
will pass through Q and M. 

If the plane of projection were supposed perpendicakur to the 

I)lane D E F (A B), the vanishing line of this wouki pass through C ; 
at d ef (Fig. 2.) be the projection of the face D E F^ find the 
vanishing points T, V, of the lines passing through e and / and 
the centre g of that face, and produce either of them to its in- 
tersecting point I ; through a and I draw lines perpendicular to 
A Bf and set off from I to K on the one the altitude G P of the 
tetrahedron ; draw K U, or K T, cutting the perpendicular 
through g in p, which will be the perspective projection of the 

* Tha point L is at the top of the pl^ ; aod it most be here obeerFed, that the 
coiocideoce of V" L and K L is accidental, arising from the symmetry of the solid, 
and from its assumed position. 

f It will neverthdess be of use to the student to go fhreug^ these construciieiie, 
by which the principles will be mpre firmly iyipiessed on his memory, and generaJly 
speaking it will be advisable for him to apply all the constructions given in the 
course of tiie work, under different circumstances; and with different data, for the sake 
of the exercise. 
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Vttrtex ; for it is obvious that U I or T I is the projection of the 
intersection of a sectional plane, passing through the vertex of 
the solid, perpendicnlar to the plane (A B)^ with this plane ; and 
since this last is perpendicular to the plane of projection, the inter- 
secting line I K^ of the sectional plane, will be perpendicular 
to A B, (Geom. IV. § 2, Prop. 18.) and its vanishing line will 
be a line through U or T, also perpendicular to A B, or parallel 
to I K : now U I, U K, are the projections of parallel lines, be- 
cause they pass through a common vanishing point U, in the 
vanishing line of the plane in which the originals lie ; consequently 
the segment gpo( a line parallel to I K, and intercepted by 
the projections of these parallels^ will be the projection of a line 
equal to I K, or to the height of the solid, ando h represents the 
perpendicular from the vertex to the base D £ F. 

The plane (A B) being supposed vertical to the plane of pro* 
jection, the vanishing lines of the sides of the solid may be 
easily found, if required, by the last construction in Case III. 
§ 35. p. 14&; for the intersecting lines of the sides being found, the 
vanishing lines are to be drawn parallel to them through the 
vanishing points of the sides D E, E F, D F. 

Since lines parallel to the original arrises respectively will form 
another tetrahedron^ it follows, if lines be drawn through the six 
vanishing points^ in the right order, these will form the projec- 
tion of that other tetrahedron ; for these lines passing through the 
same vanishing points, will represent parallel lines : this is obvi- 
ously an extended application of the principle before mentipned 
(p. 148) relating to a plane triangle. 

The student will now see how much the mode of proceeding 
in obtfiining the projection of a given figure is governed by the 
particular conditions of the case; and that it would be impos- 
sible to give constant rules to be always followed — many notodifi- 
cations of the constructions even arising from the facilities he may 
possess of practically describing the necessary lines: thus if his 
drawing board be large, and his rules long enough, it will be better 
to find remote vanishing points of principal lines; and when he 
does not possess these advantages, he must have recourse to 
other methods of arriving at the solution. 

In the case where the plane of projection was inclined to the 
plane (A B), in order to avoid the complex construction neces* 
sary for finding the vanishing lines of the sides, an auxiliary plane 
perpendicular to the base was made use of, the vanishing line of 
which was easily found. In the last example the plane (AB) 
being assumed vertical to the plane of projection, it would be 
far preferable to find the four vanishing lines as productive of 
more accuracy, and not requiring a complicated construction ; but 
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if the practical means did not allow of this, then another prin-^ 
ciple is to be made use of, in order to obtain the projection of the 
vertex of the solid. The skill and judgment of the practical 
draughtsman are shown in availing himself with readiness of all 
these various resources, according to the given conditions^ and 
this skill can only be obtained by much thought and long prac-« 
tice. 

The following example still further illustrates the manner in 
which the draughtsman may avail himself of the symmetry and 
properties of the solids to obviate the necessity of finding the 
vanishing lines and points of planes^ and lines which would require 
complicated constructions. 

D E F G is given as the face of a cube (PI. 2. fig, 1.) ; A B as the 
intersecting line of its plane ; C V R the complement (32.) of the 
angle of (A B), and the plane of projection ; therefore X Y is the 
vanishing line of the plane. Find the projection G d e/of the 
square, by means of its vanishing points X, Y ; find S> the vanishing 

[)oint of lines perpendicular to (A B) ; draw S Y, the vanishing 
ine of the face of the cube ; draw C Y^ parallel to S Y, and C R' 
perpendicular to it ; draw lines from S through the four angles of 
the projection of the square; make S W equal to the radial 
of these lines ; draw the intersecting line of the side of the cube 
through G*, parallel to S Y (54, II. p. 159.) ; and by means of 
this, and the point W, find the projection h of the angle of the 
cube, G k being made perapectively equal to G D ; complete the 
figure G d efj k i h. Find the perspective centres of each of 
the six faces, by means of diagonals from each angle, thus I' the 
intersection of Gt,/Ar is the perspective centre of Gt, and so of 
the rest ; draw the projections P Z, n' n, 8cc., of the perpendiculars 
to each face to their respective vanishing points Y, X, S. 

Draw lines through j/ to X and Y ; set off half the side of the 
cube from G, each way along the intersecting line AB^ to 1, 2, 
3 ; set off the length of the respective radials from X and Y, to 
v' V ; then lines drawn to these points from 1, 2, and 3, as shewn 
in the figure, will cut G X, G Y in points, which must be trans- 
ferred to p' X, »' Y, by means of the vanishing points X and Y.; 
and from these last points, again/ lines to S will cut off segments, 
as IV n n^ &c., from the perspective perpendiculars to the centres 
of the faces of the solidy perspectively equal to half the side of the 
cube. 

In the same way m' m, j/ p, must be also made perspectively 
equal to the same half side ; either by means of the intersecting 
line through G, and the vanishing line of a* fece, S Y, or more 

* This intersecting liaeHs only partly shown in the figure, but the construction will 
be easily understood. 



LINEAR PSRSPiCTIVS. 173 

immediately and better, by finding the intersecting and vanishing 
lines of the plane (G k h e,) passing through the diagonal of the 
solid ; in either case^ by the similar construction to that by which 
G k was make perspectively equal to the side of the cube. 

Having found these points, and joined them and the six angles, 
by lines> mh,mii n^jf fn k^ lG,lk, li. If, &c. &c., drawn in 
the right order, the projection of the solid called the rhomboidal'*' 
dodecahedron will be obtained, produced by placing on each 
face of the cube a right pyramid^ the perpendicular altitude of 
which is half the side of the cube. It is obvious that the 
triangular face^ as m » Ar, of one pyramid, will be in the same 
plane sa li k, that of the adjoining one ; and consequently limk 
will form an equilateral rhomboid. 

The long and complex constructions which would be necessary 
to find the six vanishing lines of the parallel faces of this solid 
are thus avoided by making use of its symmetrical properties. 

And if it were required to put an octohedron in perspective, 
instead of finding the four vanishing lines of its faces, it will be 
much shorter and simpler to project the cube Gdefhijk, that 
contains it, and then to draw the lines of the octohedron from 
the perspective centres of the. six faces, as is shown in the /same 
figure by the dotted lines V m', n' o' p' q', &c. 

AH solids contained by three pair of equal and parallel paral- 
lelograms, such as the cube and .other parallelopipeds, may be 
considered together, in reference to the delineation of their pro- 
jection by linear perspective^ since the same observations are 
applicable to them all. Such solids require only three vanishing 
lines to be determined ; and if they are considered as isolated ob- 
jects, as has hitherto been done with plane figures, the tetrahe- 
dron and the cube in the last example, one of these may be as- 
sumed at pleasure, and there are only two to be found by the 
rules already given. When the solid is a rectangular paral-> 
lelopiped consisting of three pair of rectangles, the constructions 
required for finding these vanishing lines are the simplest the 
problem admits of. 

But the projections of this class of solids are not only the 
easiest to be obtained, but are also by far the most frequently re- 
quired, from the circumstance of almost all objects, such as build- 
ings, machines, &c., the delineations of which are obtainable by 
geometrical rules, being composed of forms consisting of such 
figures : now the planes real or imaginary to which such objects 
may be referred, or of which they consist, are most commonly 

* This solid is symmetrical, but cannot be inscribed in a sphere. It is important in 
the science of crystallog^raphy as frequently occurring naturally, and also as that 
from which the cube ai^d octohedron can be obtained by cleavage. (See Geom. IV. 
Schol. p. 162.) 
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either vertical, that is^ parallel to the direction of gravitation, or 
horiicontal, that is, perpendicular to the same direction. Thus of 
baildings especially, the walls are upright^ or perpendicular to the * 
plane of level water ; while the floors and the imaginary planes 
comprising the tops and bottoms of the windows^ doors, &c., are 
parallel to the same level, the plane of projection on which these 
various objects are delineated is commonly assumed vertical, to 
avoid the strange and unnatural effect of seeing the* parallel up^ 
right lines of a building projected into converging lines, which 
would be the case if the plane of projection were taken oblique 
to the originals^ 

It might be here demanded, why it produces a more disagree- 
able impression to see the upright parallel lines of a rectangular 
object, as a building, projected into converging lines, when the 
horizontal lines are always so delineated without exciting any 
such feeling P This difference arises from the combined effects of 
our vision and our judgment: in general, the vertical lines of a 
building do not present themselves to our sight under circum^ 
stances which would render their apparent convergence so pal-* 
pable as that of the horizontal lines ; and as they are known to 
be parallel lines, we are accustomed to imagine that we see them 
as parallel; whereas we have been always accustomed to see the 
longer horizontal lin^s apparently converge towards an imaginary 
point, because the distance between any two such lines subtends 
a much greater angle where nearest the eye, tfa^n the same really 
equal distance does where farther from the spectator. The verti^ 
cal lines are really seen under the circumstances before explained, 
of the top and bottom lines of a long wall, opposite to which the 
spectator stands ; but the length of these lines, or the altitude of 
buildings in general, does not allow of this apparent curvature 
of parallel lines being so obvious ; and, as has been said, wecon-> 
ceive that we see them parallel, because we know them to be so. 

Suppose an artist, totally unacquainted with geometrical per^^ 
spective, wished to make a drawing of any long building, such 
for example as the London University; he would place himself at 
such a distance as would allow of his eye seeing the whole edifice 
at one view, without the necessity of turning his head to look at 
each extremity in succession, because he would know from ex- 
perience that if he approached nearer, so as not to be able to ac* 
complish this, his view of the building would be distorted and un-* 
like nature; and, for the sake of what is termed picturesque 
effect, he would not station himself immediately opposite the front, 
but so as to see both that and one end of the structure ; to fulfil 
these conditions he would be at such a situation, that the length 
of the upright lines would not bear such a proportion to his dis- 
tance from them, as to allow the apparent convergence of these 
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pftraltel lines being pereeivablei because his eye wonid be on a 
level with points situated between their extremities, while the hori<^ 
zontal lines would decidedly appear to converge^ their extremities 
nearest his eye being possibly at not half the distance of their 
more distant ends. He would accordingly draw by eye^ as it is 
termed, the outline of the building, and would make the upright 
lines parallel to each other, and perpendicular to the bottom of 
his paper^ because he would know that they were upright and 
parallel lines : but he would draw the cornices, the top and hot'' 
torn lines of the windows and the steps of the portico, converging 
or vanishing, because they would appear to do so too decidedly 
to admit of his being deceived as to the eSbct they produced on 
his sense of sight ; and he would acquiesce in this decision of his 
senses against his judgment, because it was conformable to all he 
had ever seen of long horizontal lines. 

It is commonly supposed that the whole of an object is not seen 
at once, if it subtend a greater angle than 60^ at the eye ; that is, 
supposing the eye to look straightforward and to remain unmoved^ 
all rays from objects must not form a greater angle than SO'with 
the axis of the eye; or this being taken as the axis of an 
imaginary right cone, the sides of which form that angle with it, 
these rays must fall within the cone to admit of the object being 
seen, and must fall probably much within it to allow of its being 
seen distinctly. And an object is seen most distinctly when the 
axis of the eye is directed towards the centre of the mass : hence 
when a person looks at a building, or other large object, he stands 
suiGciently far from it to embrace the whole at one view, as was 
before mentioned ; and he raises his eye so as to direct the axis of 
it towards the general centre. Now the most natural projection 
of such a building would be made on a plane of projection, 
assumed perpendicular to that axis of the eye ; because in this case 
the various pyramids of rays from the component parts of the object 
are cut more vertically, and consequently the image most nearly 
resembles the apparent original form from whidh the rays proceedf. 
When the building is of any altitude, this would require the plane 
of projection to be oblique to the vertical lines^ for the axis of 
vision would not in this case be perpendicular to them ; and these 
lines would therefore be projected into converging lines on such a 
plane, or would have a vanishing point. The image or projection 
thus formed would, if viewed from the true point of sight, be the 
best possible ; but since such an image or picture is hardly ever 
looked at from the true vertex of the rays, but from all points and 
at all distances, the plane of projection must be assumed vertical 
to the ground, or parallel to the upright lines, toavoid the apparently 
unnatural representation of parallel vertical lines by converging 
lines* 
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The vertical lines of baildings never can be sufficiently long 
in continued lines to allow of their convergence being seen, the 
laws of gravity requiring that the structure partake of a pyramidal 
form to ensure its stability ; but if a lofty building, such as the 
towers of a cathedral, could be raised with long parallel lines, and 
an artist were to draw them, he would make them converge on his 
paper because he would see them appear to do so, for the same 
reasons that the long horizontal lines of the aisle would appear to 
converge; but this never being the case, all lofty buildings 
diminishing io width towards the top, by successive contractions at 
each point where a break in the vertical lines allows of it, the 
visual convergence is lost and confounded with that of the real 
succession of diminishing prisms ; and the artist would design 
them accordingly, by means of short parallel lines on his drawing, 
for, if he did otherwise, it would be termed bad drawing^ and repre- 
hended as false and unnatural. The geometrical draughtsman 
who intended to delineate any building or similar object must 
arrange his point of view, or vertex, and the relative position of 
his plane of projection, so that the outline he obtains by linear 
perspective shall not be repugnant to the general ideas of such 
objects formed on the above principles. 

The plane of projection being for these reasons always assumed 
as perpendicular to the surface of the earth, or, more correctly 
speaking, as perpendicular to the surface of stagnant water, the 
common vanishing plane of the horizontal planes of original objects, 
that is, of the planes parat/e^ to the same surface and to one another, 
will be a plane passing through the eye of the spectator, and also 
parallel to the surface of water, and therefore perpendicular to the 
plane of projection. The vanishing points of ail lines lying in 
such horizontal planes will consequently be in the vanishing line 
(18.) determined by this vanishing plane; hence the reason 
why the horizontal lines of a long building or street seem to 
converge towards points opposite, or level with, the eye, and why 
these imaginary points of convergence appear to follow his eye as 
the spectator raises or lowers himself above the first situation from 
which he looked at the object. 

The surface of the earth, neglecting its irregularities, may, for 
the small distance at which the eye can distinguish objects, be 
regarded as a horizontal plane, to which the other planes of 
original objects are parallel : now the lines of all forms lying on 
the ground, such as the joints of paving stones, &c., will appear 
to vanish in a point somewhere in a line level with the eye, as will 
also all the lines lying in the other planes, such as the tops of 
windows, cornices, steps, &c., of buildings ; but no portion of the 
ground, or anyone plane parallel to it can be seen on the opposite 
sides of this imaginary vanishing line, because no rays from any 
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lines lying on the ground or other parallel plane, can in any part 
of their progress to the eye, lie on the other side of the imaginary 
plane passing through the eye parallel to the original: * but the 
farther from the spectator the lines are, the nearer they will 
approach to the vanishing line (see p. 132) ; hence objects lying on 
the ground appear above one another as they are farther from 
the point of station of the spectator, and the farthest of those which 
are visible appear the nearest to the imaginary vanishing line ; this 
is the reason why in looking at a level landscape or extensive 
space of flat ground, the horizon, or the last visible portion of it, 
appears nearly level with the eye: from the application of this 
principle in painting, it requires to be further elucidated. 

Suppose the spectator were to stand in a boat, in an open sea, 
in a perfect calm, so that his feet may be supposed level with the 
surface of the water, he would see a line all around him which 
bounded his view, and separated the sea from the sky, for the 
rays to his eye from this line would be tangential to the spherical 
surface of the fluid caused by the form of the earth, and conse- 
quently he could see no part of the surface beyond this line ; his 
eye would be the vertex of a flat cone, formed by the rays from 
this line which would be a circle of about three miles' radius, and 
this small surface compared to the magnitude of the earth may be 
regarded as a perfect plane, the vanishing plane of which would be 
an imaginary one, passing through his eye parallel to it. Let any 
number of thin equal square boards be supposed to float in a line 
from him at difierent distances ; the vanishing points of their 
sides would be in the imaginary vanishing line, or in the inter- 
section of this vanishing plane with a plane of projection supposed 
placed vertically before him : of these boards he would see most 
of the surface of that nearest to him, they would diminish as they 
were situated farther and farther ofi*, and one in the line of 
ultimate vision would appear nearly a point or short straight line ; 
and he would see nothing at all of any supposed to lie beyond 
that boundary. As long as he held his head in one position he 
would only see an arch of about one-sixth of this circular hori- 
zon at once, and from the small proportion which the height of 
his eye above the level of the sea, or original plane, bore to the 
distance of that horizon, it would nearly 
seem to coincide with the imaginary 
vanishing line of the boards, as is ex- 
emplified in the annexed figure, the 
curved horizon being produced, not as 
is commonly though erroneously supposed, by the sphericity of the 

* In speaking of really visible objects, the hypothetical case of rays from objects 
behind the eye, or vertex, which determine projections on the other side of the vanish- 
ing line, is of course out of the question. 

N 




178 msm&B, PBRSFEcrriva. 

earth, but by its being a circle vhich is looked at from ft point 
not in its plane. 

Now if the spectator in such b situation could elevate himself 
to a greater height above the surface of the sea, every thing else 
remaining the same, his circle of limit of view would be extended, 
because the rays forming the side of the cone would touch the sur- 
face at a greater distance : the ferthest board, which from below was 
only just visible, and which appeared touching the horizon, would 
now appear within, or below, it; or he would see other boards 
floating beyond it, which were hefore hid from him, and which 
would now appear as it were above the former, or nearer to the 
imaginary vanishing line in its new position: for the vanishing 
plane still passing through the eye would rise with the spectator ; 
theaurfiice of the intermediate boards 
would be less foreshortened, as it is 
termed by artists ; because the rays 
proceeding from them would form 
greater angles with the plane of their 
surface or of the sea: but if the in- 
creased altitudes of the spectator's eye 
were considerable, the visible horizon 
would differ very perceptibly from the 

teal one or the vanishing line; though still, the di^reuce 
between them being but small, compared to the much more 
increased visible surface of the sea, they might be imagined tt> 
coincide; and in the case supposed, the spectator having no near 
object, with which to compare them, they would probably appear 
to him identical. 

But suppose him to stand on the edge of a lofty cliflP on which 
a building was situated; he would, by accurately considering the 
horizont^ parallel lines of this, perceive that their vanishing point 



was in an imaginary line level with his eye and above the visible 
horizon of the sea, as will be understood from the annexed figure, 
where the real horizon is shown by a dotted line, with the visible 
horizon below it*. 

• This difffetBQce between the real anJintaginarflioriionl»tentied,artronoiiucJl)r, 
the dip 0/ Ills lioritBH, and the 'angle of the coni: tif laja ftcm Uk OTCle bOQnilin! 
the BuifoM in tbrae Hwnples, ii tna«d the angit of ihprmim. 
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The same apparent rvmg up of thfe visible horizon^ and the 
foregoing observations on it, of course equally apply to the dry 
ground ; but from the natural inequalities of tfais^ and from the 
eircunostance of distant hills, &c., preventing the real visible 
horizon from being generally seen, the subject wsis explained 
by the hypothetical case, for the purpose of rendering it more 
clear. 

Artists conversant with the subject, in pursuance of these 
principles^ assume in their pictures a horizontal line for tjie 
vanishing line of all original lines of buildings, &c., parallel to 
the ground, and in drawing their distancej take care^ if a flat level 
country is to be expressed, that the visible horizon be shown rather 
under this line ; in general, however, in pictures, the distance is 
formed by hills, in order to avoid the unpleasing uniformity of b 
straight line ; as these hills are, correctly, delineated as arising above 
the natural horizon, or even the vanishing line of horizontal 
planes, this distinction is not observable ; but many of the fineist 
painters, being ignorant of the geometrical principles oE perspective, 
the most flagrant violations of correct drawing in this respect are 
constantly to be seen in the best works of art'*'. 

The absolute size, or area, of the projection of any solid, or 
plane figure, depends on the distance from the vertex at which the 
section of the pyramids of rays is made by the plane of projection^ 
that is, on the distance of the vertex (Def. 7.) : though at what- 
ever distance the section is made, provided the plane is supposed 
parallel to its former positions, the figures of the projections will be 
similar (Geom. IV. § 3, Schol. to Prop. 29). Hence an image, or 
projection, of any size, maybe conceived to be produced from an 
original object, such as a building of whatever magnitude this m^y 
be ; but such projections could not obviously be obtained by the 
rules already given from the building itself, since the dimensions 
of this preclude the possibility of their being made use of on Ihe 
drawing board ; the method of practically getting over this diffi- 
culty must now be explained. 

If all the rays proceeding from an original object to the ^ye,or 
vertex, were divided by points in any, the same, ratio, and these 
points were supposed joined by lines in the same order as the 
lines of the original, from which the rays respectively proceeded, 
an imaginary solid would be formed precisely similar to that 

* Claude Lorraine, who understood aMal perspective perhaps better than any Other 
painter, perpetually drew his buildings in the most preposterous iinmr peispelrtive ; as 
may be seen from the pictures in the National Gallery. Such inaccuracy 'is mot so 
pardonable in pictures where it is not redeemed by the intellectual and practical 
beauties of this and other great masters : any further consideratiou of this would liOMr* 
' ^er be niis|diic9d in a work oo pnwtiwl ttR90i pev9pdftiv«. 
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original, the different planes and lines of which would be parallel 
to those of the original ; and this solid might be substituted for 
the building, or other object itself^, in order to obtain the 
projection or image of the latter, since the rays from each are 
identical^ and consequently would produce the same figure, by their 
intersection with a plane of projection. This is what is in effect 
done by the artist, when, in order to obtain the outline of a 
building, or other original object^ by linear perspective^ he makes 
use of the geometrical plans and sections of it, made to any con- 
venient scale, according to the size he intends his drawing to be ; 
for these plans are nothing else than the projection by parallel 
lines, of such an imaginary solid or model of the original, made 
upon planes parallel to those of the solid itself: thus a ground 
plan, as it is termed, of the London University^ may be made to 
such a scale as to be comprised in the page of this book, and this 
plan may be conceived as the projection on a plane parallel to 
the ground, of a model precisely similar in every respect to the 
edifice itself. 

The mode of putting the outlines of buildings in perspective, 
according to the foregoing principles^ will now be shown. 

In the first example (PI. II. ^9. 2.), the general plan of the 
house, D E G. . .L, is supposed to be drawn on the paper on 
which the projection is to be obtained ; this is done when there is 
sufficient space on the drawing board, and when the outline is not 
too complicated ; for otherwise, as this plan is to be subsequently 
rubbed out when the projection is completed, the numerous lines 
of construction would injure and soil the drawing.7 

This outline plan must be drawn so that the image may be 
upright or square on the drawing ; accordingly the intersecting 
line, AB, is always first determined on^ and then the plan 
annexed to it, as in the figure, so as to fulfil the necessary condi^ 
tions. 

The intersecting line A B of the plane, on which the imagi- 
nary model of the building is supposed to stand, being drawn to 
form the proper angles with the principal lines of the plan of it, 
D I K L, and touching one angle D if convenient, draw the 
vanishing line, parallel to A B, at the distance of about six feet 
to the scale of the plan, and mark a point C in it for the centre of 
the picture. 

The point C, and the line A B, must be taken so as to give the 
required view of the building according to the observations in the 
next example (p. 185.). 

Draw C V, perpendicular to A B and the vanishing line, and 
equal to the distance of the vertex: draw the r^als of the 
principal lines of the plan, to find the vanishing pomts X, and 
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Y * of the horizontal lines of the building; draw D M perpendi- 
cular to A B, and through any point M in it, taken at pleasure, 
but as far from AB as may be convenient, draw a line NO 
parallel to f A B, for the intersecting line of an auxiliary plane 
parallel to (AB), on which the plan of the building is to be 
supposed drawn, and which plan will therefore be seen in per- 
spective : find this projection Mikl o( the given plan D I K L by 
means of the vanishing points and rays, by the methods already 
explained for the perspective projections of rectangles. Through 
the points of this perspective plan^ draw lines perpendicular to A B 
as required^ to determine the corresponding points in the projec- 
tion of the general form of the building. Make DT, in DM, 
equal to the height of the walls from the ground to the under-edge 
of the thatched-roof, as given by the elevation f . From D and T 
draw lines to the vanishing points X and Y to meet the perpen- 
diculars from the perspective plan in i, i, l, Z, &c. : in this way the 
projection of the rectangular solids representing the body of the 
building is obtained ; as will be easily understood from the figure 
by those who have made themselves masters of the preceding 
precepts. 

Draw lines perpendicular to the vanishing line X Y, through 
those vanishing points ; these lines will be the vanishing lines of 
the upright faces of the building, and the next step is to find in 
them the vanishing points of the oblique lines of the roof, such as 
those which form the gables. Set off the lengths of the radials 
VX, VY, from X and Y along the vanishing line of (A B) to 
W and Z ; at which points draw radials to form the same angles 
with the line XY, that the planes of the roof form with the 
horizontal planes ; these radials will cut the perpendiculars through 
X and Y, in the vanishing points of the sloping lines of gables 
sought. 

For, supposing the vertex in its original situation with respect 
to the plane of projection^ it is obvious that the radials of the 
oblique lines of the gables will form the same angles with those 
of the horizontal lines of the walls, that the original lines them- 
selves do ; and then supposing the vanishing planes of the walls 
brought into the plane of projection by revolving on the vanishing 
lines, the vertex will be brought into the plane of projection to 
the points W and Z, and the angles alluded to will be represented 
there of their correct magnitude^ and are therefore constructed so 
accordingly. Produce Q R, S T, the plan of the roof ridge, to the 

* The vanishing points do not fall within the plate ; but their situation is imme- 
diately seen from the various dotted lines. 

f The elevation is not shown, nor is it necessary that it should be drawn, provided 
the artist knows the dimensions of it, so as to take these from the scale at once when 
required. 
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interaeeting potntS) a and 6^ makeap^ bp^ peirpeiidieulartoABi 
c^ual to. the height of the ridge from the ground, by the elevation^ 
or scale. Then lines drawn from p^p, to X and Y will give the 
ridge in the projection^ and the points gr st, &c., in them» are 
to be determined from the perspective plan above. 

Draw^ in the perspective plan, the lines indicating the projection 
of the eaves corresponding to the lines D'P, D'L', &c., in the 
original plan. Draw /a;, g x (see fig, 3.) to their proper vanishing 
points in the vanishing line passing through X; fx^gx will 
intersect in the perspective central line xh o( the wall //, g g: this 
central line is found by the perspective diagonals gf, gf; draw^v a/, 
//, g gf' to Y. Find the vanishing points, in the vanishing line 
through X> of the lines which are at right angles to the originals 
offx^ gx; drsLwfOf go^ to these points, and mark the points o by 
means of perpendiculars from the corresponding points in the 
perspective plane above ; draw oti ot, to the respective vanishing 
points; the quadrilateral figures/oa?^5 goxt^ will represent the 
thatch cut through by the plane of the wall ; and by means of them, 
the front edge f o' x? H \ g' o' s/ H of the thatch as really seen 
projecting beyond the face of the wall is easily drawn, the 
projection t V being also obtained from the perspective plan above. 

From this, the mode of proceeding in finding the perspective 
projection of the eaves in the other parts of the view will be easily 
comprehended ; but it would be useless to enter into further details* 
since so much depends on the peculiar circumstances of the case^ 
that it is impossible to give any precise rules. If the scale of the 
drawing be very small, it would only be necessary to find the 
principal points, and the projection of the eaves might be drawn in 
by eye*; i^ioh^ if)tbe dfaaghtsma) be accustomed to drawing from 
nature, he- will he able to do. more correctly than he would by 
applying the geometrical rules ; but in old buildings, or in modern 
picturesque cottage^ the ef^Mes project; much and are often orna- 
mented, so thatittwa&.necessary to explain. tbe^ mode of- obtaining 
the correct outline of thean. 

The plan of the dormer, windows in. the roofi must a1$o be 
drawn in the perspective plan ; and* hftying. marked from this 
the point v in the principal ridge of the roof, where that of the 
dormer meets it, draw vy, to thee v^misbingi point in the vanishing 
line through Y (see fig. 4l), and complete the quadrilateral. repre- 
senting the section of the thatch by a plane vyy parallel 
to the end wall of the house, D L, and. passing through the 
ridge of the roof of the dormer; the point z in the lower 
line, where the bottom of the upright front of the window 
cuts this quadrilateral section, is deduced, as before, from the 
plan above : through z draw i i to X^ and draw the upright edges 
of the front ik,ik, from the plan : the height of the line k k must 
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be set oETaloog DM? from the elevation, and tmnsferred by Xto 
the line yp, in which the plane wvy cuts the front wall of the 
bouse ; then it must be transferred from p to q in the intersection 
of the s^me plane with the front of the window ; and k k must be 
drawn tp X through q^ The mode of finding the lines of the roof 
and projecting eaves of the dormer, is precisely the same as that 
describe for the gable^ and: does not require repetition. 

The beights^pf the tops and bottoms of the windows, doors, &c., 
must be set oQ* along D M: from the scale, or from the elevation, 
and transferred by means of the vanishing points along the faces 
of the wall^ as is shown by the dotted lines. And. the beginner 
must be cautioned against laying off any dimension from the scale, 
or from the elevation, on any line of the perspective projectiouj 
iinless it coincides with the plane of projection : this is the case 
with the corner of the building D T, and hence all dimensions 
inust be set off on that line, or on the two intersecting lines ap, bp, 
because the size of the origin$tl- objects can be shown on those lines 
of it alone which coincide with their projections (46 p, 151), 
Thu$. the height of the windows in the gable from the ground 
must be either set off; on bp and transferred by Y to the central 
line of the vvalU or must; be set off on D T to 1, 2, 3» 4> &c.> and 
first transferred by X to ee ; then by Y to//, and then by X, 
i^ain, to the same central line. Again, the height of the top of 
the chimney from the ground must be taken from the scale and 
set off on ap, and then transferred by X to the central line of the 
front of it, as obtained frpm the plan, because as will be seen 
ffom the plan and elevation, the planes ap^bp are those in 
which, the central lines of the end of the building and the chimney 
and the central line of the gable are respectively situated. 

To avoid the multiplicity of lines in the perspective plan, the 
plan of the bow. window is drawn on another horizontal plane, the 
intersecting line of which is. assumed, parallel to A B at pleasure 
through any point M' in D M. The oblique sides of the bow are 
foupd by the original plan to form an angle of 135° with the front 
wall, consequently their vanishing points are obtained by drawing 
the radi^ls V X', V Y' * to bisect the angles formed by V X, V Y. 
The upright lines of the bow being got from the plan of M', the 
horizontal lines of it are to be drawn to their respective vanish- 
ing points ¥', Xand X!, as. shown in the figure. 

In this example the principle before explained (p. 165) is- ap- 
plied; by drawing the geometrical plan, considered as an original 
object, in perspective ; the auxiliary plane being taken perpendicu- 
lar to the plane of projection, or parallel to that on which the build- 
ing (or the imaginary model) stands. Hence the parallel projecting 
lines, by whi-cb the geometrical plan is obtained from the building 
(px model)^ f?iU be projected into parallel lines, because the 

* T' does not come within the plate. 
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originals are parallel to the plane of projection ; and therefore, if 
the geometrical plan be put in perspective, as it would appear 
under the given conditions of the situation and distance of the 
vertex, the picture of the building or model, as this would 
appear from the same point of view, can be obtained by means 
of it, as is here done. 

It is obvious that the perspective plan might have been drawn 
on the plane A B ; but the eye being but little elevated above 
that plane, it would be so much foreshortened^ that no points 
could be accurately determined from it, on account of the oblique 
intersections of the lines, as will be immediately seen by com- 
paring the very oblique angle /e D with the same angle at/eM, 
both of these being projections of the right angle FED. Added 
to which the number of lines required in the perspective plan, 
would, if it were drawn fit D efgil, &c., confuse the figure and 
injure the paper ; whereas if this auxiliary figure be carefully 
drawn lightly in pencil at M, or any where above or below the figure, 
it can be afterwards robbed out without injury to the drawing. 

The size of the figure in the plate does not admit of the 
subordinate constructions being shown, for drawing in the window 
cills, sashes, architraves, &c. &c., and it must be remembered that, 
except in very peculiar cases, these minor parts of a design are 
always best drawn by eye, which, if the artist be a tolerable 
draughtsman, will be eventually a more accurate as well as a 
more expeditious method of proceeding, than that of continuing 
the application of geometrical principles to such minutiae. In 
proportion as the artist is skilful in the use of his pencil will he 
content himself with finding the more general and important 
lines of his design, and will trust to his judgment for filling up 
the details ; and even these more important ones should not be 
put in, on a drawing intended to become a picture, with hard 
stiff lines, hut should be gone over with the pencil, to impart to 
them that picturesque inequality of strength and direction, which 
those even of the newest buildings have in nature. For it must 
be borne in mind, linear perspective is only an application of 
geometry to the fine arts, and is intended merely to obtain 
a more correct outline of certain objects than could be done by 
the judgment and eye unaided hy rules; the outline so obtained is 
to be subsequently treated just as that of any natural object drawn 
without such assistance. 

But when the building is complicated and large, the mode of 
proceeding in the last example is objectionable; not only because, 
with all possible care, the drawing in such a case would be injured 
by the numerous accessary lines required, but also because many 
lines cannot be determined sufficiently accurately, and may be 
more expeditiously determined by the following method 
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Draw a general plan of the building as D E K . . • • N*, &c., 
(PI. 111. fig. 1.) marking on it the projection of the cornices, the 
hips and ridges of the roof, the chimneys, windows, doors, and 
every principal external part that can be seen in the proposed view, 
as is shown in the figure. In practice this is best done on a 
separate drawing board, so that the paper on which the finished 
outline is to be made may not be injured. 

Having determined on the point V (towards the bottom of 
the plate) from which the best or most convenient view can be 
obtained, according to the form and size of the building, and so 
that the whole of it can be seen under an angle of not more than 
30° to 40°, draw a line A B, to represent the plane of projection, 
so that C, the centre of the picture, shall not be very far from the 
general centre of the mass of the object ; for, if this condition be 
not attended to, the representation of the building will be 
distorted, owing to the pyramids of rays from some parts of it 
being cut much more obliquely than others. 

The direction of the plane of projection, with reference to the 
plan, being determined from these considerations, its situation 
with respect to the eye, or object, may be assumed with the sole 
view of facility of construction in the subsequent operations ; for 
the form of the projection, or view, of the object depends, as has 
been shown, on the situation of the vertex, and by moving the 
plane of projection nearer or farther from that point, parallel to 
the same direction, the magnitude of the figure only is changed. 
It is therefore advisable to take A B, so that one of the principal 
angles, or vertical lines, of the building shall be in the plane of 
projection, which allows of the altitudes of the different parts of it 
being set off at once on that line, as was done on D T in the """^^ 
preceding example. In the present case, the artist would there-* 
fore draw A B touching the angle D nearest to V : draw from V, 
the radials V Y, V Z, parallel to the principal lines of the plan, in 
order to determine the distances of Y and Z, the vanishing points 
of the horizontal lines of the building^, from the centre C. 

Now the projecting planes (Def. 5.) of all the lines of the object 
which are perpendicular to the plane on which it stands, and there- 
fore parallel to the plane of projection, will pass through the point 
V; V being supposed to be the point where a perpendicular from the 
vertex meets the original plane (AB), or the point on which the 
spectator stands : the intersections therefore of these project- 
ing planes with that original plane (A B), will be lines drawn from 

* The whole plan is not shown in the plate, for want of room, nor need more of it 
be drawn in reality, than is absolutely requisite. 

t The points Y and Z, where the radials meet A B in fig. 1, and on the horizontal 
line in fig. 2, do not fall within the plate ; but the text will make the figures clear. 
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the various points of the plan to V ; because the plan being 
a projection on that same plane by lines vertical to it| these 
points will represent the vertical lines of the object. The inter- 
sections of the satne projecting planes with the plane ofprojec^ 
tion^ will be the lines of the perspective image of the object ; 
consequently, if the different points where the lines to V cut 
A B in fig. l., be transferred by means of a slip of paper (see 
note, p. o2) to their correct place with respect to the centre 
C9 to the intersecting or vanishing lines of the original plane 
in fig. 2., the indefinite projections of the upright lines of 
the buildings and of all other Unes of construction by which 
the plan was determined, will be obtained at once by drawing 
lines perpendicular to A B or Y Z through the points thus 
set off* 

The next step is to prepare the drawing board considered as 
representing the plane of projection; to do this, draw two parallel 
lines, fig. 2., at the distance from each other that the vertex or 
point, of sight is supposed to be elevated above the original plane 
A B on which the object stands, and on which the fi\2in,fig. 1., was 
made ; the bottom line A B will be the intersecting, and the other 

Y Z the vanishing line of that plane. Take C, the centre of the 
picture in the vanishing line Y Z at pleasure ^^ and set off from it 
the vanishing points Y, Z, at the distances C Y, C Z, horn fig. 1, 
By means of a strip of paper, take off from A B,^^. 1., the points 
in which the lines, drawn to V, cut A B, and set them off along 

Y Z in their correct situations from C as given on the plan : and 
through the points thus marked draw by the T square, the 
upright lines of the building, perpendicular to Y Z. The heights 
of the upper and lower lines of the windows, doors, cornices, &c., 
are to be set off on D L, and transferred by means of the vanishing 
points to the various fronts of the building ; but as this causes a 
good deal of trouble when it has to be done for the purpose of 
obtaining a line in one part only, as, for example, the top of the 
pediment at p, it is advisable to obtain the intersecting lines 
of imaginary planes, passing through the central lines of the 
main body of the edifice, or of the wings, and then the dimensions 
taken from the scale can be set along these and transferred at 
once to the. part where they are required : this proceeding is 
shown in the figure with regard to the ridge of the roof, the 
pediment, and the chimneys ; A R, S T, U W being the inter- 
secting lines of such planesj as will be understood from the 
plan. 

The upright sides of the windows, &c., are obtained from the 

* When practicable, it ought to be taken so that the two principal vanishing points 
?riU come on the drawing board. 
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plan in the same way as the other upright lines *, but it is better 
to get the principal lines of the building in, before the subordinate 
parts are attended to. 

Another mode of finding the projections of the upright sides of 
a set of windows, or other upright lines, which is frequently used, 
must be here noticed. 

Let A F e d be the side of a building, or other object, which is 
to be divided perspectively into any proportional parts ; as for 




windows, Sec, and the intervening piers; or for any similar 
purpose. 

From A, the extremity of the line A e to be divided, draw a 
line A E parallel to the vanishing line of the plane in which A e 
lies, andj from any point, P, taken at pleasure in the vanishing 
line, draw j^ E through the other extremity e of the perspective 
line, cutting A E in E ; divide A E geometrically into the 
segments, in the proposed ratio ; then lines drawn to P from the 
points of division will divide AE perspectively into the same 
segments, that is, the segments of Ac will be the projections of the 
geometrical divisions on A E. 

For A E being parallel to the vanishing line, is either the 
intersecting line itself, or a line parallel to the intersecting line of 
the plane in which the original of A e lies ; consequently, the original 
of AE is parallel to the plane of projection (26. p. 132). Now P be- 
ing taken in the vanishing line of the plane of A E, and A e, the lines 
drawn to P, represent parallel lines, the originals of which would 
divide the originals of AE, Ae, in the same ratio (Geom. I. § 7, 
Pr. 54.) ; therefore the segments into which the projections of these 
parallels divide A e, will be the projections of segments in the same 

* The draughtsman, in practice, will save himself much trouble if he stick pins, or, 
gtiU better, fine needles, into the points V, and the vanishing points, to which a great 
many lines are required to be drawn; he will then, by keeping the edge of his rule 
against the needles, be able to draw a great many lines in succession without having 
to adjust it to two points, as he otherwise would have to do : these needles must be 
stuck very upright, or the rule will not apply to the true point. The line A B on 
the plan had better be drawn in with ink ; then the points being transferred to it with 
a pencil, they may be effaced when so numerous as to cause confusion ; this, of course, 
can only be done on the supposition of the plan being on a separate board. 
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ratio as those of A E^ and this last line being parallel to the plane 
of projection^ would be divided in the same geometrical ratio as its 
original (44. p. 151.). 

if the point A be the intersecting point of A e, then A E is 
the intersecting line of the plane (6. p. 126.) ; but if ge were the 
perspective segment to be divided, a line drawn from g parallel to 
the vanishing line is to be employed ; the divisions of such a line 
being still in the same geometrical ratio as the corresponding 
segment of the intersecting line cut off by the perspective paral- 
lels, drawn from P through its extremities. 

If the distance X P from the vanishing point to the assumed 
point were equal to the radial of A e, then A E would be equal to 
the original of Ae (33.) and the divisions of it might be set off on 
A E from the scale ; but as P is taken at pleasure, and, in general, 
so that the lines drawn to it may not cut the perspective line to be 
divided too obliquely for accurate division, A E may be either less 
or greater than the original of A e; but still the divisions of the 
former will be in the same absolute ratio to the whole line and 
to one another that the divisions on that original would be. 

This method is applicable when the separate plan {Jig. 1.) 
of the present example has had so many lines and points 
marked on it, as to create confusion by attempting to deduce 
the upright lines of the windows from it; but it is still more 
useful when the general outline of the mass of the object has 
been obtained without a plan at all, but by means of the 
dimensions of it set off from the intersecting points along the 
intersecting lines, and transferred to the projections of the 
originals by the application of the principle explained p. 145. 

It will not be necessary to find the vanishing points of the 
oblique lines of the roof, because the points where these cut the 
ridges, or horizontal lines, are better and more quickly obtained 
from the plan, and the projections of the oblique lines can be 
drawn through them ; but it will be advisable, if space admits of 
it, to find the vanishing points of the sloping sides of the cornice 
of the pediment, in order that the lines of the mouldings may be 
drawn correctly converging: these vanishing points are of course in 
the vanishing line of the upright front, drawn through Y, perpen- 
dicular to Y Z ; and the points are to be obtained by constructing 
the angle of inclination of the pediment, at the extremity of the 
radial V Y, brought into the plane of projection on the vanishing 
line Y Z, as was explained of the slopes of the gables in the last 
example. 

In these two examples, the principal vanishing line, or that of 
the horizontal original planes, would represent the limits of the 
visible ground, or plane, on which the buildings stand, or would 
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represent the hofison : accordingly this line is commonly called 
the horizontal line, and is level with the eye of the spectator 
supposed to look at the object; as the spectator commonly 
stands on the ground, the height of the horizontal line above the 
intersecting line should be about six feet on the scale to which the 
plan of the building is drawn — that bein^ the ordinary height of 
the eye, or rather above it; but it should not be less than that, 
in any case, or else the bottom lines of the image of the building 
would be too nearly in a continued line, and the pavement of the 
street, or other objects on the ground, would be too much fore- 
shortened. If the horizontal line were taken exceeding six feet, 
it would give an erroneous idea of the size of the object; it 
would appear of a smaller size, because, being accustomed to stand 
on the ground to look at buildings, &c., in nature, we therefore 
see the horizon, or level of the eye, at a tolerably constant 
altitude, and consequently make use of it as a species of scale to 
estimate the magnitude of an object represented on a drawing. 
If the horizontal line were taken greatly exceeding six feet, 
the drawing would then directly indicate that the spectator had 
beeu much elevated above the ground. As artists constantly fail 
into the most glaring errors on this subject, particularly when 
they introduce figures in their drawings, this requires to be more 
fully explained. 

Ihe human figure being generally 
of the same average height, if a 
person stand on the level ground, as 
in a street, he will see the heads of 
other persons in it on a level with his 
own, and if he were to draw the street 
and the figures he ^aw, his sketch 
would present the appearance shown 
in fig. h, where the heads of the 
different figures are all on a level, but 
the figures are smaller in proportion 
as they are more distant from the 
spectator, the nearest one standing 
on the line on which the plane of 
projection is assumed to stand. If 
the artist meant to represent a person 
still nearer, or between him and the 

Elane of projection, he would show 
is head level with those of the other 
figures, and his feet would come below 
the intersecting line; but all these 
figures would represent men of the 
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oritDary height standing on the same level plane as the spectator ; 
and would thererore afford a sort of scale by which the height or 
magnitude of the buildings and other objects might he estimated. 

Now suppose the buildings, the height of the vanishing line, and 
the place of the vertex or point of sight to be the same,/and 
therefore presenting the same projections (as before,'and the artiit 
were to draw the figures as shown in No, 2, Any other person, 
looking at such a drawing, would refer to the figures for a 
scale, and perceiving that the visible horizon was above their heads, 
he would conclude that the artist stood elevated above the level of 
the heads of the figures ; and therefore he would suppose the 
buildings to be much larger than they really were. 

This is the error commonly committed by artists, who, 
in order to avoid the sacrifice of the great space a figure 
would occupy, if correctly drawn, standing In (he/orej/round, as it 
is termed, that is, near to the intersecting line of the original plane, 
or ground, design their figures in that situation much too small, 
and by this means give a very erroneous impression of the magni- 
tude of the other objects, and of the situation of the person by 
whom the view is supposed to be made. The same remarks 
would of course apply to other objects besides human figures, if 
these are generally of one real uniform size, such as animals or 
trees. 

When the horizontal line is assumed very high, so that the eye 
of the spectator is above the tops of ordinary buildings, that 
species of view is produced called a bird's eye vitw ; this is done 
when a mass of buildings is to be represented, part of which 
would be in a great measure hid by the rest If an ordinary view 
were taken, as, for example, a quadrangular building surrounding* 
a court-yard, as is seen by the annexed figure. 

But in such a view the 
plane of projection should 
not be assumed perpendicu- 
lar to the ground, because if 
the uprightlines of Che build- 
ing are represented by paral- 
lel lines, the image looks dis- 
torted or unnatural ; since 
a person looking at a build- 
ing from such a point of 
view would observe the 

convergence of the uprightlines too distinctly, not to haWhfe eye 
hurt by seeing them represented in a picture as parallel ; this m»it 
be especially attended to if the buildings are lofty; and the plane 
of projection, to produce a natural and faithful representation, Ulrit 
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be taken as vertical to the ray from the general centre of the 
mass ; by so doing the upright lines of the object i;riU have ia 
vanishii^g point below the intersecting line of the plane on which 
it stands. 

This principle is exemplified in the annexed figures, i 

representing the same cube, seen from two different 
points. In No. L, the height of the eye above the 
plane on which the cube stands is not much greater 
than the height of the cube itself; the. plane of projec- 
tion is therefore taken perpendicular to that plane, and 
the image of the object is nafura^, or nearly as it would 
really appear. In No. 2., the eye, or vertex, is very 
much elevated above the original plane, and the plane 
of projection being still assumed perpendicular to this, 
the upright lines are still parallel : the consequence 
is that the image is distorted, and does not convey the 
idea of a true cube, although it is a perfectly correct 
projection of such a solid under those conditions. In No. 3., the 
place of the vertex is precisely the same with reference to the 
cube as in No. 2., but the plane of projection is perpendicular* to 
the ray from the centre of the object, and consequently oblique to 
the upright lines of it: these have therefore in this case la vanish- 
ing point, and the image is naturaU because the real cube Would 
present such an appearance to a spectator, who would niituraUy 
direct his eye towards it; whereas in the former case the eye is 
supposed to be directed towards the centre of the picture, and the 
cube looked at obliquely. 

These remarks may be verified by any person who looks atten- 
tively at the effect produced to his eye on the adjacent houses, 
when viewed from the top of the Monument, or from St. Paul's^; 
and he will find that if he attempt to draw these houses from such 
situations, by eye,'he mu^t make the upright lines of them con- 
vei^, to represent them correctly or as he really sees theiki. 

The method of drawing a '^ bird's eye" view df a building is tte 
same as thatfor an ordinary view of any object. The vanishing 
point of lines perpendicular to* the original plane b^ing found (54, 
p. 159), the upright lines of the building, and all lines of construc- 
tion, representing lines paralleltothem, must always be drawn to it 
instead of ^parallel. The only particular observation that is re- 
quired here on the subject, is, thatif the second mode of proceed- 
ing by a separate plan be .adopted, as in the last example, 
(p. 185) the points in which the lines, drawn from the points of 
the plan to V, intersect A B, must always be set off on the in- 
tersecting line, and not on the vanishing line of the plane on 
which the plan is drawn, nor on any other parallel to them, as is 

dobe when the plane of projection is perpendicular to Ifatit original 
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plane ; because in the latter case the vertical lines of the object 
being projected into parallel lineSf these are everywhere at the 
same distance apart, and these distances, as deduced from the 
separate plan, may be laid off on any line parallel to AB; 
whereas, on the contrary, in the supposition of the plane of pro- 
jection being oblique to the original plane (A B), the lines of the 
object vertical to this plane are projected into converging lines, 
and it is only on the common intersection of the plane of pro- 
jection, and the original plane as represented by A B, (see figs, 
in PL III.) on the separate plan, and on the figure of the projec- 
tion, that the intersections of the projecting planes with the 
original plane, and with the plane of projection, are at the same 
distance apart. Strict attention must be paid to this, or the 
artist will be led to commit great errors in the commencement of 
his drawing, which will cause him much trouble to rectify after- 
wards. 

The constant occurrence, in architectural subjects, of cornices, 
or collections of mouldings, projecting from the faces of the build- 
ing, renders it necessary to give an example of the mode of 
finding their projections in perspective drawings. 

Let D L, E M, F N (PL III. Fig. 3.) represent the angles of a 
building, in a projection ; the line K L M N . . . being the hori- 
zontal bottom line of a cornice, of which figure 4 is the geome- 
trical elevation and profile. Make L P equal to Z p the depth of 
the cornice, supposing the arris D P to be in the plane of pro- 
jection, draw O P Q R . . . . the line of the top of the cornice, to 
the respective vanishing points. Make PS, PS', in Q P, O P, 
produced, perspectively* equal to the projection of the cornice 
jp « ; set the depths of the various mouldings along L P, and deter- 
mine the lengths of their projections on the lines drawn to the 
vanishing points through the points in D P : this operation will be 
much facilitated by drawing Is, L S, L S', which will in many 
instances determine the points of the mouldings at once ; as, for 
instance, the top and bottom of the fillets of the ovolo, and unless 
the scale of the drawing is very large, by means of I s, and its 
perspective images L S, LS', &c., all the mouldings can be pro- 
portioned in the figure by eye. In this manner the perspective 
projections L P S, L P S' of the sections of the cornice by the 
planes of the building D M, D K, supposed to be extended for 
that purpose, may be obtained ; and it is clear that lines drawn to 
the proper vanishing points, through the points of these sections, 
will give the image of the cornice mouldings as they would ap- 
pear standing out from the faces of the walls. 

* Here again this tenn is used as signifyiug that P S, P S', are to be made the 
perspecti?e projections of p t. 
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These lines by their iatersections will give the mitre LPT; 
but if the scale is large^ it will be necessary, or advisable, to find 
these mitre sections at each of the principal angles of the build- 
ing, as shown in the figure by L P T, M Q W, &c. The planes 
of these mitres form angles of 45° with the sides of the building, 
consequently the vanishing points of the lines PT, Q W, &c., are 
found by radials bisecting the two right angles formed by those 
of the lines P O, P Q, &c.* 

It is obvious that these mitre sections of the cornice, if found 
at first, would supersede the necessity of drawing the two square 
sections LPS, L P S' at all ; because lines drawn from the 
mouldings, as found on the mitre sections, to the vanishing points, 
will give the perspective projection of the cornice at once ; and 
in practice this is usually the mode of proceeding, for a toler- 
able artist can, in general, proportion by his eye the mould- 
ings, as seen in perspective^ accurately enough in most cases, 
if the scale is not very large ; but if it be, or precision be re 
quired, then the mode of proceeding by the square sections is 
advisable^ because, from the situation whence the cornice is viewed, 
the mitre sections are too much foreshortened to admit of 
the mouldings being determined on them with accuracy. If the 
mitre sections alone are employed, it is obvious that the geome- 
trical profile Jig. 4 will not be the same as that formed by the 
oblique section of the cornice ; and therefore this last must be 
obtained from the plan and elevation of the mouldings, in the 
manner shown in >;y. 5. 

In order to avoid the necessity of finding the square section made 
by the plane £ M F N, at the angle N F^ it is drawn on the plane 
S' P L, it being more easily determined there, by prolonging the 
lines by which the section S' P L itself was found: thus the lines 
S' S", L N" are to be made perspectively equal to the depth of the 
break in the building N M ; and by means of the line S" N'' the 
mouldings of the cornice on the face of the wall F G, as supposed 
prolonged to S" N'', can be drawn ; and therefore, conversely, 
the perspective cornice can be drawn from this imaginary section 
if it be previously found. 

The vanishing point of the raking mouldings, which form the 
pediment, must next be found ; and the perspective section of 
these by a vertical plane taken any where, where most convenient, 
must be obtained. This plane is generally assumed as passing 
through the apex of the pediment, and consequently forming the 
mitre of the angle of junction of the two sides ; but as this could 
not be done in the present example^ the plane is shown as passing 

* * This vrill be immediately understood from /^«. 1 and 2. The radial of the 
mitre plane will bisect the angles of the radials V Y, V Z. 

O 
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through the line n n, (fig, 4) which passes through the lower 
angle of the tympanum, or the plain part of the pediment. 

The artist must be reminded, that from the inclination of the 
mouldings of the pediment^ as they are of the same depth and 
project as much as the horizontal parts, they will not coincide 
with the mitre section of the horizontal cornice at N R, as might 
at first be imagined; and consequently that mitre section, if found 
at N R perspectively, cannot be made use of for drawing the 
perspective projection of the pediment cornice, except in the 
case of the upper line of the bead or fillet above the corona, which 
from the architectural construction of the pediment will coincide 
at this mitre, as is seen from Jig. 4 ; from which also it will be per- 
ceived that the point w does not coincide with s, and therefore 
W w in the perspective image cannot be drawn through W, 
the point corresponding to s, in the mitre section M Q W. 

N N', in the line N G, is to be made perspectively equal to / n 
(Jig. 4.) : then the whole depth n n, and that of the different 
mouldings on the oblique section, being set along D P produced^ 
they must be transferred to N N' by means of the vanishing 
points, as shown in the figure. The distance N' H is made per- 
spectively equal to the projection of the cornice p s, as before, 
and is best obtained from the section N'' S'' ; this being transferred 
to the plane N' H, as will be easily understood from the figure ; 
the quantity each raking moulding of the pediment projects, 
is equal to that of the same moulding where horizontal. By 
these means the perspective image of the oblique section made 
by the plane passing through n n (Jig. 4.) is obtained, and then 
the mouldings are drawn to the vanishing point through the 
various points of it, and the line H W will cut S'' W in the 
proper point corresponding to w (fig. 4.) 

The modillions of the cornice are best determined on drawings 
made to small scales, by a plan such as that employed idfig^ i^ and 
their perspective forms drawn by eye j but for the purpose of 
further illustration of this subject, the mode of finding them will 
be shown when no plan is made use of. 

Draw A B, the intersecting line of the plane of the «oj^fe of the 
corona^ (see figs. 4 and 5.) through the proper point a? in LP, at 
right angles, of course, to L P*, and draw a? y to the vanishing 
point ; produce the line corresponding to the point Z in Jig. 4 to 
Z in a; y, and transfer Z to 1 in A B by the principle explained, 
(33, p. 145.) Set off the widths and intervals of the modillions, as 
given by the geometrical plan and profile ^jf*. 5 and 4, along A B, 



* Because the sof&te of the corona heing a plane parallel to the ground, its inter- 
iecting line will be parallel to the vanishing lines of such planes, or parallel to Y Z. 
( See/^. 2.) 
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and transfer them toa: j/ by means of the same point by which z was 
transferred to I ; then from the points 2, 3, 4, 5, 6, &c., in x y, 
thus found, draw by means of the vanishing point, on the perspec- 
tive soffite, the lines of the tops of the modillions corresponding to 
2, 3, 4, &c., in fig^ 4. The ogee moulding which runs round 
them, and the inner angle of the soffite, must be drawn by eye, 
or its various mitre sections may be determined in the same man- 
ner as those of the other mouldings of the cornice^ if the scale 
admits of or requires it. The upright lines at the backs of the 
modillions are determined, as will be seen in the figure, either 
from the detached plan> if one be used, or by means of the inter- 
sections of the perspective lines of the tops of the modillions on 
the soffite, and these will be all that can be usefully obtained 
by geometrical constructions even when the drawing is very 
large; the rest can only be put in by hand. 

The same proceeding is to be adopted for the modillions on 
the other parts, but those on the fronts D M and M F are not 
shown, to avoid confusing the more essential lines. 

In drawing in the curved lines of the various mouldings of such 
a cornice, the effects of perspective must be borne in mind, and the 
curves delineated accordingly ; this renders it necessary that the 
subject of the projection of curves be now entered on. 
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§ OF THE PERSPECTIVE PROJECTION OF THE 
CIRCLE AND OTHER CURVES. 

The projection of a right line has been shown to be always a 
right line, because it is the intersection of two planes; and there- 
fore it is determined^ if two points in it are found ; which may be 
either the intersecting and vanishing points, or the projections of 
any two points of the original. But if the original line be a curve, 
the projections of two points are not sufficient to determine its 
image, and^a new set of principles is required. 

The projection of the most important of all curve lines, 
that of by far the most frequent occurrence, the circle, may be 
determined, in many cases, more readily than by finding the pro- 
jections of any number of points lying in the periphery. 

The rays proceeding from every point of the circumference of a 
circle to the vertex, form a cane, provided the vertex is not 
situated in the plane of the circle* ; and the section of this cone by 
a plane of projection must in every case be a conic section, which 
will be the projection of the original circle. 

If the circumference of an original circle do not touch, or cut, 
the station line of its plane, (Def 6, p. 125,) the projection will 
be either a circle or an ellipse ; — a circle^ if the plane of the curve 
be parallel to the plane of projection, that is, if the section be made 
parallel to the base of the cone, or if the section be subcontrary 
(Geom. App. Pr. III.) : an ellipse^ if these planes are oblique to 
each other, or if the section be not subcontrary. 

If the circumference touch the station line, that is, if the vertical 
plane be tangential to the surface of the cone, then the curve of 
the projection is a parabola, because the plane of projection 
which produces the section is in that case parallel to a side of 
the cone, or to the vertical, (Def. 15, p. 134.) of the point of con- 
tact. 

If the circumference cut the station line, that is, if the verti* 
cal plane cut the cone, the projection is an hyperbola; and in this 
case the projections of the two parts of the circle lying on each 
side of the station line are opposite hyperbolas. (Geom. App. 
passim.) 

Thus then in every position in which a circle may be situated 
with respect to the plane of projection, its image is a conic 
section, the data for describing which the principles of linear per- 
spective enable us to find with great ease. 

* It is almost needless to observe, that if the vertex be in the plane of the original 
circle, the projection of this will be a right line. (2, p. 126.) 
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Let O be the centre of the 
original circle, A B the station 
line of its plane, and let V be 
the point where a vertical 
(Def. 15, p, 134.) perpendicu- 
lar to the station line meets it ; 
the diagram representing the 
plane of the circle, and not the 
plane of projection. (See 
p. 154, and 31, p: 142.) 

From this position of the 
station line, it is immediately 
seen that the projection of the 
circle must be an ellipse, wherever the plane of projection may be 
assumed ; and as this plane is in every position parallel to the 
same given vertical plane, all the elliptic sections which can be 
made of the cone of rays will be similar. 

Draw the diameter R S perpendicular to A B, and produced 
to meet it in D ; draw the tangents from D, and the chord joining 
the points of contact, cutting R D in G ; and make D E equal to 
the tangent from D. Draw V ' V perpendicular to A B and equal 
to the length of the vertical, so that V represents the vertex 
brought into the original plane ; bisect Y E by a perpendicular, 
produced to cut AB in F. On F as a centre, with F V or F E 
for a radius, describe a semicircle, cutting A B in A and B ; or 
make F A, FB each equal to F V and FE. From A and B 
draw lines through G, cutting the circle in K, L, M, N ; the two 
chords KL, M N, will be the originals of the axes of the ellipse, 
that is, the images k l,fn n,* will be axes of the ellipse, which 
is the projection of the original circle, and therefore G will be the 
original of the centre of the ellipse. 

For M and N will be the points of contact of the tangents 
from A, as K and L will be the points of contact of the tangents 
from B, (Geom. App. Lemma to Prob. 16.) and since A L, B N 
are harmonically divided by K and G^ and M and G, the pro- 
jections of K L, M N will be geometrically bisected by the image 
of G, (51, p. 153.) therefore the images of MN, KL, will be 
diameters of the conic section, which is the projection of the 
circle ; and y* will be its centre. 

And since A L, A N, A M meet in a point A in the station 
line, as do also B N, B L, B K, the projections of these lines will 
be parallel, (29. p. 134.) that is, the projections of A N, A M will 
be parallel to the diameter kl oi the ellipse ; and those of B K, 
B L will be parallel to the diameter m n, (Geom. App. 1. Pr. 6.) 
consequently these diameters will be conjugate to each other. 

* See notation employed, note p. 126. 
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(Geom. App. Schol. Prop. 19.) And from the semicircle on 
A B, passing through WE, the angle A V B is a right angle : these 
conjugate diameters, which are parallel to A V, B V, (29, p, 134.) 
are therefore perpendicular to each other, and must consequently 
be the axes. The principle of this construction will be apparent 
by considering, that it is not only necessary that the verticals A V, 
VB shall be at right angles, but that they be drawn to points 
A, B in the station line, so that A L, B N, drawn from these points 
through G, may be the originals of conjugate diameters. 

From this construction and demonstration, it is clear that 
while the original circle and the station line remain the same, 
the points G and E will be the same, wherever V may be in 
that line, and whatever may be the distance of the vertex from 
the original plane, or the length of V V ; and that also the con^ 
struction is quite independent of the angle of inclination of the 
vertical plane, or of the plane of projection, to the original plane, 
and that, therefore, whatever that angle may be, K L, M N will be 
the originals of the axes, and these axes themselves will be pa- 
rallel to VA. VB. 

If y had been at D, or in the station point of the diameter 
perpendicular to the station line, it is obvious from the con- 
struction that the chord through G, and the diameter R S, would 
be the originals of the axes; and these would^ therefore, be 
paralhl and perpendioular to the intersecting line of the original 
plane. But when Y is on one side of D, it is clear that tiie 
axes of the ellipse will be inclined to the intersecting line; and of 
the two points A, B, that which is farthest from V is the station 
point of the original of the major axis ; and the farther V is from 
D^ or the farther the original circle is from the vertex, while its 
centre is at the same distance from the station line, the more 
inclined the axes will be to the intersecting line. And also if 
two original circles were situated one on each side of V, but at 
equal distances from it, their centres being in a line parallel to 
the station line, then the axes of the ellipses representing 
them would be inclined in equal angles respectively to the inter- 
secting line, but in opposite directions. 

If the original circle be supposed to be farther from the station 
line, its centre being still in DO, the point G will be nearer the 
centre O, and the centre of the ellipse will approach nearer the 
perspective centre of the circle. The line VE will in this case 
form a more obtuse angle with A B, and the centre F of the semi- 
circle will be farther from V : the semicircle A E B will be larger, 
and the inequality between V A and V B will be increased ; so that 
B N will form a smaller, and A L a larger angle than they do 
in the present example; hence the axes of the ellipse will be 
more nearly parallel and perpendicular to the intersecting line. 
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In the annexed &gme, equal circles are represented in different 
situations, and at different distances with reference to the 




intersecting and station lines, and the inclinations of their axes as 
determined on the foregoing principles are shown, C being the 
centre of the vanishing line of their common plane. 

If two or more circles are concentric, the same point will 
not be the common original of the centres of the elHpses into 
which they are projected. When the vertex is at any finite 
distance, it will be found that the smaller the circle, the nearer 
the real centre will the point G be, 
through which the chords of the 
tangents pass : hence, as will be 
seen by the figure, the centres F,/, 
&c., of the semicircle by which 
the station points of the originals of 
the axes are determined, will vary ; 
/ being farther from V for each 
successive interior circle, conse- 
quently the axes of the ellipses 
representing an inner circle will be 
inclined to the intersecting line in 
different angles from those in which 
the axes of the exterior circle are inclined, except in the case when 
the centres of the circles are in the line from V perpendicular 
to A B ; and then the axes of all the ellipses will be parallel 
and perpendicular to the intersecting line, as was before mentioned, 
though they will have different centres. 

The centres of the ellipses which are the projections of such 
concentric circles will lie in a line drawn to the centre of the 
vanishing line ; because the originals of those centres, G, gr, &c., 
lie in a line, perpendicular to the station and intersecting 
lines, (25. p. 131). 

The change produced in the inclination of the axes of the 
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ellipses represeDting circles lying in different planes must be next 
considered. 

Let be the centre of the circle, and the base of a right 
cylinder, standing on the original plane, of vrhich AB is the 




station line, the vertical plane being supposed perpendicular to it. 
Let the cylinder be supposed to be cut by planes parallel to the 
first plane : the station lines of these planes will be parallel to 
AB, and all circular sections of the cylinder will be at equal dis- 
tances from their station lines : but the length of the vertical per- 
pendicular to each station line, will vary according to the distance 
of the cutting plane from the common vanishing plane, or accord- 
ing to its distance from the vertex. 

Thus if VW were the vertical to the plane (AB), and the 
next section of the cylinder were made by a plane at a distance 
from (A B) equal to V V, the vertical to the second plane would 
be equal to V W ; and so on, if more sections were supposed to 
be made. But it will be seen by referring to the construction 
p. 197, that the position of the originals of the axes of the elliptic 
projections depends on the length of the vertical ; and that, there- 
fore, these originals will vary for each successive section. The 
axes of the projection of the section made by the plane (A B) 
will be more inclined to the station line than those of the pro- 
jection of a section made by a plane nearer to the vertex, or to 
the vanishing plane. If a sectional plane be supposed to pass 
through the vertex, V and W will coincide, or there would be no 
vertical. The projection would of course be a right line (2, p. 126), 
and the axes may be supposed parallel and perpendicular to the 
vanishing line. 

If two sections of the cylinder were made by planes equally 
distant from the vertex on contrary sides of it, their verticals will 
be equal, and the originals of the axes will be inclined in equal 
angles respectively to the station line of each section ; but these 
axes will incline in contrary directions to the vanishing line, 
though in equal angles to it. 

The adjoining figure is the projection of the cylinder just re- 
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ferred to; and the ellipses formed by the sections of parallel 
planes are shown as deduced from the data; the axes of the 
ellipses on the other side of the vanishing line, but formed by 
planes at the same distances from their 
common vanishing plane, being equally 
inclined to that vanishing line^ but in con- 
trary directions. 

It is hardly necessary to observe that 
these principles apply equally, whatever 
may be the absolute position in space of 
the cylinder, whether this be supposed 
vertical^ horizontal, or oblique. 

If a plane passing through the axis 
of the cylinder and the vertex were 
perpendicular to the vertical plane, then 
it is obvious that the axes of the ellipses 
resulting from the parallel sections would 
be parallel and perpendicular to the in- 
tersecting line ; but when the cylinder is 
on either side of the vertex^ then of the 
ellipses representing the parallel sections, 

those that are nearer the vanishing line of their planes, will 
have their axes more nearly parallel and perpendicular to that 
vanishing line, than the axes of the more remote sections, whe- 
ther above or below ; an analogous effect being produced by the 
proximity of the plane of the section to its vanishing plane, as 
was produced by the increasing distance of the equal circles 
lying in the same plane. (Seejfig, p. 199.) 

If the cylinder were oblique, or if its axis were not parallel to 
the vertical plane, the constructions for finding the originals of 
the axes of the ellipses would be rather more complicated, 
because at every different section the distance of the station line 
from the centre of the circle would vary, but the general principles 
would apply equally, and no particular example is necessary, for 
reasons which will be hereafter given. 

Although, for the reasons just referred to, it is not often neces- 
sary in practice to find the axes of the elliptic projection of an 
original circle, yet the student should make himself perfectly 
master of all the general principles just explained, so that he may 
always be able to decide, from the relative situation of any circle 
to the vertex and plane of projection, (or vertical plane,) what 
will be the direction of the axes of the elliptic projection ; for 
of all errors in drawing, none are so fatal as those on this point, 
and yet none are so common, from want of an accurate knowledge 
of the subject. 

Every artist, as soon as he makes an attempt to draw, although 
be may be unacquainted with the geometrical principles of linear 
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perspective, perceives the apparent convergence of lines really 
parallel, and is soon master of the general modifications of forms 
of original objects, occasioned by viewing them from different 
points ; but very few observe so accurately what they see ba to 
draw a circle in perspective correctly, and hardly any draw it with 
a correct direction of the axes of the ellipse, unless they are con* 
versant with the geometrical rules of the art. 

One very flagrant error committed by artists, which the student 
should be especially warned against, is in the delineation of 
cylinders with their circular sections, or of the lines produced by 
such imaginary sections on their surfaces. Instead of drawing 
these as correct ellipses, with the outline of the cylinder as tan-i 
gents to the curve, they almost invariably design the circular 
section, seen obliquely, as the segment of a circle, and the exterior 
lines of the cylinder, consequently forming an angle with the 
curve, instead of flowing gracefully into one another, as they 
necessarily do in nature ; and thus, from ignorance, lose the ad- 
vantage in their pictures of a really graceful form, which that of the 
ellipse so decidedly is r this will be further explained subsequently. 

If the station line AB of the plane of an original circle 
touch the curve, the vertical plane is tangential to the cone 
of rays, and consequently the 
projection of the circle will be 
aparckbolay (Geom. App.) as has 
been stated, (p. 196.) Draw a 
diameter perpendicular to AB, 
cutting it in D, and join V D \ 
draw V B perpendicular to V D, 
cutting A B in B ; from B, with 
B D for a radius, cut the cir- 
cumference of the circle in E, and draw a line' through D and E. 
Bisect the angle D V B by V L, cutting A B in L ; and from L. 
with L D for a radius, cut the circumference in G ; through 
B and G draw a line to cut D E in F, and through L and G 
draw another to cut D E in M. Then D E will be the original 
of the axis, F that of the focus, B M will be the original of the 
directrix, and F G will be the original of the ordinate through 
the focus, or the parameter of the axis. (See 5, p. 77.) 

For B D being a tangent to the circle, B E, its equal, will also 
be a tangent to it, and therefore D E is the chord of the tangenta 
from B, consequently B H, or any other line B R, will be har- 
monically divided in F and G, or S and T, (Geom. App. Lem. 
Prop. 16.) therefore fh,fg, r s, 5 if,* will be equal. (46.) 
The angle DVB of the verticals (Def. 15.) of d e, and the linea 

* That is, the perspeciive projections of F H, F G ; R S, S T. 




LINEAR PERSPECTIVBl. 



203 



through B heiog a right angle; the projections of these last 
lines will be perpendicular to that of D E, (28.) and will be 
parallel among themselves, (29.) consequently d e must be the 
axeSj e being the vertex, and RT, H G are the originals of double 
ordinates to it. (Geom. App,) 

Again, from the equal angles D V L, B V L, each being half a 
right angle, the projection of the triangle M F G will be isosceles, 
and w/vvill be equal to jf/: consequently B M will be the origi- 
nal of the directrix, and F will be the original of the focus ; the 
line / m being a tangent to the parabola at g. 

If the station line A B cut an original circle, the projections 
of the two segments will be opposite hyperbolas, as has beeu 
stated, (p. 196.) Draw a diameter perpendicular to A B ; draw 
the tangents to the circle at A and B, meeting in a point C in 
that diameter. Join V A, V B, and bisect A V B by V M, 




cutting A B in M ; draw a line through C and M, cutting the 
circle in D and E. Draw V L at right angles to V M, and 
through L and C draw a line ; draw E A, E B produced to cut L C 
in G and H. Then C is the original of the centre of the opposite 
hyperbolas ; C E, CD* are the originals of the semi-major axis 5 

* The projection of any//4iV^ right line which cuts the vertical plane will be infinite ; 
for the point of intersection having its projection at an infinite distance, the projection 
of the original must be continued ad injimium to that infinitely distant point. Thus 
the true projection of the line A B (see fig. p. 127) is not the finite segment a b, but 
"the infinite line a/, minut the segment a b. 

Consequently, in the present instance, the line C E, which cuts the vertical plane in 
M, will have an infinite projection ; and the semi-major axis ce, is not the true pro- 
jection of that line, but is the complement^ as it may be called, of the true projection ; 
or c tf is tlie finite segment which unites the two infinite segments which are the true 
projections of the parts G M, M. £ ; and is analogous to the segment a 6, of the figure 
above referred to. 

This leads to another circumstance respecting'the hyperbolas, considered as the pro- 
jection of a circle, which is worth remarking. When these curves are regarded in 
this light, it is the two uninclosed portions of surface, lying on the concave side of the 
curves, and not the space between the two curves, which represent the two portions of 
the original circular area lying on each side of the station line. 
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D and E are the originals of the vertices, and any line through L 
will be the original of an ordinate ; C A, C B are the originals of 
the asymptotes, H G is the original of the conjugate axis, and G 
and H are the vertices of it. Any line through M will be the ori- 
ginal of an ordinate to the conjugate. 

For A B being the chord of the tangents from C, by construction, 
C E is harmonically divided in D and M, (51.) and consequently 
c e, cdy the projections of C E, C D, will be equal. Again, biecause 
the angle A V B is bisected by V M, and V L is drawn at right 
angles to it, V A, V M, V B, V L, are harmonical lines, (Geom. 
II. Prop. 50, Cor. 1.) and therefore A L is harmonically divided in 
M and B ; consequently C E will be the chord of the tangents from 
Lj and therefore the tangents at D and E meeting in L, a point in 
the station line, their projections will be parallel, and the image of 
any line P Q drawn through L will be parallel to them, and will be 
bisected by the image of D E, (51, p. 153.) From the right angle 
M V L, these projections will be at right angles to the image of 
D E, therefore this last is the axis, the points d and e are the ver- 
tices of the opposite hyperbolas, and C is the original of the centre. 
Again, since the points A and B can have no images, the projec- 
tions of the tangents C A, C B will be asymptotes to the curve ; 
and L C is the original of the conjugate axis, since its projection 
is parallel to the tangents at the vertices of the transverse axis. 
The projections of E G, E H being parallel to the asymptotes 
c a, c 6, (29.) and drawn from a vertex of the major axis, G and 
H will be the originals of the vertices of the conjugate. Again, 
any lines drawn through M will have their projections at right 
angles to this conjugate axis, or parallel to the transverse, and 
such lines will therefore be ordinates to the former. 

The projection of any conic section, taken as an original curve, 
will always be a conic section, because, since that original curve 
must be the section of a conic surface generated from a circular 
base, situated somewhere, and -somehow inclined to the plane 
of the curve, the projection of this curve is only a new section of 
the same conical surface, and therefore must be a conic section. 

If the proposed original curve be an ellipse not touching or 
cutting the station line of its plane, its projection will always be 
an ellipse or a circle, and it will be a parabola or a hyperbola in 
the other suppositions. 

If the original curve be a parabola, neither touching nor cutting 
the vertical plane, its projection will always be an ellipse, or a 
.circle touching the vanishing line of its plane. 

For if the circular base of the cone of rays touch the vanishing 
plane, this plane, since it passes through the vertex, or apex, 
of that cone of rays, must be tangential to the conical surface ; 
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and the section of this surface by the original plane, which is pa- 
rallel to that vanishing plane, will be a parabola, namely^ the 
given curve. If it should happen that the circular base is parallel 
to the plane of projection, the image of the parabola will be a 
circle; but if the plane of the base and the plane of projection be 
not parallel, the ima^e must be an ellipse. 

If the original parabola touch the station line, its image will be 
a parabola touching the vanishing line. 

For in this case the circular base must touch the vanishing line^ 
or the section on the parallel original plane would not be a para- 
bola ; and as the point in which this touches the station line can 
have no projection^ the image must be a parabola. 

If the original curve be opposite hyperbolas, one lying on each 
side of the station line, their image will be a circle or ellipse, cut- 
ting the vanishing line, according as the circular base is parallel 
or oblique to the plane of projection. If the station line be an 
asymptote to the curve, the image will be a parabola cutting the 
vanishing line in one point. 

If one of the original hyperbolas cuts the station line in one 
point only, both must cut it in a point ; the images of the curves 
will be opposite hyperbolas, each cutting the vanishing line in one 
point*. 

If one of the original curves touches the station line, the other 
cannot touch or cut it at all ; in this case the image will be a 
parabola, cutting the vanishing line in two points. 

If one of the original curves does not cut the station line at all, 
and the other cuts it, it will cut it in two points ; the images in 
this case will be opposite hyperbolas, one of which will cut the 
vanishing line in two points. 

The foregoing theorems on the images of the parabola and 
hyperbolas are not purely hypothetical, though they are never 
required in the delineation of objects ; but in the projection of 
shadows, and still more in the application of geometry to the pro- 
jection of the reflections of objects as seen in polished surfaces, 
they may occur. 

Thus if a perspective drawing of the interior of a room were 
made, with a mirror, inclined to one of the walls, and also to the 
plane of projection, represented in it, some parts of the chamber, 
and of objects in it, would be seen reflected in the glass. The 

* Two parallel right lines of sufficient length have been 8ho\m to appear as curved 
lines gradually approaching each other. (See p. 138.) If two opposite hyperbolas were 
drawn on a flat wall, and the eye were placed in the vertex of the right double cone of 
which they were the correct section by the plane of the wall, these curves would appear 
as two parallel right lines ; because parallel ordiuates intercepted by the curves would 
every where subtend the same angle at the eye ; that produced by the section of the conic 
surfaces by a plaue passing through the vertex, and therefore the ordinates would ap- 
pear equal. This is the converse of the former optical delusion. 
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mode of findinoj the projections of these reflections ihay bef 
analysed into finding the projection of the reflection of one point. 
Now the reflection will be in the intersection of a plane with the 
mirror, passing through the original point, and the vertex, and 
perpendicular to the reflecting surface; and if an ellipse, or other 
conic section according to circumstances, were supposed in space, 
having those two points for its foci, and the intersection for a 
tangent, the tangent point will be that reflection of the original 
point ; the projection of such an ellipse would only be a right line, 
because its plane passes through the vertex; but if the curve were 
supposed turned down on the intersection, till it coincided with 
the plane of the mirror, the tangential point will remain the same, 
and then the curve may be projected, in order to find that point ; 
and the curve of the projected ellipse, or other section, may be a 
parabola or hyperbolas, according to the foregoing theorems. 

As such priDblems are rather ingenious exercises, than of much 
utility, it does not enter into the plan of this work to give any 
examples ; but this statement was made to explain the reason for 
giving the theorems alluded to, which might otherwise have ap- 
peared entirely superfluous. 

It must not, liowever, be supposed that it is always necessary 
to adopt this complicated construction, for the projection of the 
reflection can be found, of course, much more easily by right 
lines only ; but on some occasions, the conic sections may be 
employed, and the foregoing theorems will afford an useful exer- 
cise to the mind of a student desirous of learning the subject 
systematically. 




§ ON THE PERSPECTIVE PROJECTIONS OF SOLIDS 

WITH CURVED SURFACES. 

The cylinder is, to the practical draughtsman, by far the most 
important of all solids with curved surfaces, from its usually 
forming a constituent part of most works of human art, whe- 
ther buildings or machines, &c. Before proceeding, therefore, 
to any further examples of the mode of delineating such objects 
in perspective, it will be necessary to explain some general prin^ 
ciples relating to the projections of the cone and cylinder, con- 
sidered simply as geometrical solids. 

Let a line YA be supposed to pass 
through the vertex V, parallel to the axis 
of a cylinder, whether right or oblique, 
and to cut the plane of the circular base, 
or that of any section parallel to it, in X 
or Y; from either point draw two tangents 
to the circle, as X R, X S, or Y R, i S ; 
and from the points of contact, R, S, let 
two lines be supposed drawn on the solid, 
parallel to its axis, and therefore repre- 
senting the generator^ in two of its positions. It is ob- 
vious that two planes passing through VX, and XR or XS, 
will be tangential to the cylindrical surface in the lines R R, S S ; 
and therefore all rays from the vertex, lying in these planes, will 
also be tangential to that surface in those lines : hence these two 
lines, R R, S S will be the originals of the contour ^ or limiting out- 
line of the solid. It is clear that the images of the tangents X R^ 
X S will be in one line with those of R R, S S, (2, p. 126) and will 
pass through the image of the point X or Y. V X is, moreover, 
the radial of the parallels R R, S S, and of the axis of the solid; 
and therefore will, by its intersection with the plane of projection, 
determine the vanishing point of these parallels : hence it appears 
that the image of the axis, and the outlines of the cylindrical sur« 
face, will have a common vanishing point, provided the axis of 
the solid is not parallel to the plane of projection, and that 
vanishing point is the image of X. 

If the axis of the cylinder be parallel to the plane of projection, 
V X will be parallel to it, and the lines R R, S S will have no 
vanishing point, or their images will be parallel : in this case V X 
will be the vertical (Def. 15. 134, and 29, p. 134) of X R, X.S, 

* Couical and cylindrical surfaces are conceived as produced by the motion of a rtg;ht 
Uae, called the generator, always passing through the curve of the base ; and either 
passing through a point, or moving |)arallel to o given fixed right line* 
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and the images of these lioes will also be parallel, and in the same 
right lines with those of R K> S S as before. 

X would in this case be in the station line of the plane of the 
circle^ hence the chord R S would be the original of a diameter of 
the elliptic projection^ and therefore the images of R R X, S S X, 
would be tangents at the vertices of that diameter. ButRS would 
only be the original of the major axis, on the supposition of R S 
being parallel to the intersecting and station lines of the plane of 
the circle, (p. 198.) or on the supposition of the cylinder being a 
right one^ and having its axis in a plane passing through the ver- 
tex, perpendicular to the plane of projection. 

In every case the images of R R X, S S X> will be tangents to 
all curves, which are projections of sections of the solid by planes, 
cutting it in any direction*. For since the original curves of 
such sections must lie wholly in the cylindrical surface, they must 
touch R R, S S, in a point of each, and therefore the images of 
R R, S S must tcmch the projection of the section in that of these 
points ; and they cannot cut that projection, or meet it in more 
than one point ; because in such a supposition, part of the pro- 
jected curve would lie beyond these images, which cannot be the 
case, since these images form the visible limits of the solid. 

Hence if the axis of the cylinder be oblique to the plane of pro- 
jection, the images of R R, S S cannot be tangents at the ex - 
tremities of a diameter of an elliptic projection of a section, be- 
cause these images cannot be parallel. 

And from these theorem's it immediately appears, that when 
the vertex is at a finite distance, and not within the cylindrical 
surface, less than half of the surface of a solid cylinder can only 
be seen at once. 

If the radial VX fell within the cylindrical surface, no tangents 
could be drawn from X to the circular base, and there could be 
no right lines R R, S S, drawn on the cylinder for the originals of 
the outline. In this case, therefore, this outline would be the 
image of any section which terminated the solid nearest to the 
vertex; and the image of the end of the solid farthest from the 
vertex would be seen wholly within the former. 

A cylinder may be considered as a cone having its vertex at an 
infinite distance (see note, preceding page) ; V X may, therefore, 
be supposed to pass through such an infinitely distant vertex, and 
the solid may be regarded as a cone. A practical rule for finding 
the original of the outline of a cone may be deduced from what 
has preceded relative to the cylinder. 

If a line V X be drawn through the vertex, or point of sight, 
and through the apex f of a cone, and produced to cut the plane 

* Of course sections by planes parallel to the axis are not intended here, for these 
would be parallel right lines. 

f The term apex is used here, to obviate the confusion arising from the same 
term, vertex, being applied to the point of sight, and to the vertex of the solid* 
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of its circular base in a point X, then tangents to the circle 
drawn from X will give two points in its circumference, from 
which lines being drawn to the apex of the solids they will be the 
originals of the outlines of its projection. 

If the perpendicular height of the point of sight be equal to 
that of the apex of the solid above the plane of its base, then 
V X will be parallel to that base and therefore will not cut it, or 
the point X may be considered as infinitely distant ; and the 
tangents to the circle will be parallel to V X, and will therefore 
be at the extremities of a diameter; consequently, in this suppo- 
sition^ the originals of the visible outlines will bisect the solid» 
and just half the conical surface will be visible. 

If V X cut the plane of the base beyond the vertex, or so that 
the solid is between this point of sight and the point X, then 
more than half of the conical surface will be seen. This happens 
when the perpendicular height of the eye is greater than that of 
the apex of the solid above the plane of its base. 

But if the height of the eye be less than that of the apex of the 
cone, then the point of sight is between the point X and the solid, 
and less than half of the surface will be visible. If the point of 
sight were within the conical surface produced, the point X 
would fall within the circular base^ and no tangents could be 
drawn to it, hence as in the corresponding case of a cylinder there 
could be no straight outline to the projection of the solid, but this 
outline would be the projection of any section of the conical sur- 
face, terminating the solid^ and the projection of the apex would 
fall within it. 

If the vertex V be in the conical surface^ the projection of the 
apex will coincide with the point in the base, where the generator 
passing through V meets it. And if the vertical plane pass 
through this generator, the whole solid will be projected into a 
parabola, the apex will have no projection. These are hypothe- 
tical cases which cannot be realized in nature. 

But if the vertex V be on the surface of a right cylinder the 
effect may be observed in nature : when a person stands in the 
doorway of a rotunda, as that of the Pantheon at Rome, he will see 
the outlines of the pavement, and of the cornices, &c., of the 
cylindrical part of the edifice, as parabolas, while the lines of the 
panels in the dome will appear as ellipses ; but to perceive this, 
it is necessary that the eye be held steady, and directed always to 
the same point in space"*". 

* lu the present case, and in those formerly alluded to (p, 138), of a line really 
straipfht appearing as a curve, the modifications in the apparent forms of objects do 
not depend solely on geometrical principles; the laws of vision and the structure of the 
eye must evidently concur with these to produce the result. In this work of coursQ 
these last considerations are entirely omitted. 

P 
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Since any regular polygon can be inscribed nvithin, or circum- 
scribed round, any circle ; and since the perspective projection of 
such a right line figure is very easily obtained, the usual prac^ 
tical mode of finding the projection of a circle is to find that of 
some such polygon ; and the several points of this projection 
will, of course, be in the periphery of the ellipse required, which 
is then drawn through them by hand. As a few points are sufii« 
cient for this purpose, the circumscribing square is generally made 
use of; the perspective central points of the four sides of the 
image of this where they touch the circumference, and the pro- 
jections of the four points in which the circle cuts the diagonals of 
the square^ which are easily obtained^ furnish a sufficient number 
of points in the curve. 

This auxiliary square may be assumed in any position, and 
therefore, for the sake of facility of construction, a side is usually 
taken parallel to the plane of projection ; consequently^ the centre 
of the vanishing line is the vanishing point of the two sides lying 
in planes at right angles to this plane^ and the principal radial set 
off from the centre each way along the vanishing line, gives the 
vanishing points of the diagonals (42.) 

Let AB F G (PI. 7, Fig. 1) be the assumed square^ the original 
circle being supposed to touch the plane of projection ; the dia* 
gonals of the square cut the circle in N, O, Q, R. The projecticm* 
AB/gf of the square being drawn^ then the projections of these 
four points are obtained by means of the lines drawn to the 
vanishing point from T and U, and intersecting the perspective 
diagonals Ag, B/, as will be seen from the figure. 

It is obviously unnecessary to draw the whole square and 
circle, for a semi-circle being described on A B, and the half 
square A D E B being completed, the radii D L, EL, will give the 
points N' and O', by which T and U may be obtained ; that is, 
A T and B U must be made equal to the distance of N' and O^ 
from AD, D E, BE. It will be also seen, that the semi-circle 
might have been described on fg, or on d e, or on any line which 
is the projection of one equal to A B, and parallel to the inter- 
secting line of the plane of the circle ; for the figure /A fy being 
constructed on such a line, it will give the points w, x correspond- 
ing to T and U obtained before, for reasons which will be pre- 
sently explained. 

If any number of original circles were concentric, the diagonals 
of the circumscribing squares would be common to all, provided 
the sides of these were parallel ; and the points of each, corre- 
sponding to N and O, are readily obtained, as well as the projec- 
tions of them, so that the projections of the ellipses representing 
these concentric circles are easily drawn. 

The same principle is universally applicable to finding the pro* 
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jection of any curved line ; for the intersections of the perspective 
projections of right lines, passing through points of the original 
curve, will, of course, be points in the projection of that curve. 
If squares drawn on the plane of an irregular outline or drawings 
as if for the purpose of copying it (see p. 56, et seq.) be put in 
perspective, the trapezia will serve as guides for drawing that 
irregular outline in perspective ; thus in a view of the interior of 
a room, the outlines of pictures hanging or painted on the walls 
may be drawn in perspective. It is in this way that those toys 
called anamorphoses are made ; the squares drawn on a figure or 
landscape are projected into distorted perspective, by assuming the 
vertex very near, and the plane of projection perpendicular to that 
of the original drawing ; the outline of the figure, &c. is carefully 
copied in these irregular quadrilaterals, and this distorted copy, if 
viewed from a fixed point corresponding to that of the assumed 
vertex, will resume its correct natural appearance, (See p. 138.) 

Examples will now be given for the purpose of showing the 
practical application of the principles relating to the elliptic 
projections of circles, and of the projections of cylinders, &c. 

At Fig* 1, Fl. 4 is shown the geometrical profile of two bevelled 
cog-wheels, P is the apex of the cones of their teeth^ this point 
being the intersection of the axles of the two wheels : from this 
section it will be seen that there are five principal circles 1, 2^ 3, 
4, 5* in each wheel, lying in different planes and of different 
diameters, their common axles being perpendicular to the planes 
in each wheel. 

In the following constructions the wheels are considered as 
isolated objects, and therefore the proceeding most applicable in 
such a supposition is adopted ; but the learner will easily com* 
prehend how this must be modified, if the wheels formed part 
of a machine, and if the planes of the circles of the larger 
wheel were not necessarily perpendicular to the plane of pro- 
jection, as they are assumed to be in the present instance. AB 
(Fig. 2) is made equal to the diameter of the circle 3, of the 
largest wheel, in the intersecting line of its plane ; C being the 
centre of the picture, and C X the distance of the vertex : on A B 
describe a semi-circle, draw the half circumscribing square A D 
EB, find ABde, the projection of the whole square, and also 
those of the points in the perspective diagonals through which the 
ellipse will pass, and of the tangential points in the sides, or the 
perspective central points of those sides. Draw 1 C and the other 

* For the sake of simplifying the constructions as far as possible, the section of 
the wheels is not shown as it would really be : thus, for instance, the plane 3 of the 
upper face of the flanch is shown as coinciding with the outer edge of the cogs, and 
the lower face 4 with the bottom of the cogs, and so on, which might or might not be 
be case in the real wheeU 

?2 
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lines to C from the points where 1, 2, 3, 4, and 5, cut P P :* pro- 
dace rfe to m; then PP will be the intersecting line of a plane^ 
perpendicular to the plane of projection and to the plane of the 
circle^ and on this plane the perspective projection of the section 
through the centre of the wheel must be drawn. The points p', 
^', and i/, which represent on this auxiliary plane those in the 
axle of the wheel to which the bevelled tops and ends of the cogs 
tend, must be found by drawing lines from P, P, in P P to C : 
transfer the points p' thus found to the perpendicular through 
I, the perspective centre of the square. The lines ap', mp'^ 
will determine the points T', W, u\ &c. of the section on the 
plane (PP)> and it was for the purpose of obtaining these points 
more accurately than could be done by the perspective section 
through L' Ip that that on (PP) was constructed ; lines drawn 
parallel to A B, through T' W' ti'tn, &c., the various poiuts of this 
section will be the sides of the perspective images of the squares 
circumscribed round the various circles of the wheel. The 
points o' V in p'/>', which represent the intersections of the planes 
of these circles and the axle of the wheel, must be transferred to 
PP ; lines drawn through these points o, Z, &c., to X and Y, will 
be the perspective diagonals of these circumscribing squares, and 
these diagonals will give the angles of the projected squares ; thus 
the lines through o to X and Y, will give q, », t, r, and the lines 
gr, ts, drawn to C, will be the other sides of the square round 
the circle 1 of the wheel. 

On q t describe a semi-circle, and proceed in the same way as 
before to find the projections of the points in which this circle 
cuts the diagonals of the square circumscribing it. These con- 
structions must be repeated till the sides of the squares and the 
diagonals for all the circles of the wheel are found ; and the points 
in them through which the elliptic projections of those circles will 
pass, or where they touch the sides. 

As the correctness of the ellipses which are to be drawn in by 
hand will depend on that with which these points are found, every 
care must be taken to project the squares and their diagonals 
very accurately, and recourse should be had to some mode of 
verifying them ; as for instance, by finding some of the angular 
points of the images of the squares by other constructions. This 
should particularly be done for such points as T, u, W, &c. ; 
these will also be determined more correctly by making use of 
lines drawn from A, L, B, d e, &c. to p^p : thus Ap, Bp, dp, 
and e p, will verify the points qr, t, r, «, and so on. 

In the figure, the projections of the eight sections of the wheel 

* The Hue a G is to be drawn from any point, a, in A B, produced at pleasure, as far 
as convenient from the centre C of the picture ; it need hardly be observed, that it is 
not necessary that the (geometrical section should be in the place shown in the plate, 
but the points from P P must be set off on a line drawn through a perpendicular to 
AB, if it be not. 
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by four planes passing through its axle^ through the diagonals of 
the squares, and parallel to their sides are shown. Since the 
principal points of these sections are determined by the previous 
constructions relating to the projections of those squares and their 
diagonals^ it is advisable to complete them ; by so doing, not only 
will the various points through which the ellipses are to be drawn 
be kept more distinct, but the ellipses themselves may be drawn 
more correctly. 

It will be seen from Fig. 1 that the plane of the largest circle 
4 of the smaller wheels does not touch the corresponding circle 3 
of the larger wheel at A*. Attention being paid to this^ the mode 
of finding the projection of the circumscribing squares of the circles 
of this smaller wheel will be the same as that just described for 
the others ; it will^ therefore, be unnecessary to enter into the 
details of these constructions. 

The next step necessary to drawing in the cogs, is to divide 
one ellipse of the projections of the wheels into the requisite 
number of perspectively equal parts. To do this, divide the semi- 
circle on A B geometrically ; and transfer the points of division 
to A B by means of ordinates perpendicular to this line ; then 
lines drawn from the points thus formed in A B to C, will cut the 
ellipse in the perspective divisions. But it is obvious that the 
ellipse being drawn by hand, and therefore necessarily not per- 
fectly correct, the perspective division of it into small quantities 
must be still more uncertain, and the points near the extremities 
of the longer axis will be altogether undefined, and must be deter- 
mined by the judgment of the draughtsman : thus since there 
must be the same number of divisions in each equal portion of the 
real circle, he must take care to get in the same number of per* 
spective points of division in each segment of the ellipse repre- 
senting those equal portions of the circle, as for example between 
each diagonal of the projection of the square and the lines through 
the centres of the sides. 

As, for the same reason, every precaution should be taken to 
get the principal points of perspectively equal divisions as correctly 
as possible, lines may be drawn from the points in one-half of the 
ellipse through its perspective centre, which will verify or correct 
those in the other half; this is shown in the plate, as done for 
the divisions of the smaller wheel. 

To explain the principle of this perspective equal division of 
the projection of a circle, let D E be the diameter of one in 

* This smaller wheel is assumed as having the planes of its circles parallel to the 
diagonal LD {Id) of the larger; this is only done to simplify the figure, and the 
same remarks will here apply as were made in the last note^ and in that at the com- 
mencement of the example 
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an original plane ; A B being its in- 
tersecting line. Let the circumfer- 
ence be divided into any number of 
equal parts in 1,2, 3^ &c., and let 
lines be supposed drawn through the 
points of division, perpendicular to 
D E, and produced to cut A B ; F D, 
G £^ being tangents to the circle. 
Now it is obvious that these parallels 
will cut F G and D E in the same 
proportional parts ; and this last line 
is divided by them into the differences 

of the versed sines of the equal arcs. Therefore^ if a semicircle 
be described on F G^ or any line parallel to it as H I, and divided 
into the same number of equal parts with that on D E, the 
points in F G or H I may be determined directly from the divi- 
sions by means of parallel sines, as shown in the figure. 

Now if the circle on F G or H I be supposed turned round on 
that line till the plane of it is parallel to the plane of projection, 
the points of division in the line F G or H I will not thereby be 
altered^ and the circle will be projected into one similiar to the 
original, and consequently the image of F G or H I may be di- 
vided into the versed sines by means of the circle on that image ; 
and the parallels FD, GE, &c. being projected into lines having 
a common vanishing point in the vanishing line of the plane of 
the circle on D E, the elliptic image of this will be perspectively 
divided by these converging lines. 

Therefore, to divide an ellipse perspectively on this principle, 
take any point P in the vanishing line of the plane of the 
original circle, so, that tangents P H, PI, drawn from it to the 
ellipse may touch this, as nearly as can 
be estimated, at the extremities of a chord 
parallel to the major axis. Draw a line 
parallel to the vanishing line to cut the tan- 
gents; and on H I, the intercepted seg- 
ment, describe a semicircle which is to be 
divided into the proper number of equal 
parts ; draw ordinates from the points of 
division perpendicular to H I, and from 
the points in this line where the ordinates 
meet it, draw lines to P, the assumed point : 
these will cut the ellipse in points which 
will divide it perspectively into equal parts. 

If the divisions are required to commence from any point as 1 
in the circle, a line P 1 must be drawn from the assumed point 
through the given one, and produced to cut H I in 1. Then the 
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ordinate being drawn from 1 in H I, perpendicular to it, to cut 
the circle in 1, the equal divisions must begin from that point. 

With this limitation it is most probable that the divisions of the 
circle may not fall into the ends of the diameter H I ; and con- 
sequently, the divisions in the opposite semicircles may not lie in 
the same lines^ having P for their vanishing point. In this case 
the complete circle must be drawn on H I, and the divisions of 
the opposite semicircles transferred by ordinates to the diameter, 
and the perspective divisions of the circumference of the ellipse 
must be determined from these : or the divisions of the perspec* 
tive of the half ellipse being determined from the semicircle as 
before ; those of the remainder of the curve may be obtained by 
, drawing diameters through the perspective centre, as is shown in 
the Figure and in the Plate. 

The point P may of course be taken any where in the vanish- 
ing line ; but practically^ when the directions for assuming it as 
above given are followed, the greatest number of the lines cut the 
ellipse least obliquely, and there are therefore only a few near its 
extremities which are very oblique to it. 

In the example of the cog-wheel, the point C was made use of 
to divide the ellipse^ only because it obviated the necessity of 
a new construction which would have confused the figure ; but 
it would have been better to have taken one more consistent with 
the above condition, and in that case a new semicircle must have 
been described on the intercepted segment of A B. 

Having obtained the divisions of the larger wheel, those of the 
smaller must begin from a fixed point, so that a cog of it shall 
fall into the space between two of those of the larger ; hence a 
semicircle only being used^ the mode last suggested^ of deter- 
mining the perspective divisions of the remainder of the circum- 
ference by perspective diameters, is employed as is shown in the 
figure. 

Having got by these methods the divisions on the ellipse, the 
outlines of the cogs are to be drawn from them top', p' and p' in 
the axle; but a great deal must be left to the eye and judgment 
of the draughtsman in so doing, for whatever care may have 
been taken, the divisions will not be sufficiently accurate to be 
implicitly trusted to, especially for those cogs which, being near 
the extremities of the major axis of the ellipse^ are most fore- 
shortened or most crowded. And attention must also be paid to 
the real form of the cogs, these being not planes on their sides, 
but curved surfaces, to facilitate the working of them in those of 
the other wheel, so that the upper face of the cog is narrower 
than the lower part, and this must be expressed in the drawing : 
the detached figure 3 on the plate showing four or five cogs to 
a larger scale, will explain the mode in which this is to be done. 

The projections of the spokes of the wheel are most correctly 
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obtained by finding the vanishing points of the central lines of 
their upper faces, the radials being drawn to make the proper 
equal angles at the vertex. But as the spokes taper from the 
centre, these vanishing points will not serve for their sides : to ob- 
viate the necessity of finding the vanishing points for the sides, the 
following plan is resorted to. Draw the elliptic projection of the 
small circle to which the sides of the spokes are tangents^ as found 
from the geometrical plan of the wheel ; the widths of the spokes 
where they meet the flanch may be proportioned so as to be per- 
spectively equal, either by eye from the divisions for the teeth, or 
they must be deduced from the plan in the same way as those divi- 
sions were : then the lines of the spokes on the upper face must be 
drawn as tangents to the small ellipse. The thickness of the 
spokes is given by the perspective thickness of the flanch, as ex-* 
pressed by the two ellipses of its inner edge, but these details are 
best drawn by eye. 

The real axles of the wheels are not shown in the plate, the 
mode of drawing them requiring no particular directions but such 
as are general to all parts of machines. 

Let C (Fig. 3, PL 7) be the centre ofthe picture, C V the dis- 
tance of it, AB the intersecting line, and K the centre of the 
vanishing line of a plane, forming any proposed angle C R V, with 
the plane of projection (32, p. 143) in which plane is situated the 
circular base of a right cylinder of the diameter A B, the circum- 
ference touching the plane of projection. A B de being drawn as 
the projection of the circumscribing square, the ellipse must be 
drawn^ either by means of the diagonals A e, B c2^ as explained in 
the preceding example, or by finding its axes by the constructions 
given in p. 197 ; V R being of course the distance of the station line 
of the plane (AB) from the intersecting line ; or, if more conve- 
nient, the major axis of the ellipse may be found by Prob. GO, p. 
90. Find S, the vanishing point of lines perpendicular to the plane 
(A B) (54, p. 159) ; drawc S, the perspective axis of the cylinder^ 
and lines touching the ellipse for the outlines of it (p. 208) : c h 
being made perspectively equal to any proposed length, complete 
the projection oi the circumscribing square at the other end of 
the solid, by means of the lines A S, B S, d S, 6 S, &c., and draw 
the elliptic projection of the circle at that extremity which is 
parallel to the plane (AB). 

The distortion, shown by the great inequality of size and form of 
the rhombuses, and difference in the direction of the axes of these 
ellipses, representing equal and parallel circles, arises from the 
proximity of the vertex to the plane of projection, and serves to 
illustrate the theorem (p, 200) of this change of direction as pro- 
duced by the different distances of the original planes of the circles 
from the vanishing plane; the axis of the upper ellipse being 
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much less inclined to the vanishing line, than the axis of the 
ellipse representing the more distant circle. 

Let K D be assumed, or found (p. 163) as the intersecting line 
of a plane^ perpendicular to the plane of projection, and inclined in 
any proposed angle* to the plane (A B) ; C E parallel to D K will 
therefore be the vanishing line of this second plane : and if A B 
be produced to cut DKin D, then a line drawn from the point 
of intersection to E, the intersection of the two vanishing lines, 
will be the projection of th^ intersection of the two original planes. 

In order to find the projection of the original ellipse, formed by 
the section of the cylinder by the plane (D K) : draw AK, B K', 
and L M, perpendicular to A B, meeting D K in K, K^ and M. 
Now it is clear that the intersections of the plane (D K) with the 
two planes (A K) (B K') of the sides of the parallelopiped, in- 
closing the cylinder, and with the plane through its axis parallel to 
those sides^ will be perpendicular to the plane of projection : draw 
K C, K' C, and M C, therefore as the projections of these inter- 
sections; then the points a^h^n^o, in which the two first cut 
AS, BS, c2S, eS, being joined, the trapezium afeno will ob- 
viously be the projection of the parallelogramf formed by the 
section of the parallelopiped by the plane (D K.) 

If lines be drawn to S from the points in which the ellipse cuts 
the perspective diagonals of the square A ej, they will cut the 
diagonals of the trapezium a o in points through which the elliptic 
section will pass : and lines from the tangential points in the sides 
of the same square will give the tangential points in the sides of 
the trapezium : these eight points will be sufficient for drawing 
the curve by hand, or the axes of the ellipse may be found by 
the Problem before alluded to. 

P Q ^ ti is the projection of another square, parallel to the plane 
(D K), and forming one end of a rectangular parallelopiped in- 
closing a right cylinder, the axis of which is therefore parallel to 
the plane of projection : complete the projection of the solid as 
terminated by the plane (D K), and draw the inscribed eUipses by 
means of the diagonals, &c. as before. 

The sides of the cylindrical surface bounding its visible part 
may be drawn tangents to the two ellipses (see p. 208) ; but if 

* The cylinder being a right one, the planes of the parallelopiped inclosing it, 
A B £f « S, will be perpendicular to each other; the side B eS is therefore perpendicular 
to the plane (A B), and is consequently perpendicular to the plane of projection : B K 
drawn perpendicular to A B is the intersecting line of the plane B e S. Hence B K M is 
the angle of inclination of B « S to the plane (D K.) 

f If the constructions have been accurately made, ha, on will be found to meet, 
if produced in their vanishing point, in E G, as they ought to do ; and this circum- 
stance will be a means of verification. 

X The < square A e ' means that the original is a square : this and similar expres- 
sions adopted to avoid unnecessary repetitions, can occasion no embarrassment to an 
attentive learner. 
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the precise points where th^se tangents meet the ellipses are 
required, the following construction will give them when the axis 
is parallel to the plane of projection, whether the cylinder be 
right or oblique. Produce the axis of the solid y xto cut the curve 
in points I and m, and to cut the vanishing line of the plane of the 
circle in a/ : then tn 2 is the projection of a diameter of the circle, 
and x^ is its vanishing point. Find the vanishing point Z* of lines 
perpendicular to the original of Im, and lying in the plane of the 
circle ; bisect I m geometrically in i : then a line to Z through i, 
will cut the ellipse in the points r, s, where the tangent outlines 
of the cylindrical surface touch it. For the original of r 9 is the 
chord of the tangents to the original circle, from the station point 
of the diameter of which Zm is the image (see fig. p. 197). 
Now this station point is that where a vertical parallel to the 
axis of the solid meets the original plane, because this axis is 
parallel to the vertical plane (see p. 207) ; s and r will therefore be 
the projections of the points where the tangents touch the circle. 

If the axis c A, of the cylinder, be oblique to the plane of pro- 
jection^ S c must be produced to I, and x', and Z^ the vanishing 
point of lines perpendicular to the original of Im, must be found 
as before. Find a third point i, to complete the harmonical 
division of S Z in m and i (rlane Geom. Prob. 15, p. 37) : then a 
line drawn through » to Z will cut the ellipse in r and a, the points 
of contact of the straight outline with the ellipse. 

For S I being harmonically divided, the three rays through the 
points ly if and 971, and the radial of the vanishing point S, will be 
four harmonical lines (Geom. II. Prop. 49). Now S also repre- 
sents a point in the original plane of the circle (p. 207), and the 
original of the line S I will consequently be divided harmonically 
in the originals of the points i and m; consequently, the original 
of r^, which is perpendicular to the original of Im, which is a 
diameter of the circle, c being the perspective centre, must be the 
chord of the tangents from the point S in the plane of the circle, 
and S being the intersection of a line parallel to the axis of the 
cylinder (see Fig. p. 207), the bounding lines of the cylinder 
will be lines drawn through S, and the extremities of the chord 
drawn through i to Z. 

It will be seen that the constructions in these two cases, when 
the axis of the solid is parallel or oblique to the plane of pro- 
jection^ are the same in principle : for, in the former case, m Z is 
geometrically bisected in i, because the fourth point of the har- 
monical division is at an infinite distance. 

In Fig. 4 of the same plate, two cylinders are drawn cutting 
one another, for the purpose of showing the manner of obtaining 
the projection of the curve of their mutual intersection. The 
* The two vanishing points referred to as Z do not come in the plate. 
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axis Lm is perpendicular to the plane of projection, and as the 
cylinder is a right one^ the circular bases, and all sections parallel 
to them, will be represented by circles; the axis and the visible 
outline of the surface will therefore have the centre of the 
picture for their vanishing point ; the other cylinder is also rights 
and its axis is parallel to the plane of projection : A 6 is the in- 
tersection of the plane of the base N O^ with the plane of the 
base defg. 

Draw NA, LV, &c. perpendicular to AB, and AC, BC, 
L'C, LC, N C, and OC to the centre of the picture* from 
«', t', and w'; where 1/ C cuts de, pq^ and fg, draw lines 
parallel to p r, to cut L C in », i, and u : on these points describe 
circles to touch the outlines of the solid ; these circles will be the 
sections of the solid by the planes of the parallelopiped inclosing 
the other cylinder, and by the plane parallel to two of them 
passing through the axis pr. Complete the projection hikl of 
the square inscribed within the base ; produce C A, C i, to cut 
AB in aj' and j/' ; draw lines from a/ and y' parallel to p r, to cut 
the circle N O in a? and y ; draw xc, yc\ the eight points^ in 
which these lines are cut by others, drawn from A, t, k, and I, 
parallel to pr, will be in the curve of the intersection. Lines 
from q and the other tangential points of the base p^ will cut the 
three circles on Sy t, and u in six other points ; and these fourteen 
will be sufficient to allow of the curve being drawn by hand, 
taking care to make it tottch the outlines of the cylinders. 

The principle of this construction, namely, that of finding the 
projection of lines on the two cylindrical surfaces, which are known 
to meet each other, because they lie in the same plane, and there- 
fore to have those points of intersection in the mutual one of the 
surfaces, is applicable on all occasions when this curve is re- 
quired to be projected, as will hereafter be seen in the deUneation 
of shadows. 

The mode of delineating the perspective projections odnieriors 
of buildings, &c. differs in no respect, in point of principles, from 
that by which exteriors are drawn ; for if geometrical solids are 
considered as composing the general forms of the structures, it is 
of course immaterial whether it be the external face of their sides, 
or the internal cavity and the internal face of their sides which 
is considered. 

The principal difficulty attending the drawing of interiors 
arises from the choice of the situation for the vertex, or the 
place from whence the spectator's eye is supposed to view them. 
A person standing in a room can of course only see the whole of 

* The centre of the picture C is not shown in the plate^ and some of the lines of the 
construction named aie not drawn. 
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one wall ; of the others, the floor and the ceiling, he cannot 
see more than the eye can embrace under an angle of 40° to 50^ 
(see p. 175), if so much. In order therefore to show more than 
could really be seen, for the sake of giving a more comprehensive 
view of the place, the situation of the spectator is assumed out of 
the room, one side or more of which is supposed to be removed 
for the purpose. Of course, a perspective view of the chamber, 
delineated from such an artificial point of sight, can never be 
true to nature ; and, consequently, all such views give an erro- 
neous idea of the length of the room, for any person looking at 
such a drawing, being from habit aware how much the eye 
can embrace at once, concludes that the artist must have stood 
far removed from the nearest parts of the foreground, though 
within the apartment, not presuming that a wall is supposed to 
have been removed for his convenience. 

If the chamber be rectangular in its plan, it is better to take the 
plane of projection oblique to the side opposite the eye, for if 
it be assumed as parallel to that side, the horizontal lines of the 
two sides at right angles to it vanish in the centre of the picture, 
and those of the first side are horizontal and parallel ; and thus a 
formal, unpicturesque view is obtained, equally objectionable with, 
and analogous to, that of an exterior projected on a plane parallel 
to one front of an edifice, instead of oblique to two. (See p. 174.) 

PI. 1. Fig. 4 is the plan* of a staircase, and PL 6 represents 
the projection of it on a plane passing through the point D, ver- 
tical to the floor and to the horizontal planes, and cutting them 
in the line A B ; V C being the distance of the vertex, the spectator 
looking through the archway on the first landing place from the 
station V. 

The principal upright lines of the projection might, of course, 
be deduced from the plan, by drawing lines to V from the various 
points of it, as was done for the building. Figs. I, 2, PI. 3, and on 
the same principle ; and many are so obtained, both on this and 
other occasions ; but on account of the rays from the right hand 
wall forming very acute angles with it, many essential lines, if 
thus deduced in the general outline, would be ill determined, and 
might subsequently cause embarrassment : the following is there- 
fore the better mode of proceeding at first, for getting in the 
principal outline. 

Draw aline ZY (PI. 6) for the horizontal line, or vanishing 
line of the floor, &c. ; mark the centre of the picture, C, in it as 
convenient ; make C a, C 6 accurately equal to C A, C B on the 

* The plan is drawn in the plate to a smaller scale than that from which the pro- 
jection was really deduced ; but in the text it is alluded to as if drawn to the true 
scale. A geometrical section of the staircase roust be supposed, as giving the dimen- 
sions not furnished by the plan. 
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plan, and draw lines through a, C, and 6, carefully at right angles 
to the vanishing line : make C V equal to the distance of the 
vertex, and draw the radials V Y, V Z, of the sides of the plan, 
making the correct angles with C V ; or set off the distances of 
these vanishing points as obtained from the plan along the hori- 
zontal line, but in either case care must be taken to get these 
vanishing points correctly. 

Now the perpendiculars through a and b represent the inter- 
ISections of the walls, with the plane of projection, and therefore 
the heights of the various parts must be set off of their true dimen- 
sions along these lines. Make aA, 6B, in them therefore equal 
to the true height of the eye above the floor of the hall, and 
A A', B B' equal to that of the whole staircase from the floor to 
the central highest point of the arches of the groin ; draw lines 
through A, A',B, B'toZ. Make AV, BV, A'/, B'/*, on 
these lines, perspectively equal to A E, B E, A F, B F in the plan 
(33,'p. 145), and complete the general outline of the geometrical 
rectangular parallelopiped which represents the cavity of the 
staircase included between its walls. 

If the lines ee', ee\ had been first obtained from the plan only 
by means of V E> V E, a trifling error in their position would 
throw the outline of the part between the plane of projection and 
the vertex very much out of correct drawing, on account of the 
oblique intersections of e/ and B B', &c. 

The groined ceiling. Make A' G, B' G equal to half E E, the 
width of the staircase, because the vault is a half cylinder longi- 
tudinally. Complete the lower lines of the imaginary rectangular 
solid which contains the arches of the groin ; draw the diagonals 
€g,fg\ &c., on all the vertical sides, and also those on the three 
horizontal planes, for the purpose of obtaining the perspective 
central lines of these various planes ; the diagonals on the three 
latter e'f, gg'^ &c. will also be the plans on those planes of the 
intersections of the diagonal arches of the groins^ represented in 
the plan by the lines E F, E F. 

Draw the half square on E E (in the plan), and find the points 
I and m where the semicircle on E E cuts the semi-diagonals ; 
draw Ip, mq parallel to E F, E F, cutting the diagonals inn,p; 
o, q ; draw n r, ks, pt parallel to E E, cutting E F in lo, x, y. 
Make x s equal to half E E, and wr, yty each equal to Z 2: or 
m X : then a semi-ellipse, having E F for its major axis, x s for its 
semi-conjugate, and necessarily passing through r and t, will be the 
section of the cross elliptic groin-cylinder, by the planes of the 
walls, laid down on the plane of the plan. For the planes passing 
through the diagonals EF (js g'fg) will cut the semi-cylindrical 
vault in two semi-ellipses, and the cylinder which is generated 

* The points/,/, and one/' do not fall within the plate, but the lines through 
them perpendicular to the ground sufficiently indicate the outline meant. 
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from thesC) and which forms the cross vault of the grOin^ will be 
cut by the planes of the walls E F {e' fg' g) in semi-ellipses. Now 
the lines of which zn, zo, &c. are the plans^ are on the cylin« 
drical surface and parallel to its axis* and they meet the semi- 
elliptic sections in points of which n, o,py q are the plana: the 
lines, of which ow^ qy, &c. are the plans, lie in the cross cylin- 
drical surfaces^ and proceed from the same points, and therefore 
cut the planes of the walls in the points r and i^. 

Make o' w, jf y, perspectively equal to E ti> or Fy ; and gz, g^z 
equal to E z*.: draw lines to Y through tv and y ; and lines to Z 
through z, these four lines will, if correctly drawn, intersect in the 
points n, o, p^ 9, in the perspective diagonals jf 9' : draw the per- 
spective perpendiculars p p', y t, to r, o', &c. ; make y t,wr 
equal to z m, &c , by setting the absolute length of these lines along 
A G, B G from G, and transferring it by Z to r, <, &c. Then by 
means of the two vanishing points, the points n\ o',p', q, in the 
diagonal elliptic groin lines are obtained ; and the curves must be 
drawn through them, tangential at jr' io fe\ and tangential to the 
perpendicular lines gf/, g' e', &c. The elliptic projedion* of the 
semi-circular section on the wall E E, and of the semi-elliptic 
sections on the side walls, are drawn in the same way, the latter 
through the points g ag* tr, and tangential to the upright lines 
at the three first points^. 

The constructions for this purpose have been explained at 
length, because they are generally applicable to the delineation 
of all groined arches, &c., and therefore of frequent occurrence in 
architectural drawings. 

The inevitable distortion of forms which always attends in- 
terior views^ arising from the proximity of the point of view to the 
greater part of the originals^ is sufficiently manifest in this ex- 
ample, ih^ spandrel gtsxy representing a portion of the wall 
equal to graxw'. 

The arch on the landing, through which the spectator looks, must 

* As these points should be accurately determined, the perspective curres entirely 
depending on others related to them, the constructions should be repeated on the 
lines AefBe,ee, and the former results thereby verified. 

f If the draughtsman be skilful and accustomed to observe forms, he will have no 
difficulty in drawing the curves from these few points found in them ; but otherwise it 
may be necessary to find others, which, if done, should be obtained for the more convex 
parts of the curves. The following method for furnishing this aid to his hand and 
eye is worth mentioning, as applicable on similar occasions where still more necessary* 
In the plan, find by the Probs. 54, 59, &c., pp. 83 and 88, the points in x9,xYi 
where a tangent to the ellipse at any assumed corresponding points in the two quarter 
ellipses would cut those lines, find the perspective projection of these points of inter- 
section in the lines xi^gg* on the drawing, and through them draw the perspective 
tangents, which the curve, as drawn by hand, must be made to touch. This will be 
shorter and more conducive to accuracy, than finding the points themselves through 
which the curve must pass : for in drawing a curve tangential to a /me, this guides 
the curve, as it were, fur some short distance on each side of the point of contact ^ 
whereas in drawing a curve through ft point there is no such guide beyond it. 
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be next drawn. The upright lines are either deduced from the 
plan, or are better obtained by making g h perspectively equal to 
F H, i having been obtained before as the perspective central point 
o(gg; dthvffi,fi, meeting the perpendiculars A A' in A': then 
lines from Y through/^ A' will give i', the vertices of the arches ; 
and the point in i A' through which the elliptic projection will pass, 
is obtained by a quadrant described from i as a centre on ti' as a 
radius, as is shown in the figure. The inner arch nearer the 
spectator, and equal to that just described, is drawn in the same 
way ; and requires no further notice, except to caution the artist to 
make his perspective arches true semi-ellipses, having their axes 
with the correct inclination, and tangential to the perpendicular 
sides, so that there may be no angle at the junction. 

The stairs and landing places. Make A a',aa^\ B 6', b 6" each 
equal to the height from the floor of the hall to the upper side of 
the first landing ; for from this, to the upper side of the second, 
is the same distance as the first, because there is the same num- 
ber of steps in each flight of stairs. Divide a' o", B b' into twelve 
equal parts, for the risers, and draw lines to Z through the points 
of division, the points Z, m in A e, B e, corresponding to the plan 
of the first and last square treads being obtained ; the segment 
Im must be divided perspectively into nine equal parts, (this is 
best done by the method explained, p. 187,) then perpendiculars 
through these points of division will give the lines on the walls 
where the upright riser of each step cuts those planes ; but on ac- 
count of the projection of the skirting board, they will not be the 
visible lines of these sections, an allowance must be made accord-^ 
ingly, as is shown on the drawing. This may be done by eye, or in 
the way which will be presently explained in describing the mode of 
drawing in the impost mouldings and plinths, &c. The lines of the 
edges of the steps are then drawn from Y through these sectional 
lines on the planes of the walls. The two remaining spaces of 
equal division of o' o", B6' are for the risers of the winding steps, 
and the intersections on the walls of the risers of these four steps 
may be deduced from the plan. ' 

It will be better to put the plan of the steps, and df the well^ 
with its semi-circular termination, in perspective ; either on the 
plane of the hall floor, at D, or on another plane parallel to 
it, the intersecting line of which may be taken any where at 
pleasure, as at d, (see p. 183, and PI. 2.) From this perspective 
plan the ends of the steps next the well, and of the balusters, 
&c. are readily and accurately obtained. The lines of the four 
winding steps may either be drawn to their proper vanishing 
points, as found by radials constructed expressly ; or, more 
shortly, by finding the points where they cut the line D d, 
which is easily done, this line being in the plane of projectiont 
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This proceeding will be understood from the figure, and from the 
plan. The radial ZV being set off along the vanishing line, and 
the angle of inclination of the plane touching the steps being con- 
structed at the vertex thus brought into the plane of projection, 
the radials of these inclined planes will cut the vanishing line 
W X, of the side walls, in W and X, the vanishing points of the 
raking plinth, or skirting board, which may be drawn through them. 
If an imaginary plane, passing through the line D d, and therefore 
having that line for its intersecting line, be supposed perpendicular 
to the side walls, it will cut the impost moulding running round 
the staircase under the groin, and the skirting board, in profiles 
of those mouldings, &c. ; these profiles may be drawn on such a 
plane in the manner explained when describing the mode of pro- 
jecting the cornice, (PI. 3.) and the true lines of the impost, as 
seen standing out from the wall, will be obtained from these per- 
spective profiles. From the nearness of the eye to the right hand 
wall, the projection of the impost will cut off a great part of the 
elliptic jrpanareb above it; it is important therefore to obtain the 
projection of these mouldings correctly*. The mitres of the 
plinth and of the impost, round the piers h h of the arch, are ob- 
tained, either by the methods explained in the account of the 
cornice just alluded to, or, if the scale of the drawing be small, 
they may be drawn by eye, reference being made to the plan for 
their apparent bearing with regard to the perpendicular lines. 

The imaginary plane through D d will also cut the hand-rail of 
the balustrade at right angles to the straight part of it, and just 
where it begins to turn in a curve of double curvature round the 
circular end of the well, these two sections are easily got from 
a geometrical profile of the staircase, and the straight lines of 
the hand-rail are to be drawn to W and X, through the points 
of the profile of it on this plane. Another section of the hand- 
rail by a plane passing through D d^ parallel to the side walls, 
must also be projected, and these will be sufficient for drawing 
the winding part on the first landing at the second ; the hori- 
zontal straight part on the landing is to be drawn to Y, from 
this latter section. 

The nkhe and archway ^ &c., in the left wall, correspond in 
width, height, and distance from the end walls, and must be pro- 
jected accordingly : the arched heads are drawn in the same way 
as the great arch ; the circular panels in the elliptic spandrels 
require no particular notice : they were introduced to illustrate, 
practically, the theorems of the varying inclination of the axes of 

* Architects, being aware of this effect of projecting mouldings in hiding part of 
the arch above them, always make the arch to spring from a line above the top of the 
mouldings ; es|)ecially when such an arch and impost is much raised above the level 
of the eye. 
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elliptic projections of circles at different distances from the vertex. 
The projection of the arch of the niche inclines more than that 
of the archway, because this latter is farther from the intersecting 
line of their plane, though their centres are in the same perpen- 
dicular to that intersecting line; while the axis of the panel in- 
clines on account of its being removed laterally from the vertex. 
The two doors and the window also do not require any description 
except that for the reason given for finding the apparent projec- 
tion of the impost correctly, the entablature over the right-hand 
door must be designed with care, the profile of the mouldings by 
an auxiliary central plane^ being obtained, for that purpose^ in 
the same manner as those of the impost were. 

Since we are accustomed to see objects lying on the level 
ground appear above one another, or approach nearer the hori- 
zontal line, in proportion as they are situated farther from the 
spectator (see pp. 177, 178), it has been asserted by some persons, 
that such a projection of a descending flight of steps as appears 
in the plate conveys no correct idea of the real inclination of the 
stairs, because the step really the lowest appears above the 
highest, or that nearest the eye, as it would do if the edges of the 
steps were lines on the level ground or really rising from the 
ground. This objection can only be made by persons totally un- 
accustomed to discriminate between the apparent and the real 
forms of objects^ and therefore incapable of thoroughly under- 
standing a perspective drawing. 

The judgment is always exercised, though unconsciously per- 
haps, in conjunction with the eye, in deciding between the real and 
the visible forms of objects ; and we compare any object which 
we do not know with others with which we are acquainted, 
in our endeavours to estimate the size and figure of the former. 
If we looked at the descending flight of stairs in nature through 
a tube, so as to exclude all other objects, we could hardly be 
deceived as to their real character; for any one who had ever seen 
a descending plane at all, would instantly perceive the aerial effect 
of distance on the stairs, as different from that which would modify 
any set of forms presenting the same outlines to the eye, but lying 
on the level ground. As far as the mere outline of such a de- 
scending flight of stairs projected on a plane is concerned, if 
this were isolated, the person looking at the lines could not tell 
what they represented ; but when seen combined with other forms, 
as in the example in the plate, no one who ever stood on the 
landing-place of a staircase, and who ever thought of what he 
saw, could be deceived. 

The horizontal lines of the impost, the top of the door, the 
bottom of the niche, and the lines of the horizontal treads of the 
stairs, all tend to one vanishing point, as we are accustomed to 

Q 
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see them do in nature. Now the general outline of the flight of 
ascending steps, the skirting board, and handrail, have another 
vanishing point, and therefore the judgment acquired by expe- 
rience in looking, informs us that that general outline and the 
other lines cannot be in planes parallel to those of the horizontal 
lines, but must^be inclined to them. Again, the same lines, re- 
lating to the descending flight, are seen to have a third vanishing 
point, as diflFerent from that of the really horizontal lines as the 
one just alluded to belonging to the ascending stairs ; and as from 
experience we know that a descending plane would bear such a 
relation of form to the horizontal plane, the eye cannot be misled 
simply by the circumstance of the lower step appearing above 
thai in the foreground. 

If the finite line AB (Fig. 1, PL V.) be supposed to turn round 
the point A, always moving in the same plane, a circle, having B 
for its centre, and its plane perpendicular to that in which the line 
moves, will form by its motion the solid of revolution called aa 
annulus or ring. 

This solid frequently occurs in architecture, as in the torus of 
the base of the column, &c. ; it is necessary, therefore, that the 
draughtsman should be conversant with the mode of projecting 
it. The following properties, immediately deduced from the de- 
scription of it, must be well understood for that purpose. 

The line passing through A, perpendicular to the plane de- 
scribed by A B, is called the axis. 

The centre B, and the two vertices of the diameter D F, of 
the generating circle, will, during the revolution, describe three 




equal circles ; the first lying in the plane in which the right line 
A B moves ; and the other two each in a plane parallel to it, 
which two planes will be tangential to the solid in those circles. 
The two vertices E, G, of the diameter, of which AB is a prolon- 
gation, will describe circles concentric to that described by B, 
and lying in the same plane with it ; and two concentric right 
cylinders, having their axes common with that of the solid, and 
A G A E, for the radii of their bases, will touch the annulus in 
these two concentric circles. 
All other points in the circumference of the generating circle 
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will also describe parallel circles, lying on the surface of the solid ; 
the two produced by the extremities of any chord, as p gr parallel 
to AB, will be concentric, and will lie in a plane perpendi- 
cular to the axis. 

If the solid be cut by a plane passing through the axis, the 
section will be two circles; or the generating circle in two 
positions. 

If the solid be cut by a plane perpendicular to the axis, or 
parallel to that in which the radius A B moves, the section will be 
two concentric circles, the centre of which will be the intersection 
of the axis and plane. 

If a tangent be drawn from any point, p, in the generating 
circle, not parallel to the axis, and meeting it in V ; and from V 
another tangent, V r, be drawn to the generating circle ; then V 
will be the common vertex of two concentric right cones, having 
their axes in common with that of the solid, and touching it in 
the circles produced by the revolution of the points p, r. 

If the eye be at V in the axis, or if V be taken as the vertex, 
the circles described by p, r will be the apparent outline of the 
solid, and will be perspectively projected into circles, ellipses, or 
other conic sections. 

But if the eye, or vertex, be not in the axis, and a plane be 
supposed to pass through both, the rays drawn tangents to the 
two circular sections made by this plane will touch them in four 
points, which will describe by their revolution four parallel circles, 
lying in four diflFerent parallel planes : and no two tangents drawn 
to the surface from the vertex, on the same side of this sectional 
plane, will touch the solid in the same parallel circle, nor can 
they touch it in either of the four parallel circles last mentioned. 

The tangent drawn in the plane above-mentioned to the ex- 
ternal surface of the solid nearest the vertex, will touch it in a 
parallel circle (.9) lower down than that which is touched by the 
tangent drawn from the vertex on either side of the plane to the 
same part of the surface. And the tangent drawn in the sec- 
tional plane to touch the inner surface nearest the vertex, will 
touch it in a parallel circle higher up, or nearer the vertex, than 
any tangent not in that plane. If the first of these tangents be 
supposed to turn round always touching the solid, it will touch 
it in no plane curve, but in one of double curvature, the original 
of the visible external outline of the solid if projected ; and if the 
second tangent be turned round in the same way, it will touch 
the solid, in another curve of double curvature, the original of 
the inner outline of the projection. 

If one tangent from the vertex on each side of the sectional 
plane form equal angles with it, the- two will touch the same 
parallel circle, provided they are drawn to the corresponding 
parts of the surface, 

q2 
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If the vertex be in the plane of any parallel circle, none of the 
interior surface can be seen; and of course less than half of the 
exterior surface will be seen. 

To project the annulus, as seen from a vertex not in the axis, 
it is necessary to describe the conic sections which are the pro- 
jections of as many of the parallel circles as may be necessary 
to furnish the projection of the curve which is the visible 
outline, for this curve cannot be projected into any of the usual 
geometrical plane curves*. 

This is most esL&ily, practically ^ done by projecting the two rect- 
angular parallelopipeds, composed of six planes tangential to the 
solid, externally and internally ; and having two faces in common, 
which are squares touching the annulus in two equalparallel circles, 
namely, those produced by the points D and F (see fig. p. 226) ; 
while the eight other sides touch it in the extremities of two dia- 
meters at right angles to each other, or in points corresponding 
to £ and G of two vertical sections, by planes through the axis 
parallel to the sides of the parallelopipeds. 

In Fig. 2, PI. .5, an annulus is shown projected, C being the 
centre of the picture. To simplify the construction, the plane of 
projection is assumed parallel to the axis, and touching the edge 
H I of the exterior parallelopipedf , of which H I K L M N is the 
projection ; H I being made equal to the diameter of the gene- 
rating circle ; and HO, N P, H Q, J R, being made perspectively 
equal to the same diameter (33, p. 145), the inner paralielopiped 
may be obtained by means of these points. At a, d, &c., are 
seen the elliptic projections of the circular sections of the an- 
nulus by two planes through its axis parallel to, and therefore 
bisecting, the sides of the rectangular solids ; and at m, A, &c., 
are the projections of the sections by similar planes through the 
diagonals I L, KM, &c. of the parallel squaresj. The mode of 
obtaining these projections is familiar to the learner, and requires 
no comment, the principal lines of the constructions being shown 
in the figure. 

It is obvious from the symmetry of the solids, and from the mode 
of generation of the annulus, that the eight points in which these 
circular sections touch the sides, or cut the diagonals of the cir- 
cumscribing squares, will lie in the same eight parallel circles ; 

* Any curve lying wholly in a cy/indricai surface may be orthographically projected 
(see 9ubs., p. 237) into the plane curve constituting the bage of the cylinder; and any 
curve lying wholly in a conical surface may be perspective/y projected into the curve of 
the base of the cone, if the vertex coincide with the apex of the solid, and provided, in 
both cases, the plane of projection be parallel to the base. 

f The plane of projection is assumed oblique to the faces H K, H M, for reasons 
which will be explained in treating of the shadow of the solid ; otherwise, the con- 
struction would be simpler by assuming the plane as coinciding with one of these 
faces, and therefore perpendicular to the other. (See p. 2 10.) 

1 The ellipses of three of these sections are not shown iu the plate, to avoid con- 
fusing the subi^equent constructions. 
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and the elliptic projections of these afford a guide, by which the 
curve representing the outline of the solid may be drawn by hand*. 

Besides the eight sections above mentioned, it will be advisable 
to draw those produced by a plane through the axis parallel to the 
plane of projection, when this is oblique to the sides of the rect- 
angular solid, as in the present example ; the projections of these 
sections will be circles (p. 196) as is shown at p and jr. For 
these projections being easily obtained, and the circles described 
being perfectly correct, they will furnish additional and truer 
guides for the other ellipses, and for the outline curve. 

The ellipses which would pass through the angles of the ten 
projected squares circumscribing these various sections, will ob- 
viously be the projections of the sections of the two right cylinders, 
touching the annulus internally and externally, by the upper and 
lower faces of the parallelopipeds. 

If the vanishing point, W, of lines perpendicular to any plane, 
as (KN), cutting the solid, be found, then lines drawn from 
W, as W a?, W y, tangents to the outer arcs of the elliptic pro- 
jections of the sections of the solid made by that plane will be 
also tangents to the projection of the visible outline. For if a 
tangent be supposed drawn from the original point (X) of x, to 
the circular section made by the plane (K N) ; and another tan- 
gent be drawn in the plane of the parallel circle passing through 
X, and therefore perpendicular to the plane (K N) ; a plane 
passing through these two original tangents will touch the annular 
surface in X : and if X be so taken that this plane may also pass 
through the vertex, it will pass through the radial (Def. II. p. 128) 
of the horizontal tangent; Wo?, therefore, is the commoil pro- 
jection of both original tangents, or of the whole plane touching 
the solid in X (2, p. 126), Wx must therefore be a tangent to the 
outline, since all lines drawn through W represent lines perpen- 
dicular to the plane (K N) ; and the horizontal tangent is perpen- 
dicular to that plane, or to the radius of the parallel circle through 
X. The same reasoning will apply to W y. 

If two tangents to the elliptic projection 1, 2, 1, 2, of the largest 
parallel circle, be drawn perspectively parallel to the projection of 
the axis, they will also be tangents to the outline of the solid : 
for these parallel tangents are the projections of the visible out- 
lines of the right cylinder enclosing the annulus (see p. 206), which 
cylinder touches tne solid in that parallel circle, and consequently 
these tangents must also be tangential to its outline. 

If the axis, instead of being parallel, were oblique to the plane 
of projection, the principles of the construction would be the 
same ; and the circumscribing parallelopiped must be projected 
as the cube was Fig. 1, PI. II. 

* It will be in rain to attempt to employ an elliptograph to describe the ellipses, 
for uo accuracy, or facility of adjustment, will admit of their being drawn by means 



§ ORTHOGRAPHIC PROJECTION. 

If the distance of the vertex from the original object, in-^ 
stead of being at 2l finite distance, as it is always supposed to be in 
perspective projection, be assumed to be at an infinite distance ; 
the rays from the object, instead of forming k pyramid, will form 
2L prism, or will be parallel among one another ; and the projection 
becomes what is called orthographic. 

As radials or vanishing planes, supposed to pass through a 
vertex infinitely distant, can only meet the plane of projection in 
points or lines infinitely distant from the intersecting points of 
the original lines and planes, no vanishing points or lines of the 
lines and planes of an original object can be produced; or these 
vanishing points and lines may be also considered as at an in- 
finite distance, and the projections of original parallel straight 
lines will be parallels, or may be conceived as converging to an 
infinitely distant vanishing point. 

The parallel rays from an original object may cut the in- 
terposed plane of projection either perpendicularly or obliquely ; 
but in either case it is obvious that all the rays must meet the 
plane at equal angles. 

The projections of objects by parallel rays, perpendicular 
to the plane of projection, are called the plans or elevations of 
those objects, according as the plane is supposed to be horizontal 
or vertical. Suppose, for example, the object be a building, and 
the parallel rays horizontal, or parallel to the surface of water, to 
meet a vertical plane of projection at right angles, in this case an 
elevation of the edifice is produced. If the plane of projection, 
on the contrary, be imagined as horizontal, and the rays to be 
vertical, Q.plan of the building would be obtained. The plans and 
elevations made use of by architects, builders, and engineers, &c., 
are such projections drawn on paper, as if produced from imagi- 
nary models, as has been explained of the analogous perspective 
projections of similar objects. (See p. 180.) 

If the parallel rays are not only perpendicular to the plane of 
projection, but also to the parallel planes of an object reducible to 
rectangular parallelopipeds, all the planes and lines perpendicular 
to the first set will be projected into straight lines and points, 
since the parallel projecting rays will entirely lie in, or coincide 
with, such planes and lines. 

of that instrument, so as to pass through the correct points, especially if the centre of 
the picture be on one side of the axis of the solid. For in that case each ellipse 
will have its axes differently inclined ; the art;s^ mutt, therefore, tri^st to his eye and 
l^and, 
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By a plan or elevation made under such conditions, the dimen* 
sions, or magnitude, of a rectangular, solid which are in one 
direction, or in planes parallel to the plane of projection, can 
only be represented : to convey any idea, therefore, of the whole 
solid, two such projections, at least, on two planes perpendicular 
to each other are required, and these projections, being separate 
figures, cannot convey to the mind at one impression an idea of 
the form of the object. 

To obviate this objection, the parallel rays are, on many occa- 
sions, assumed as oblique to the planes of a rectangular solid, 
so that the surfaces of this lying in planes perpendicular to one 
another may be projected into figures, which will give an idea of 
the form and arrangement of the parts of the object such as a 
perspective projection would give ; while the greater facility of 
practical construction of the orthographic projection causes it to be 
employed, though it cannot, from the supposed place of the vertex, 
give a natural representation, or such a one as will recall the idea 
of the original to a person not conversant with geometrical draw- 
ing, as the perspective projection would do. 

It is obvious that equal parallel straight lines will be projected 
into straight lines, equal and parallel among themselves, but equal 
to, or less than the originals, according as these are parallel or 
inclined in a less or greater angle to the plane of projection ; or 
greater than the original in some cases if the rays are oblique to 
the plane of projection. And it is also obvious from the parcH- 
lelism of the rays, that equal segments of an original line will be 
projected into equal segments of the projection of that line. 

This same conclusion may be arrived at by an extension of the 
theorems demonstrated p. 153 ; for if the orthographic be re- 
garded as a perspective projection, the vanishing point being 
infinitely distant, the line harmonically divided being infinite, the 
two finite segments of it must be equal. (Geom. II. § 6.) 

Though orthographic projection, theoretically considered, is 
only a modification of linear perspective, yet the practical geome- 
trical constructions in its application are sufficiently different to 
require explanation and examples, which will now be entered on. 

An original point or straight line may always be supposed to lie 
in a plane, the intersecting line A B of which, with the plane of pro- 
jection, may be assumed at pleasure in that plane, as well as the 
angle of inclination of the two planes; for if the original plane be 
supposed first determined on, the plane of projection may be con- 
ceived to be taken, so as to form any convenient angle with the 
former : this angle must never be assumed as a right angle, for if 
it were, the point or line would be projected into one, coinciding 
with the intersecting line A B, the rays being, perpendicular to 
the plane of projection, and therefore coir^ciding with the original 
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plane. Hence the two planes are assumed as oblique to each 
other ; and as then being brought to coincide in one plane by 
the revolution of either on A B, as is done in perspective pro- 
jection. Let E be a point in 
the plane (A B)*, which is in- 
clined to that of projection in 
the angle HAL Draw the 
lines A I, AH, representing 
the two planes seen edgeways 
as it were, or representing their 
intersections with the drawing 
board considered as another 
plane of projection, and per- 
pendicular to them both, A I 
being drawn perpendicular to 

A B. If A E' in AH be made equal to £E, the perpendicular 
distance of E from AB, then lines drawn through E' and E, 
parallel and perpendicular to A B, will give by their intersection 
the projection e of the point. For We will, obviously, represent 
the ray from the point, perpendicular to (A I) the plane of pro- 
jection ; and E E will be the plan of the same ray, as it were, on 
the original plane, ox E e will be the intersection of a projecting 
plane passing through the point, and perpendicular to both planes 
or to A B. Consequently, e will be the point as projected by 
such a ray on the plane of projection. 

In the same way the projections e, d^f^ and g of the other points 
of any right-lined figure C D E F G may be found, and the pro- 
jection of this may be thus obtained. 

Let D E F G I K be given as a regular hexagon situated in an 
original plane (A B) as before : A I and A H being drawn, the 




former perpendicular to A B from any point in it at pleasure, 
and A H to make with A I the proposed angle of inclination of 
the two planes. 

Find the projection c of the centre of the polygon in the same 
way as e was found in the last example. Produce the diagonals 

* See 2d Note, p. 143. 
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and sides of the hexagon to their respective intersecting points in 
A B, the intersecting Une of the original plane : then d g, e i, fk 
being drawn through c from the intersecting points of the dia- 
gonals, and e/, hi^fg^ dk^de^ ig being drawn parallel to the 
former respectively from the intersecting points of the sides, these 
lines will give the projection d efg ik oi the figure. 

Lines drawn perpendicular to A B, from the points of the 
original as in the first example, will verify or assist to find the 
projections of the original points. 

By this construction for the hexagon, the analogy between the 
orthographic and perspective projection is made obvious; the 
sides and diagonals of the projected figure defk may be con- 
ceived as drawn to infinitely distant vanishing points, in the 
vanishing line of the original plane. For as the vanishing plane 
is to pass through an infinitely distant vertex^ it is obvious that 
it will cut the plane of projection (I A) in a vanishing line, in- 
finitely distant from the intersecting line AB. And lines as C c, 
perpendicular to A B, may be regarded as drawn to the centre 
of that vanishing line, the originals, as C c, being perpendicular 
to AB. (See Def. 14, and pp. 149 — 156.) Or, to carry on 
the analogy, the lines as C c, K fc, &c. may be conceived as 
the rays draw^n to the infinitely distant vertex, this being sup- 
posed to be brought into the plane of projection, as was done in 
the example of the triangle. See Fig. p. 145. 

It is obvious that if the precise angle of inclination of the two 
planes were immaterial, the point c might have been taken any 
where at pleasure in C c perpendicular to AB for the projection 
of the centre, provided C c did not exceed C C. It will be im- 
mediately seen, that the position of c would afiect the resulting 
figure, which would naturally vary according as that angle of 
inclination varied. If C c were made equal to C C, it is obvious 
by the construction that the projection defk would be a regular 
hexagon equal to the original ; this condition would imply that 
the original plane and plane of projection were inclined at no 
angle at all, or coincided, in which case of course the original and 
its projection would be identical. These two examples will suffi- 
ciently explain the mode of obtaining the orthographic projection 
of any right-lined figure. 

Let C D E (PI. 1. Fig. 3.) be given as the face of an icosahe- 
dron ; AB the intersecting line of its plane, and Va P' the angle 
of inclination of this to the plane of projection. Find by either of 
the foregoing methods the projection cde of the given face ; make 
aP' equal to the perpendicular distance of P, the centre of the 
triangle, from A B ; draw P' p' at right angles to A P', and make 
it equal to the perpendicular distance between the opposite faces of 
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the solid*. Draw ^'p'' parallel to A B to cut P p in p'', then p" 
is the projection o( the centre of the triangular face parallel to 
C D E ; through p' draw a line parallel to a P', to cut V a in W ; 
then a line drawn through W parallel to A B will be the intersect- 
ing line of the plane of this second face, opposite to C D E ; 
and if the distance Wp' of the centre of that opposite face from 
this intersecting line be set off from A B along P p, and the 
opposite triangle be drawn round the point as a centre, the pro- 
jection fgh of that face may be found in the same way as cde. 
But as this would take up more room, a more convenient con- 
struction is adopted, which is shown in the figure. 

Draw the face FGH as if projected on the plane of C D E, 
find the projection f g'h! of this triangle, and make /'/, j'gr, 
U h in the perpendiculars to AB homf, gr', A', equal to pp" \ 
then/gr and h being joined, these lines will form the projection of 
the opposite face io cde. The symmetry of the solid will admit of 
this construction being accurately verified in several ways, as will 
be readily understood from the figure without particular descrip- 
tion. 

On C D describe a regular pentagon (Plane Geom., Prob. 35, 

* This distance is obtained by the following construction. 

Let AB be the side of the solid ; then an equila- 
teral triangle, A B D, described on A B, will be a 
face. Draw D 6 perpendicular to A B, and find p, 
the centre of A B D : draw p P, perpendicular to 
D G, from p ; make p P equal to twice p D, or 
the diameter of the circumscribing circle, added 
to the major segment of p D divided medially, (PI. 
Greom., Prob. 6, Pr. 29.) p P will be the perpendi-* 
cular distance between the parallel faces of the solid 
as required. Draw d/ through P, parallel to D F, 
and make F /,'P d equal to pFj pD respectively, 
but in contrary directions: from D and d, with 
D F for a radius, describe arcs ; and from /and F, 
with A B for a radius, intersect them in / and m ; 
join D /,//, Tm and dm, the figure DifdmY D 

will be the section of the solid through the two parallel faces, by a plane perpendicular 
to them, and passing through D F. A regular 
pentagon on AB will be a section of the solid 
cutting off a pyramid of five adjoining faces 
(Geom. IV.,Pr. 50,§ 3). F d and F G will be equal. 

The angle D F «ro is that contained by any two 
adjoining faces of the solid ; the angle F D / is that 
formed by a side with the adjoining face ; and D d 
will be the diameter of the circumscribing sphere. 

If A B were the side of a dodecahedron, the regular 
pentagon on it, A B C D, being a face, and p the cen- 
tre of this ; then the perpendicular distance, p P, 
between two parallel faces, is equal to twice j9 D, or d^ 
the diameter of the circumscribing circle, added to 
the major segment of ;> D divided medially ; and 
the section of the solid D F / dfm D is obtained by 
(^ co98tructioa similar to that just given for th^ icosahedroa. 
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p. 61), and produce the sides of it G' T, G' V, to Q and R in 
C D produced : make F S, H T, in F H produced, equal to C Q, 
D R. Find the projections q and r of Q, R, in c a produced, 
and the projections s, i^, of S and T in/ A produced; draw es, et, 
97, (/ r ; draw fo parallel to eh, and hm parallel to ef. Also 
draw d I parallel to g c, and ci to gd; then e ofh m, and gicdl, 
will be the projections of the two pentagons, which will lie in 
parallel planes, and cut off two opposite pyramids from the solid. 
(See Geom, IV. p. 158.) Then if d A:, gk, be drawn parallel to 
gm, dh to cut each other in fc ; if fn, e n, be drawn parallel to 
e% cf, to cut each other in n\ and if co^on, nrriy md^ be 
joined, as well as I A, hf,fi, i k ; and also ohck, k d,fn, n h, 
ml; the figure will be completed. 

For C D U G' Fand H M' E' O'F represent the originals of the 
two pentagons above referred to, brought into the planes of the 
faces CDE, FGH, respectively, by the revolution of the planes 
of the pentagons on CD, FH: now the points of Q, R, S, T, in 
which the sides of these figures intersect the planes of the two 
faces, will not be affected by the revolution of the planes just 
mentioned ; the projections of the points Q, R, S, T, will there- 
fore be the points through which the projections of the sides G' 1\ 
G'L', E'O', E'M' of the pentagons will pass, and are employed 
accordingly in finding the projections of the two polygons. 

The intersections of these numerous lines will mutually verify 
each other — thus ck, n h ought to be parallel, as ought also to be 
fn, d k, &c. ; and it will be better to complete the projection of 
the solid on the plane C D E, as is shown at I K L M N O ; which 
is readily done, as will be seen from the figure, by means of the 
points Q, R, S and T. Then perpendiculars to A B, from the 
points of this plan of the solid, will verify, or assist in determining^ 
the corresponding points of the projection. 

When the solid is composed of many faces, so that the edges 
are short in proportion to the bulk, the apparent convergence of 
the parallel edges is not so observable, and consequently an ortho- 
graphic projection, in which these edges are necessarily draw^n 
parallel, sufficiently resembles a natural or perspective view to 
allow of its being substituted for one, as may be seen from this 
example of the icosahedron compared with the perspective pro- 
jection of the rhomboidal dodecahedron in Plate II. 

Orthographic projection is hence particularly applicable to 
the representation of small bodies, as crystals, which would natu- 
rally be viewed from such a distance, in proportion to their size, 
that the rays would approach nearly to parallel lines, and on 
many occasions the construction of such projections is rendered 
considerably more easy by assuming the projecting lines a§ oblique 
to the plane of projection. 
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If one face of a cube be supposed parallel to the plane of pro- 
jection, the projection of that face will be a square equal to the 
original, whether it be projected by lines vertical or oblique to the 
plane (47^ p. 152) ; and if they are assumed as oblique, it is ob- 
vious that the adjoining faces may be projected into rhombuses, 
because such projecting lines will not in that case lie in the 
planes of those faces, as they would do if these lines were perpen- 
dicular to the plane of projection. 

Draw the square GKJD (Fig. 5, PL II.) at pleasure; and 
through the four angles draw the equal parallels G F, K I, J H, 
and D E, to make any angle at pleasure with the sides of the 
square : join the extremities by F I H E, which will obviously 
form a square equal to the former, then this figure will be the 
correct projection of a cube by lines oblique to its faces, and 
therefore to the plane of projection, which is assumed as parallel 
to the opposite squares. For it is obvious that, however the lines 
through the angles be drawn, provided they are made equal and 
parallel, there must be some direction of the rays by which such a 
figure would be formed as the correct projection of a cube, having 
its face equal and parallel to the square D K. 

Find the centres Im no pq, of each of the six projected faces 
by drawing diagonals as I J, K H, &c. ; draw the perpendiculars 
to each face m M, n N, &c., from these centres, parallel to the 
sides of the figure ; thus m M, p P are to be drawn parallel to 
G K, D J ; O is to be drawn parallel to I K or D E, and so of 
the rest. Each of these perpendiculars is to be made equal to half 
the length of the projection of the side parallel to which it is 
drawn : thus m M, p P are to be made equal half G K ; oO, qQ 
are each to be made equal half KI, and so of the rest: lines 
being then drawn from the extremities of these perpendiculars to 
each angle of the face on which it stands, the figure thus produced 
will be a projection of a rhomboidal dodecahedron (see p. 173). 

By comparing this figure with Fig. 1, which is the perspective 
projection of the same solid, the learner will perceive the differ- 
ence of form produced by these two modes of representing the 
same solid*. 

If the points Imnopq (in Fig. 5) be joined, the projection of 
the octohedron included in the cube will be produced ; and this will 
be the shortest mode of obtaining the orthographic projection of 
that solid, as it was formerly stated to be that for obtaining the 
perspective projection (see p. 173). 

It is obvious that projection by lines oblique to the plane ofpro^ 
jection can be applied to the representation of any parallelopiped, as 

* The perspective projection in Fig. 1 is an unfavourable example, the vertex being 
assumed too near the object ; but this was obliged to be done, in order to bring as 
much of the construction as possible within the plate. 
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well as the cube ; but it is not necessary to give further examples, 
as the student who has made himself master of what has preceded, 
will find no difficulty in applying the same principles to any other 
figure. 

Any curve can be orthographically projected, as it can be 
perspectively projected, by finding the projections of a sufficient 
number of points lying in it, and drawing the projection of the 
curve through them by hand. But the orthographic projection 
of the circle, the curve of most common occurrence, is always 
either a circle or an ellipse, for the rays from the circumference 
form a cylinder^ the section of which, whether it be right or 
oblique, is a circle or an ellipse. (Geom. App., Prop. 25, 26, 
and 27.) And the axes of the projection will be parallel and per- 
pendicular to the intersecting line of the plane of the circle, if 
the cylinder of rays be cut by the plane of projection at right 
angles to its axis, that is, if the projecting lines or rays are per- 
pendicular to that plane. 



Let C be the centre of an original circle, E L being the inter- 
secting line of its plane, and CD C" the angle in which the plane 
of projection is inclined to the original plane, as before. 

Now if an auxiliary plane be conceived to pass through the 
axis of the cylinder of rays, perpendicular both to the plane of 
projection and to the plane of the circular base, the intersections 
with these two latter planes will be perpendicular to the intersect- 
ing line E L of the plane of the circle, and will contain a greater 
angle than those of any other planes, equally passing through the 
axis of the cylinder of rays, but not perpendicular to both planes. 

Thus if the auxiliary plane cut that of the original circle in 
D C, and the plane of projection in D C, these lines will contain 
the angle L D C", the planes being supposed in their relative posi- 
tions. But if any other auxiliary plane cut the original plane in 
E C, and the plane of projection in E C, the original angle of 
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which D E C is the projection, formed by the two lines E C, 
E C, will be less than L D C". 

Now all these planes will cut the circle in diameters, and the 
projection of that formed by the first auxiliary plane will be 
less than that of any other of the equal diameters formed by the 
other planes, this projection being as the cosine of the larger angle 
LDC; consequently this projection being also a diameter of 
the ellipse and the shortest diameter, it must be the conjugate 
axis** 

Again, the diameter of the original circle which is parallel to the 
intersecting line E L of its plane, will have its projection equal 
to the original and also parallel to the same intersecting line, as is 
obvious from the figure, that original being parallel to the plane of 
projection ; consequently this projection will be greater than that 
of any other diameter of the circle, none of which can also be 
parallel to the plane of projection, unless that plane be parallel to 
that of the circle, when there can be no intersecting line. This 
greatest diameter of the rfliptic projection is, therefore, the trans- 
verse axis of the ellipse *. 

If, therefore, the projection of the centre of an original circle 
be found, a line drawn through it, parallel to the intersecting line, 
will be the indefinite transverse axis of the elliptic projection ; and 
this axis being made equal to the diameter of the original circle, 
the semi-conjugate is to be drawn equal to the cosine of the angle 
of inclination of the two planes, the radius of the circle being 
made radius. 

If the original curve be an ellipse, or any other conic section, 
the projection of that curve will be a conic section ; for if a 
cylindrical surface, as that formed by parallel rays from a conic 
section, be cut, any how, by a plane of projection, the section, 
when it is a curve, will be the curve of the base. Thus, for ex- 
ample, if the base be a parabola or an hyperbola, the cylindrical 
surface formed by parallel lines from it will always be cut in 
a parabola or an hyperbola ; though these sections will only be 
similar to that of the base, when the plane of projection is parallel 
to that of the base. 

* If the cylinder of rays be tut iubcontrariiyy the circle will be projected into a 
circle, and the equal diameters will of course be represented by equal lines* (Gkom, 
App. Prop. 26, and Cor.) 



§ ISOMETRICAL PROJECTION. 

It has been already remarked, that the principal lines and forms 
of most objects which are required to be represented by geome- 
trical rules, are reducible to rectangular parallelopipeds having 
their faces respectively parallel. When such objects are to be de- 
lineated by orthographic, instead of perspective projection, this is 
usually done by means of plans, elevations, and profiles, or pro- 
jections on three planes assumed parallel to three faces of the 
solid, as has been explained (p. 230). 

Professor Parish, of Cambridge, has suggested an application 
of the principles of orthographic projection, by which such solids 
can be represented with their three pair of planes in one figure, 
which gives a more intelligible idea of their form than can be 
done by a separate plan and elevation. At the same time, the 
method admits of their dimensions being measured by a scale 
as directly as by this latter mode of delineation. The inventor 
termed this Isometrical Perspective, but, in accordance with the 
definitions already given, it will be called a projection in this 
work. 

The projection of a right line, by projecting lines perpendicular 
to the plane of projection, is as the cosine of the angle of incli- 
nation of the original line to the plane ; consequently, if finite lines 
are inclined in equal angles to that plane, their projections will 
be directly proportional to the originals. 

If the three plane right angles of a trihedral right angle are 
equally inclined to the plane of projection, and equal distances 
be set oflF along the edges from the angular point, the three 
lines joining the extremities will obviously form an equilateral 
triangle, the plane of which being parallel to 
the plane of projection, it will be projected into 
an equal equilateral triangle, as dhf', the centre 
C of which will be the projection of the angular 
point of the trihedral; and the equal angles 
d C/, h Cfy hCd, will be the projections of the 
three plane right angles of it, and must each be 
equal to 120°. Through d, A, and/, draw lines 
parallel to C d, C ft, C/; these will obviously be the projections 
of lines parallel to these last, and will meet in the points jr, ft, i ; 
the figure d efg ft i will form a regular hexagon from the construc- 
tion ; and as the lines Cd, Cf, de, df, are all equal, and are 
the projections of lines lying in one plane, and since the angle 
dCf has been shown to be the projection of a right angle, 
the rhombus Cdef is the projection of a square, and for the 
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same reason so are the rhombuses Cfgh, Chid, which are 
equal to the former ; therefore, the whole figure is the pro- 
jection of a cube, having all its faces equally inclined to the 
plane of projection : this is hence termed an isometrical* pro- 
jection of that solid. 

A right angle in this case is projected into either one of 120^* 
as d C e, dihyOx into one of 60°, as C di, C de. 

If points, as d', ^',/', be taken any where at pleasure in Cd, 
C hy Cfy produced, and lines be drawn through them parallel to 
the same lines respectively, the figure d'Z/' mh^n will obviously 
be the isometrical projection of a rectangular parallelopiped, the 
sides of which are directly proportional to C d', C A', and C/' ; its 
plane right angles being projected as before into angles of 120 
and 60°. Hence if the three dimensions of the original solid be 
taken from any scale of equal parts, and laid along the radii from 
C, the figure of its projection may be drawn, and any proportional 
parts of those original dimensions will be represented by pro- 
portional parts from the same scale, set off either along the same 
lines, or along any others parallel to them, as is clear from the 
principles of orthographic projection. 

But it must be distinctly understood that it is only on the three 
radii C d', C e', C/, or on lines parallel to them, that magnitudes 
can be set off or taken from the scale, so as to represent the pro- 
jections of proportional magnitudes on the original : thus, for ex- 
ample, the projected diagonal C I will not bear the same propor- 
tion to its original, as the sides C d', C e' do to theirs, because the 
original of that diagonal is not inclined in the same angle to the 
plane of projection ; but it is seldom necessary to measure or set 
off distances on such lines, in the delineation of the class of ob- 
jects to which this species of projection is applied ; and when it 
is necessary, a very simple construction will allow of its being 
donef. ^ 

It is obvious that all cir- ^ 

cles lying in planes equally ^.^'/i^\ 

inclined to the plane of pro- ^<^ fe 

jection will be projected ^^<w 

into similar ellipses, be- _^ 

cause the circumscribing -*- c b 

squares will be projected into similar rhombuses. Let Cde/be 
the isometrical projection of a square ; then, from the principles 
of projection, Imno, the central points of the four sides will be 
the points at which the ellipse representing the inscribed circle 

* The term is from two Greek words meaning ' equal measures.' 
f If a finite straight line he projected on a plane by parallel rays, perpendicular 
to that plane, the length of the original may be ascertained from the projection, if the 
angle of inclination of the line to the plane of projection be known. 

Let P Q be the orthographic projection of an unknown original finite line inclined 
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Will touch those sides : the diagonal d/is, from the principles of 
this isometrical projection, parallel to the plane of projection, and 
will therefore be equal to the original, or to the diagonal of the 
square ; and a b, the major axis of the ellipse, will be in this 
diagonal, and will be equal to the real size of the side of the 
square. If Iq he drawn parallel to C e, or perpendicular to d/, 
it will bisect pd'in q^ and from the property of the ellipse p a is 
a mean proportional between p 9 and pd; or ab is a mean pro- 
portional between p d and df: g A, the minor axis^ is a mean 
proportional between p e and C e ; and g h, the minor axis, will 
be to a 6 the major, as C e to dfi oUmn, are termed isometrical 
diameters^ and are obviously conjugate to each other. 

From these properties the following simple constructions are 
deduced, by which the various points required in an isometrical 
projection are easily found. Let a 6 be 
given as the side of an original square, 
bisect it in p by a perpendicular to it ; 
make p x equal to pa or pb\ then set off 
the length of the diagonal ax^ each way 
iromp, along ab produced to d and /: 
from d or fj with df for a radius, de- 
scribe a segment of a circle, and from 
/or (2, with the same radius, intersect it 
in y and z ; bisect the arcs /y, fz, by 
lines from d which will cutpx in e and c: 
then fe, fc being drawn, they will com- 
plete the projection of the square. Lines 
through a and b parallel to the sides, will give the extremities 

at a given angle to the plane. Make P Qp' equal 
the given angle, and draw Pp' perpendicular to 
P Q, then p* Q is the length of the original sought. 

For PQ/»' is the projecting plane of the Une 
turned down on P Q, its intersection with the plane 
of projection, and thus brought to coincide with it : 
p' Q therefore represents the original line. 

If the angle at which the line was inclined to the 
plane of projection were not known or given, another 
datum is necessary to find the length of the original 
line : this other datum is generally the projection of 
the same line on another plane perpendicular to the 
former, and intersecting it in any given line A B. 
Let pqhe the projection of the same original on this 
second plane by hues perpendicular to it, and there* 
fore parallel to the first plane. 

Draw qp parallel, and py perpendicular to AB; make yxinyq equal to PQ: 
then px will be the length of the line sought, and yxp will be its angle of inclination 
to the first plane of projection. 

For if the first projecting plane of the line be supposed to turn round on the line 
py, which represents on the second plane the projecting line of the point P ; till it be 
brought parallel to this second plane of projection, then the triangle formed by the 
Une^ its projection P Q; and the projectini^ Une of the point P, will be represented on 
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of the minor axis of the inscribed ellipse, and a b will be the 
major. 

if A P, P X be drawn at right angles, and equal to each other ; 
and PL in PA produced, be made equal to 
AX, the diagonal of the square: then a line 
being drawn through L and X, the figure will 
furnish a scale for finding the axes, and the 
isometrical diameters of the isometrical projec- 
tion of a circle. 

For if Lp in LP be made equal to the isometrical diameter, 
which is always the datum of each projection ; and pghe drawn 
perpendicular to hp to meet LX in gr : then Lg will be the 
major, and p^ the minor axis sought. For (see preceding figures) 
pg : pa:: pe (pi) :pd: and i( pehe assumed as unity, d e, 
or 2 e Z = 2 jp e, will be equal to 2 ; and pd^ =^ d e* — p e^ = 4 

— 1 =z3,0Tpd= jJ3, Therefore, by similar triangles, if p g be 
assumed as 1 or ^ 1, p a will be ^3 : and since by the property 
of the ellipse 2pl^=zpa^ •\-pg^y 2pZ* =3 + 1 = 4 or p/*^ = 
2 and p Z = ^"2*. _ 

Now (see figure above) if P X be assumed as ^ 1, A X' (L P) = 

2, or AX (LP) =V^and LX«=;=2 + 1 = 3,or LX =^3^ 

Consequently, PX, P L, LX, or the sides of any triangle p L gr, 
similar to P L X, will represent the minor axis, the isometrical 
diameter, and the major axis of the ellipse. 

the second plane of projection by one equal ioii^pxy. pae^ therefore, wiU be equal to 
the line sought, and pxy will be its angle of inclination to the first plane of projectioD. 

This construction is employed by carpenters to ascertain the length of the hip of a 
roof, of which they have only the plan and elevation. For this hip, being oblique to 
the two planes, on which the building is supposed to be projected, is of course pro- 
jected into a line unequal to the original. It is obvious that P Q, or its equal ipy, is 
the cosine of the angle of inclination of the line to the plane as was stated above in 
the text. 

* Hence the minor axis, the isometrical diameter, and 
the major axis of a circle isometrically projected, are in the 
same ratio as the side A B, the diagonal of a face, A D, and 
the diagonal of the 8olid,^E, of a cube. For AB = ^T, 
AD=^2, and DE=>^3, as is obvious from the figure: 
A D E F being a section through the cube by a plane through 
the parallel diagonals of two parallel faces, AE being made 
equal to A B. 




§ PROJECTIONS OP THE SPHERE AND OF ITS 

CIRCLES. 

The principles of orthographic and perspective projection are 
applied to the delineation on a plane of the circles of the sphere, 
as representing the earth, or the imaginary sphere to which the 
stars may be referred^ in the construction of geographical and 
astronomical maps. 

The situation of the vertex gives rise to the various modes of 
representing the spherical surface, which have received different 
names accordingly. These names will be retained for the pur- 
pose of distinction, though in fact all the varieties of projections 
of the sphere are reducible to the two classes ; perspective pro- 
jection, the vertex being at a definite distance ; or orthographic 
projection, the vertex being supposed at an infinite distance. 

It is obvious that equal portions of the surface of a sphere 
will be projected on a plane into very different figures of un- 
equal areas. If a line be drawn from the vertex to the cen- 
tre of the sphere, the part of the surface surrounding the point 
where the line cuts it, will be represented in the projection more 
nearly of the same form as the original, than the portions lying 
nearer to the visible boundary ; provided the plane of projection 
be perpendicular to the line from the vertex to the centre. 

In the construction of maps, especially geographical^ in which 
it is desirable to have the various countries represented in their 
correct proportions and figures, that position of the vertex should 
be taken, which will allow of this condition being fulfilled as 
nearly as possible. 

But it is also necessary that the curves representing the circles 
of the sphere should be such as may be drawn with tolerable 
facility ; hence the former condition is sacrificed to this, and the 
different kinds of projection above alluded to have been em- 
ployed, according as the one or other of these requisites were 
considered most important. 

If the vertex be taken in the surface of the sphere itself, and 
the farthest or concave hemisphere be projected on a plane pass- 
ing through the centre of the sphere perpendicular to a line from 
the vertex to that centre, the projection is commonly called stereo- 
graphic *, and is the one most usually employed, because all 

* This word, derived from the Greek, means " delineation of a solid," and is there- 
fore juiit as applicable to all kinds of projection of any solid, as to the one in question 
of a vphere, 
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circles on the spherical surface are in this case projected into 
circles f and not into ellipses or the other conic sections. 

Every circle on the surface of a sphere may be 
considered as produced from the section of the solid 
by a plane, in which the circle and its centre will of 
course lie. Another plane may always be con- 
ceived to pass through the centre of the sphere, the 
vertex, and through the centre of the circle; the 
section of the solid by this second plane will be what 
is termed a great circle of the sphere. 

Let V A B D be such a great circle, V being the 
place of the vertex, and A B, at right angles to V D, 
being the intersecting line of the plane of the circle 

V A B D with the plane of projection ; these two 
planes being perpendicular to each other, and the 
former being also perpendicular to the plane of the original circle. 
Let P Q be the intersection of the plane of this original circle, 
with the plane of the great circle V A B D, then P Q will be a 
diameter of the original circle ; draw V P, V Q, and P D. 

The angles V D P and V Q P are equal (Geom. III., Prop. 
15), as are also the angles D V Q, D P Q ; and the angles V P D, 

V C R are right angles :* then the angle V S R = D V Q± V C R, 
andVPQ =VPD±DPQ, therefore VSR = VPQ; and 
the angle PVQ being common to both, the triangles PVQ, 
S V R are similar; therefore the section of the cone of rays from 
the original circle, by the plane of projection, is subcontrary. 
(Geom. App. Pr. 23.) 

Hence in a stereographic projection of a sphere, if the pro- 
jections of three points in the circumference of an original circle 
are obtained, a circle described to pass through them will be the 
projection of that original circle. 

The plane of projection will cut the sphere in a great circle ; 
this may be called, for distinction, the primitive^ and may be 
drawn at pleasure according to the assumed magnitude of the 
sphere. The centre C will be the centre of the picture, and the 
distance of the vertex is equal to the radius of the sphere ; there- 
fore, if this radius be turned down in any direction on the plane 
of projection, it will always bring the vertex into the circum- 
ference of the primitive. The plane of any other great circlef 
will cut the plane of projection in a diameter of the primitive, 
and this diameter PQ may be drawn on the paper at pleasure. 

Let this circle be inclined to the plane of projection in any 
angle, for example 37° ; draw E F perpendicular to P Q, make 



* C is the centre of the circle V A D B t but is not marked in the figure, 
f That iSj any circle the plane of which passes through the centre of the sphere* 
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ECD eqiia! to 37", and draw 
Q D, Q D to cut E F in d Hnd d' ; 
through P, Q, d, and d', describe 
a circle, which wiil be the projec- 
tion of the original one forming 
the given angle with the plane of 
projection. 

For E F will be the intersect- 
ing line of a plane, perpendi- 
cular both to the plane of pro- 
jection, and to the original circle, and will therefore pass through 
the vertex; if this plane be turned round on EF till it coincide 
with the plane of projection, the vertex will be brought to Q, and 
D D will be the intersection of the original plane with this auxi- 
liary plane ; Q D will hence represent the ray from the point in 
which the auxiliary plane cuts the original circle; d, d' will, 
therefore, be the projections of D, D, and will, consequently, be 
points in the circle which is the projection of the original one. 



To draw the projection of another great circle, having P Q also 

for its intersectimj line, and making any proposed angle with 

the former circle P d Q. 

Draw the diameter GG, to make the proposed angle with 
D D ; draw Q G to cut E F in </, g, then a circle through P, Q and 
g will be the projection required. 

This is evident from the mode in which the former circle, 
P (2 Q, was drawn to make a given angle with the plane of pro- 
jection. 

To find the projections of two points in any original great circle 

[PdQ) which shall comprise an arc of a given number of 

degrees. 

The projection x of one point being assumed or given, draw 
E F, as before, at right angles to P Q, to cut the given circle in 
d, d' ; draw Q d prodaced, to cut the primitive in D ; draw C D, and 
make D C G a right angle, or make the arc D G a quadrant of 
the primitive ; draw Q G to cut E F in »;, g', draw gx to cut the 
primitive in X ; set off the arc X Y, on the primitive, of the pro- 
posed number of degrees ; draw j/ Y to cut the projected circle in 
y, theny will be the other point sought; or a: j/ will be the projec- 
tion of the proposed arc. 

For if Q R be drawn parallel to C D, cutting E F in R, then a 
line through R parallel to the intersecting line P Q, will be the 
vanishing line of the plane of the circle (P d Q), and Q R is the 
principal radial. {Def. 14, p. 132.) Now the angles ECG, 
PCD, CQR, are obviously equal, therefore </CG, (ECG) 
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+ CGg (CQj), are equal to CgQ (R?Q); but CQR 
-f CQjr are equal to RQg; consequently KQt/, RgQ are 
equal, or R Q = R p*. 

Hence g represents the vertex, brought into the plane of pro- 
jection by the principal radial being brought into it, and therefore 
the primitive representing the original circle also brought into 
the plane of projection, rays from g through X and Y will cut 
the projection of that original circle in the inaages of those 
points ; or the arc X Y will be the original of a; y. (See p. 145.) 

The above construction for finding the point g was given, in- 
stead of making R 3 at once equal to R Q, the principal radial, 
partly because it is practically more accurate, and partly because 
the point g is that through which the projection of a great circle 
will pass, which is perpendicular to the original one. The original 
point (G) of g being 90° distant from the circumference of the 
original circle, g is called the pole of the circle PdQ. 

As every point x, in the cir- 
cumference of a great circle, 
must be in the spherical sur- 
face ; X is one extremity of a 
diameter of the sphere of 
which M !C C L is the projec- 
tion; if NO be drawn at right 
angles to M L, and a line be 
drawn from N through x, and 
N y be drawn perpendicular 
to Na;, Na/ will cut ML 
produced in x', the projection 

of the other extremity of the diameter; and x' will be in the cir- 
cumference of the circle P a- Q : this is obvious from the prin- 
ciples of the projection. 

Hence all great circles which pass through the original of the 
point X must also pass through that of x', and therefore the 
centres of the projections of such great circles will lie in a line 
J K, bisecting xx' at right angles. 

To draw the projection of a great circle which shall pass through 
ike extremities of a given diameter {x ar'),f in the plane of a 
given great circle (P a; Q sf), and shall be inclined to this circle 
in a given angle- 

Draw a diameter to the primitive, NO, perpendicular to 
xa/; draw lines from N, or O, through x andx', to cut the primi- 
tive in a, /' ; through either of these points, as s, draw a tangent 
• R, the centre of the Taaishmg line, is therefore Iho centre of the piojecteil circle, 
(PjQ) perpendicular to the original circle (^PdQ). 

f When the letters ore iDclosed in bracketi, it indicategthe ocigiuali of whichthe 
line or cirdn to inuketl sth the frytciiiiu. 
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to the primhive (Plane Geom., Prob. 40, p. 70), cutting ata:' pro- 
duced in T ; through T draw a line Z T, parallel to N O, and 
produce Q P, the intersecting hne of the given circle, to cut Z T 
in W ; join W x* malce the angle W a; Z equal to that which the 
planes of the two great circles are to form ; then a diameter Z H, 
to the primitive, drawn through Z, will be the intersecting Hne of 
the second circle required, the centre of its projection will be ob- 
tained by a perpendicular bisecting I H at right angles, cutting 
J K in the centre sought. 

Make T V, in xx' produced, equal to s T, join W V, Z V. It 
is obvious that Z T is the intersecting line of a plane, tangential 
to the sphere at the original of the point x ; and that V repre- 
sents that original point brought into the plane of projection by 
the revolution of this tangent plane on ZT; hence WV, Z v 
are the intersections of the planes of the two great circles with 
this tangent plane, W x, Z a; being the projections of these inter- 
sections; and since this tangent plane is perpendicular to a 
diameter of the sphere (xx') drawn frona the tangent point, the 
plane is perpendicular to all planes passing through that dianaeler, 
as those of the two great circles do ; consequently, (Geom. IV., 
Prop. 17, Schol.) the angle Z V W is equal to that formed by 
these two planes. But the angles NO*, N s T are equal. 
(Geom. III., Prop. 17.) NsO, N C a; are both right angles, 
and O N s is common to the two triangles, therefore N a C, or 
Ta;», is equal to NOs, or to zsT; consequently T a: is equal to 
Ts* or to TV; and the angle ZVW, which is that formed by 
the planes of the great circles, is equal to the angle ZaiW, 
which the projections form with each other; for Z j?, W ^ are tan- 
gents to those projections, being the projections of tangents to the 
original circles. (Geom. App. Prop. 10.) 

From d, the point in which 
J K cuts X /, describe a circle 
to pass through N, ; this 
circle will also pass through 
X, x' on theprincipleofthe pre- 
ceding construction and de- 
monstration ; and this circle 
will be the projection of a 
great circle of which N O is 
the intersecting hne, and 
having a common diameter 
{xsf) with the two former. 
Find the poles e, e'f (see 

* Neither W x nor Z i are drawn in this, but are ihown la the figure in this page j 
vrhichmust be referred tufoE those puinU and lines not seen in the former one. 
t e* ia not io the figucej but its place iax'T will easily be understood. 
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p. 246) of N a? O x\ and describe a circle N e O c', the projection 
of an original great circle, passing through them ; the plane of 
this circle will, therefore, be perpendicular to that of M j; O x'y 
or perpendicular to (a? a?') ; it will, consequently, be also perpen- 
dicular to the planes of all great circles (as Pa? P, IojH), which 
have (xa?') for a common diameter : the circle N c, O e' will there- 
fore pass through the poles of all such great circles (see both 
figures), the points /jr, in which it cuts diameters of the primi- 
tive perpendicular to the intersecting lines I H, P Q, will be the 
poles of the two great circles (I a? H, P a: P), (see p. 246) and as 
(a:, a?') are, conversely, the poles of the circle (NeOe'), lines 
drawn from a?, or a?', through /jr, will intercept an arc of the 
primitive which is the measure of the angle formed by the planes 
of those two great circles. 

It has been proved above, that tangents at x or d to the projec- 
tions of all great circles, having [xoi) for their common diameter, 
form the same angles with each other that the planes of the 
original circles themselves form ; and if radii be drawn from xxf 
to the centres of these projections, in J K, they will, of course, 
form the same angles as the tangents, that is, axh is equal the 
angle Wa: Z. 

Draw lines from x or x' through h and p, the points in which 
the projected circles I a? A, Pajp, cut JK, to cut the circle N a? Oa:', 
in K and p'; and join dA', dp'; then since the arc xjfx* is 
double the arc j:>a;', an angle standing on that arc is double the 
angle t! xf standing on p^: therefore the first angle is equal to 
x^ dp'; but that first angle is also equal to Tx W (Geom. III., 
Prop. 17). In the same way, the angle a:' d h' may be proved 
equal to T a: Z ; therefore p' d h\ the difference of the two a/ d h\ 
xf dp\ is equal to the angle W a? Z, or to the angle formed by the 
planes of the original great circles. Hence is derived the follow- 
ing construction. 

If the arcp' h' on the circle N a: O a/ be made of the same num- 
ber of degrees as the proposed angle of the planes of the two 
great circles, and xp',xh^he drawn, they will cut the line J K 
in points through which the projections of the great circle will 
pass. 

If, therefore, a circle be described on xx^, the projection of 
any diameter of the sphere, and a diameter, J K, be drawn at 
right angles to xx^; then by dividing the quadrants into equal 
arcs, of any proposed number of degrees, and by drawing lines 
from X to the points of division, these will cut J K in points, 
through which the projections of great circles will pass, which 
form those proposed angles with each other and have x x' for the 
projection of their common diameter. 
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Small cinles of the sphere, or 
those of which the pknes do not pass 
through its centre, require more data 
in order to find theirprojecttons than 
are necessary for a great circle ; two 
of these data are thepoies of the cir- 
cle, or the points in which a diame- 
ter of the sphere, perpendicular to 
the plane of the circle, and there- 
fore passing through its centre, cuts 
the spherical surface ; another datum 
is the number of degrees of the arc 
of a great circle passing through 
these poles ; which the small circle 
intercepts from either of them. 

Let a: a/ in the great circle P z Q a:' be the poles of a series of 
parallel small circles at 20", 40°, &c., from x. Draw a diameter, 
L M, to the primitive, through ^r, s/, and another N O, as usual, 
at right angles to it. Draw O x, to cut the primitive in o ; from 
o set off, each way, on the circumference of the primitive, 20°, 40°, 
&c,, to 1, 2, &c. ; then lines drawn to O from 1, 2, &c., will cut 
X M in points, through which circles are to be described as the 
projections of the proposed small circles. If g, the pole of Pi, 
Q ;r' be found, and a line be drawn from g through ar, to cut the 
primitive in a point, and 20°, 40°, be set off on each side from it ; 
then lines drawn to g from these points will cut the original circle 
the points through which the small circles will pass (see p. 245), 
as is seen by the figure. 

If the poles of the small circles were In the primitive, as, for 
example, at P and Q, the arcs 20, 40, &c., must be set off on each 
side, as from Q to 1, 2, &c., then lines must be drawn from F to 
these points ; which will cut the diameter P Q in the estremities 
of the diameters of the projections; and the circles being described 
to pass through them, they will also pass through 1, 2, &c., in 
the primitive. For the planes of the original circles are in this 
case cut by the plane of projection in diameters, namely in the 
chords 11,2 2, &c. 

These constructions are immediately deduced from the prin- 
ciples already explained. By them, all the geographical and 
astronomical circles of the sphere in any position may be de- 
scribed, on the principles of this kind of projection. There are 
three of these positions usually in use. 

1. When the axis of the earth, or celestial sphere, is in the 
plane of projection. The meridians are drawn in the manner ex- 
plained, p. 245, to form the proper angles with each other; and 
the parallels of latitude are drawn, a sex plained above. This does 
not require any further illustration. 
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2. Fig. 1, PI. 8, is the stereographic projection of the sphere, 
the axis being oblique to the plane of projection, and lying in a 
plane passing through the vertex, and therefore perpendicular to 
that plane. 

The arc Z P is made equal to 51 J°, the latitude of London, 
consequently the centre of the primitive would represent that 
place in a map drawn on the figure. The meridians are obtained 
by the constructions, pp. 246, 247, and the parallels of latitude 
by that explained p, 249. 

When the stereographic projection is employed for maps of the 
world, the countries which fall near the primitive are represented 
much too large in proportion, as will be perceived from examin- 
ing the figure just cited, where, as will be seen, the equal arcs of 
the meridians and parallels of latitude are projected into larger 
arcs, near the primitive than near the centre. It must be ob- 
served that in employing this projection for this purpose, the out- 
line of the land and water is not reversed; as it ought strictly to 
be, from its being the concave farther hemisphere that is looked at ; 
but the right hand side of the projection is taken as the eastern^ 
and the left as the western side of the globe, as if it were the eor- 
ternal hemisphere which was represented. Of course there must 
be two projected hemispheres, in order to show the whole surface 
of the globe. 

3. If the vertex be at either pole, the meridians will be pro- 
jected into radii of the primitive, which will in'this case represent 
the equator; the parallels of latitude will be projected into con- 
centric circles, and the diameters of these are obtained by draw- 
ing lines from the extremity of any diameter of the primitive to 
cut another drawn at right angles to it, from the equal arcs of the 
primitive (p. 249). 

If the vertex be any where either within, or without, the spheri- 
cal surface, the circles of the sphere will be projected into ellipses 
or other conic sections. And as not only the place of the ver- 
tex, but that of the plane of projection may be varied, there may 
be various kinds of projections ; but in all, it is obvious that the 
constructions must be derived from the principles of perspec- 
tive projection. 

If A P B be a great circle of the 
sphere, passing through the vertex, 
and P P be the plane of projection 
passing through the centre of the 
sphere, perpendicular to the plane 
of the circle, then V the vertex be- 
ing taken, so that V A is • 70 of the 
radius A C» equal arcs of P B, as 
PI, 2, &c., will be projected into 
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nearly equal segments P 1', V 2', &c., of the diameter*. Hence, 
for the reasons before given, this is the most accurate projection 
for the construction of maps, and has been called the globular 
projection. 

The principles of the following constructions for drawing the 
circles of a sphere on this projection are easily deducible from 
the rules of perspective, and from what has been already given of 
stereographic projection. 

Let P Q be assumed as the intersecting 
line of the plane of an original great 
circle inclined to the plane of projection 
in any angle, as 55°. Draw E F perpen- 
dicular to P Q, and make the angle 
F C D, 55° ; draw the diameter D D'. 
Make C V in C Q produced equal 1 • 68 
of the radius C Q, then draw V D, V D' 
to cut E F produced in d d\ Bisect d d' 
in r, and draw a line through r, parallel 
to P Q. From P and Q with r d or r' d 
for a radius intersect the perpendicular through r in « and t ; 
draw P 5, Qt, which will of course intersect in a point v, in dd' : 
then V 1? ovv Qbeing set off each way, along the perpendicular 
from r to A, A' ; A A' will be the one, and d d' the other axis 
of the elliptic projection of the proposed circle. 

This construction for finding the other axis of an ellipse, one 
axis, d d\ and a point in the curve being given, is that alluded to in 
note J J, explaining the principle of the trammel ; but the other 
axis might be obtained by the principles of perspective projection ; 
for a line drawn through V parallel to D D' will cut E F, or that 
line produced, in the centre of the vanishing line of the plane of 
the original circle : if this vanishing line be drawn accordingly, 
parallel to the intersecting line P Q, and the length of the princi- 
pal radial be set off each way from the centre along it, the pro- 
jection of the circumscribing square may be obtained (see p. 149), 
from which the axis required may be deduced by Prob. 60 of 
Plane Geom. (p. 90.) 




* If the diameter P P, and the circumference P B P, he divided into the same 
number of equal parts, the lines drawn through the points of division in succession 
will not cut B V in any one point ; so that there is none, from which, as a vertex, 
equal portions of the spherical surface will be projected into equal areas. The deci- 
mal * 70 in the text is the mean, obtained by calculation^ of the distances from the 
point A, in A V, at which the lines drawn from equal divisions of 10° through equal 
segments of P P, cut this line A V ; * 75, or three-fourths of the radius, is also em- 
ployed for the same distance ; as being more readily laid off on the drawing. 
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To find the intersect ivg line of another great circle inclined to the 

first in a proposed angle, and having xx' for the projection of 

their common diameter. 

Draw a diameter, N O, to 
the primitive, perpendicular to 
X x\ and make C V in NO 
equal to the distance of the 
vertex ; draw V a? to cut the 
primitive in S ; from S draw 
S T a tangent to the primi- 
tive, cutting a^x produced in 
T ; and dr&w W T Z parallel 
to N O. Make TU equal to 
T S ; produce Q P to cut Z T 
in W ; join W U, and make 
the angle W U Z equal to the 
proposed inclination of the 
planes of the two circles ; then 
a diameter, I H, to the primitive, drawn through Z, will be the 
intersecting line of the second circle. 

Draw the diameter F G at right angles to I H, and make C V 
in I H, produced, equal to the distance of the vertex : make the 
angle I V J equal to the angle T U Z, or equal to the comple- 
ment of the inclination of the second great circle to the plane of 
projection, V J cutting F G produced, in J ; through J, parallel 
to H I, draw the vanishing line of the plane of the circle, and 
make J K * in the vanishing line equal to J V the principal radial ; 
then lines drawn from K through I and H will cut F G in e' e, 
the vertices of the one axis, and those of the other must be found 
as explained above, from one axis e e', and a double ordinate H I, 
or by completing the perspective circumscribing square, and by 
Prob. 60, Plane Geom. (See p. 90.) 

It is obvious that the latter part of this construction, by which 
the projection of the vertices of one axis is found by means of 
the vanishing point of the diagonals of a square circumscribing 
the original circle, is equally applicable in the former construction, 
in order to obtain the other, when the one axis was obtained. ' 

The rays from the vertex tangential to the spherical surface 
form a right cone, which touches the sphere in a small circle 
parallel to the plane of projection ; and since all the great circles 
touch this circle, their projections must touch that of this small 
circle, that is, the ellipses, as found by the preceding construction, 
will touch a circle concentric with the primitive, and which repre- 
sents the outline of the sphere, as seen from the given point of 
view ; lines drawn from V, tangents to the primitive, will cut x x 

* K is not witliin the figure. 
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produced in the diameter of the circle, which is the projection of 
this visible outline of the sphere. 

Although, for the salie of malting the principle clearer, the 
circle from U was directed to be described with the radius U T ; 
yet it is obvious that the angle W U Z might be set off on the cir- 
cumference of any circle described from U as a centre: it will 
be, therefore, better in practice to describe a larger circle, at 
pleasure, from U, for this purpose, the radii of which will of 
course cut the intersecting line ZT in the same points Z, W. 
Or, since T W. T Z are the tangents of the angles T U W, T U Z, 
to the radius T U, those tangents may be taken from a table of 
natural tangents, and set off on the line, from a scale of which 
T U is the unit. 

Let a; a/ be the projection of a 
diameter of the sphere ; draw 
N O at right angles, C V being 
made equal to the distance of 
the vertex ; drawV'ji to cut the 
primitive in X ; from X set off, 
each way, on the circumference 
any proposed arc to D and B, 
and draw the chord D E ; draw 
lines from D and E to V to cut 
X2/ in d,e; bisect de in P, draw 
V P to cut D E in J), draw P Q 
perpendicular to D E, to cut a 
semicircle described on D E 
in Q. Produce D E to cut x x 
produced, in T, and draw the in- 
tersecting line of the plane of the circle through T perpendicular 
toaia;; draw the indehnite axis of the elliptic projection tnrough P, 
parallel to this intersecting line. Through V draw the radial 
V' R parallel to D E, to cut re x' in R ; set off the length of the 
ordinate P Q from T each way, along the intersecting line to F 
and G ; then lines drawn from R to these points will cut the in- 
definite axis of the elliptic projection of the small circle in/, g, its 
vertices. 

Many other equally obvious constructions may also be em- 
ployed for the same purpose, derived from the principles of per- 
spective ; but this is the easiest and most accurate mode of find- 
ing the axes of the elliptic projection of a small circle of the 
sphere. And the same method is applicable, as will be seen from 
the figure, when the axis of the small circle is in the plane of pro- 
jection : in this case the elliptic projection will, of course, pass 
through the extremities of the chord D E ; this line being also the 
intersecting line of the plane of the circle. 
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When the axis of the globe is assumed as in the plane of pro- 
jection, the mode of projecting the circles of the sphere is analo- 
gous to that of the stereographic projection, under similar condi- 
tions^ and being explained in the preceding constructions^ it re- 
quires no specific explanation ; but from the difficulty of de- 
scribing ellipses, an approximative figure^ resembling the true 
globular projection, is commonly employed in this case, in which 
the circumference of the primitive and the two diameters at 
right angles to each other are divided into equal parts ; and seg- 
ments of circles drawn through the points, instead of segments of 
ellipses. 

The sphere with its axis oblique to the plane of projection is 
seldom represented on the globular projection, from the trouble of 
finding the axes of the meridians, &c. in addition to that of draw- 
ing the curves themselves. In the atlas to the Encyclopaedia 
Metropolitana, however, a splendid example of the two hemi- 
spheres, on this oblique projection, may be seen ; and by compar- 
ing the forms and magnitudes of the different countries as there 
represented, with the same hemispheres projected stereographl- 
cally in common maps, the superior merits of the globular pro- 
jection will be obvious. 

If the vertex be supposed at an infinite distance, so that the 
projecting rays are parallel, an orthographic projection of the 
sphere is obtained. The plane of projection being assumed per- 
pendicular to the rays, constructions for obtaining the axes 
of the ellipses are deduced from the simplest principles of per- 
spective and projection. 

Let D P E Q be the primitive as before, 
P Q the intersecting line of a great circle 
perpendicular to the plane of projection ; 
and let F G be the intersection of another 
great circle, with an auxiliary plane, which 
is perpendicular to the three former planes ; 
this auxiliary plane being turned round on 
its intersecting line D E till it be brought to 
coincide with the primitive. 

Draw F/, G g parallel to P Q, or per- 
pendicular to D E, to cut D E in / and g ; then P Q fg will be 
the axes of the eUipse, which is the projection of the circle (F G), 
and which is inclined to the plane of projection in the angle 
ECG, orDCF. 

The half ellipse PgrQwill not only be the projection of the 
half of the original circle on the other side of the plane of pro- 
jection ; but will also represent another great circle, inclined in 
an equal angle to this plane, but on the other side of the circle 
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PC Q, and having the diameter 2 G' for its intersection with the 
auxiliary plane before mentioned. 

If therefore the axis of the globe, as P Q, be in the plane of pro- 
jection, the meridians are easily found by drawing lines parallel 
to PQ, through the points which divide the primitive into equal 
arcs, to cut E F ; for all the meridians will have P Q for their 
major axis, and the segment of E P obtained by these construc- 
tions for their minor, and the parallels of latitude being, in this 
case, in planes perpendicular to the plane of projection, will be 
projected into right lines, as 1 1, 2 2, &c., drawn through the 
equal divisions of the quadrants. 

Let P/ Q be the orthogra- 
phic projection of a great cir- 
cle ; from P and Q set off the 
arcs P X, Q X' of any proposed 
number of degrees, and draw 
X X, X' x' parallel to D E to 
cut the ellipse in x and a! \ 
then Pa?, Q a?' will be the pro- 
jections of these arcs, and xxf 
will be the projection of a dia- 
meter of the sphere. Draw 
X S perpendicular to x a/, to 
cut the primitive in S ; draw 
a tangent to the primitive at S, 
to cut X a/ produced in T ; 
make TU, in xx' produced, 
equal to T S, and through T 

draw Z W perpendicular to T C for the intersecting line of a plane 
tangential to the sphere at the original of x. Produce Q P to cut 
this intersecting line in W, join W U, and make the angle VV U Z of 
any given number of degrees: through Z and C draw a diameter, 
cutting the primitive in H and I, and draw N O perpendicular to H I. 
Then with H I for the major axis and x, x! for points in the curve 
(p. 251) find the minor axis in NO, of the elliptic projection of 
a great circle making the given angle W U Z with the former. 

The same observation applies here, with regard to employing 
a circle of a larger radius than U T to setoff the angle W U Z on, 
that was made on the analogous problem in the globular projec- 
tion. (See p. 253.) 

If a;, a?' be the poles of a series of parallel small circles, draw 
X S perpendicular to x x\ to cut the primitive in S ; set off the 
equal arcs of a great circle intercepted by the originals of the 
small circles, from S, each way on the primitive as S 1, S 1, &c. ; 
draw 1 1', 1 V parallel to a: S, to cut xx^ \yx 1', 1'; join 1, 1, by a 
chord, and bisect it by a radius C S, or bisect 1' P in p ; through |} 
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draw a line perpendicular to ^ a;', or parallel toorS; set off on this 
line^ on each side^ the semichord 1 1^ and the points thus found will 
be the vertices of the major, and 1' 1' will be those of the minor 
axis of the elliptic projection of the small circle. 

By means of these constructions, the orthographic projection 
of the sphere {fig, 2, PI. 8.) on the horizon of London is obtained ; 
and from the figure the learner will see that, though this is more 
natural in appearance than the stereographic or globular projec- 
tions, yet the portions of the spherical surface near the visible 
boundary, or the primitive^ are so much foreshortened as to ren- 
der this kind of projection ill calculated for geographical or astro^ 
nomical purposes. 

The next species of projection of the circles of the sphere that 
must be noticed is termed the gnomonic ; in which the vertex is 
assumed as the centre of the solid, and the plane of projection as 
touching the spherical surface. 

On this supposition, it is obvious that all great circles of the 
sphere will be projected into right lines^ and the small circles will 
be projected into conic sections. 

Ijet D E F, fig. 1, be a great circle of the sphere perpendicular 
to the plane of projection, C x the plane of projection, and D £, in 
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the plane of D E F, the common diameter of two or more great 
circles as meridians. V C will be the distance of the vertex ; 
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draw C P perpendicular to V X ; draw C x. Jig. 2, and make it 
equal to Cor in fig. 1 ; draw a line through C at right angles to 
C Xy and make C P, in a; C produced, equal to C V^fig. 1 ; from 
P, with PC for a radius, describe a circle, and make the angles 
C P S, C P R, S P T, R P Q, &c., equal to the angles of inclina- 
tion of the planes of the great circles ; then lines drawn through x 
and Q R, T U, &c., will be the projections of the great circles. 

Let 1 J, 33, fig, 1, be the intersections of the planes of parallel 
small circles, having D E for their conimon axis, and being there- 
fore perpendicular to the plane of D E F ; produce 1 1, 22, 33, 
&c., to cut Ca?, and make CI, C2, C3, &c., in fig, 2, equal to 
C 1', C 2', C3', &c.; draw lines through these points 1, 2, 3, &c., 
parallel to Q U, for the intersecting lines of the planes of the 
several circles. 

Draw, in fig. 1, lines from V through the points 1, 1 ; 2, 2 ; 3, 3 ; 
&c., and transfer the segments in which they cut Co: to fig. 2 ; 
also set off along A B, drawn through x at right angles to P a:, 
the distances from a?, that the same lines V 1, V 2, &c., cut A B in 
fig. 1. Thus make xa^ xb^ \nfig, 2, equal a? A, in fig. 1. 

It will be immediately seen, that if any of the lines V 1, V2, 
&c., in fig. 1, are parallel to the line Cx, the corresponding small 
circle will be projected into a parabola^ for the plane of projection 
will in that case cut the cone of rays in that curve ; but all the 
other parallel circles will be projected either into ellipses or hy- 
perbolas. IfV3 V3cutCa? on the same side of C, then the 
curve of the projected circle will be an ellipse. If VI, VI, &c., 
cut C a; on opposite sides of C, then the corresponding circle 
will be projected into opposite hyperbolas : and from the prin- 
ciples of perspective projection, guided by the knowledge of what 
each curve must be, the draughtsman will easily be able from the 
four points, as a, b, 3' 3' already got, to obtain other points in 
each curve, or other data for describing them ; especially as one 
axis of all the curves must lie in P x, and therefore the other 
must be perpendicular to that line. 

The gnoraonic projection, when the axis of the globe is 
oblique, is rarely required, it being only used in dialling; but maps 
are constructed on this principle, the plane of projection being 
taken parallel to the axis of the globe, the meridians therefore 
being projected into parallel lines, while the parallels of latitude 
are projected into hyperbolas, the opposite curves forming the 
two [)arallels at equal distances on each side of the equator. 

The Six Maps of the Earth, and of the Stars, forming part of 
the Atlas of the Society for the DiflFusion of Useful Knowledge, 
are drawn on the gnomonic projection : in four of them the plane 
of projection is taken parallel to the axis ; in the other two» the 
plane is assumed perpendicular to the axis of the earth at the 

a 
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poles, and consequently the meridians are projected into right 
lines, radii from the pole, while the parallels of latitude are pro- 
jected into concentric circles. 

The property of develo^nmt,* of which cylindrical and conical 
surfaces admit, is very gener^ly employed, in conjunction with 
the principles of projection, in the construction of maps of parts 
of the sphere. 

If a small portion of the earth's surface only is required in a 
map, the easiest, and perhaps best mode of projecting it, is by 
the development of a right cone touch- 
ing the sphere in the middle parallel 
oflatitude of the part to be represented, 
and having its axis coinciding with that 
of the globe. 

For example, let a. portion of | the 
surface of 30" in latitude, from 10° 
N. to 50° N. and 50° in longitude, be 
required to be delineated. Draw a 
semicircle to represent the half sphere, the diameter P C being 

■ There an cartua ipecicB of curved luifacea vhich sdmit of a figure ona plane 
bdng made equal to tbem in aiei, by wbat U termed their dtvelofmunl, Cunical aai 
Cji/iadrieai auttaxeif which are supposed to be produced by the motion of a right 
line called the gtittralor (lee note, p. '207), always pasBing through a curva and a 
fixed point, or paudng through a cuitb and always moving parallel to another fiiitd 
hue, euily admit of developinent ; for thia generator may be considered, io all iti 
consecutJYa positions, as a hinge on which every portion of the surface may turn till 
all be brought into one commoa plane. 

If a cylindrical surface be cut by a plane perpendicular to the gnKrator, the curve 
produced by the aection will become a right line, when the surface is unrolled or 
dentlofed'itAo aplane. Hence if aGttaigbt line be made equal to the circumference 
of a circular bane of a right cylinder, a rectangular parallelogram constructed oa that 
line, having itR altitude equal to tjiat of the cylinder, wUI be equal to the aur- 
face of the solid. For if this parallelogram were roUed round the aolid, one side 
being made to coincide with ihe generaiar, the parallclogiam would exactly coTei the 
■urface of the lolid. 

But no section of a conical surface, except the plana 
pass through the fixed point or apex, and therefore 
coincide with the generator, can develop in to ari^A t line. 
The circular base of a right cone will, however, develop ' 
into an arc of a circle having the nde of the coae for 
ita radius, and the arc being equal lo the circumfer- 
ence of the base, ai it seen from the annexed fipure, 
where the sector KV ab represents the developed 
turface of a right cone, having the «rcle A B for its 
base, and v V for ita altitude ; the arc A 6 » being equal 
to the circumference of the base. 

Curved surfaces, which may be conceived as pro> 
duced by the revolution of a omit round a. fixed right 
line or chord, such as the ipliere, the ipheraid, the partdoleid, &c., which may be 
conceived as generated either t^ the revolution of a circle roimd a diamiirr, an 
tlMpte round an oxif, or iparabola round its axis, do not admit of developmrnt. A 
plane figure approximating to their snrfsces may, however, be geometrically con* 
itructwii Of «iU ba |ubs»^u^tlf sbawn al tbe »pb«te. 
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the axis ; C D therefore, at right angles to P C, will repre- 
sent the plane of the equator ; divide the quadrant P D into 
degrees^ and at the 30th degree draw a tangent, R E, to the semi- 
circle, cutting C P produced in R. Draw radii from C through 
the proper divisions of latitude to cut the tangent. Make RE 
on the map equal to R E, and set off from E each way the dis- 
tances at which the radii cut R E. From R, as a centre, describe 
arcs of circles through E, and the points thus marked in R E for 
the parallels of latitude. Draw the chord E S parallel to C D ; 
describe a circle, anywhere apart, with E S for a diameter, and 
divide its circumference, or as much of it as may be necessary 
into single degrees, or into arcs of two, or three, or more, accord- 
ing to the size of the circle. Step as many of these divisions as 
may be necessary along the arc on the map through E each 
way; and then lines drawn through the proper divisions to R 
will represent the meridians. It is to be observed that the smaller 
the divisions of the circle, the more nearly will the arc described 
from R through E, along which they are stept, approach to the 
true development of that parallel of latitude. 

If, instead of a cone, a right cyliiider be supposed to touch the 
sphere at the equator, having its axis, therefore, coinciding with 
that of the sphere ; the planes of the meridians will cut the 
cylinder in right lines parallel to its axis, and the parallels of Iati« 
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tude will be projected on the cylinder, from the centre of the 
sphere as a vertex, into circles equal and parallel to its base, or 
equal and parallel to the equator, these circles will develop into 
right lines perpendicular to the meridians, if the cylinder be sup- 
posed unrolled. 

Let a right line Q Q, be made equal to the circumference of 
the equator E Q, and divided into thirty~six equal parts ; then 
lines, perpendicular to Q Q, through the points of division,' will 
represent the meridians as projected on the cylindrical surface, 
this^ being supposed to be developed ; and if lines be drawn from 
the centre of the semicircle through the divisions in P Q P, repre- 
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senting the latitudes, these radii will cut the tangent R R in points 
through which lines being drawn parallel to Q Q, they will be the 
parallels of latitude, as is shown in the figure. 

Mercators projection^ as it is called, employed in the construe 
tion of maps and charts, is analogous to the development of a 
cylinder as above described ; but, for the particular purposes of 
navigation, it is requisite that the degrees of the meridians should 
be in the correct proportion to those of the corresponding longi- 
tude ; and as the degrees of longitude are represented every where 
as equal, instead of diminishing towards the poles as they! do on 
the surface of the sphere, the degrees of latitude, instead of being 
made equal to the tangents of the latitude as in the above de- 
velopment, are made to the corresponding degrees of longitude, 
in the proportion of radius to the cosine of the latitude. 

A table of the lengths of the arcs of the meridian in this projec- 
tion, for every 10° of latitude, calculated from a formula inves- 
tigated for the purpose, is to be found in all works on navigation ; 
but as Mercator's projection does not properly come within the 
limits of geometrical projection, the following construction for an 
approximation to the true one is all that need be here given. 

Describe the semicircle PQ P (see last figure) and divide each 
quadrant into nine equal arcs (of lO"* each) : draw the secants 
through the points of division, to cut the tangent R K, Then 
having stept the radius along any line QQ, draw the meridians 
through the points thus marked, and make the segments of the 
meridian R R for the parallels of latitude, equal to the above 
secants of the arcs of 10° set off in succession ; instead of equal to 
the tangents set off from QQ. 

Thus, by this construction, if the parallel through R represented 
the parallel of 60°; Q R, instead of being the tangent of 60° as 
in the figure, would be equal to the secant of iO^ + secant of 
20° + secant of 30° + . . . secant of 60°. 

If a polyhedron of a great many sides be supposed to circum- 
scribe the sphere, each face being tangential to it, then the deve- 
lopment of this solid will be an approximation to that of the 
spherical surface; a substitute for this, practically used, will be 
first described. 

Draw a right line P R, equal to the semi-circumference P D R, 
of a great circle of the sphere (Prob. 37, p. 67), and divide 
both the line and the semicircle into any number of equal 
parts ; draw perpendiculars to P R, through the points of 
division : set off on the central one, E Q, half of one division 
each way to E and Q: ap, the next ordinate on each side of E Q, 
must be made equal to the same part of a right line equal 
to the semi-circumference of a small circle described on 



AND OF ITS CIRCLES. 



261 




the corresponding chord ap of the qua- 
drant, and so of the next ordinate in suc- 
cession each way, as b s, &c. ; then 
curves being drawn through P6aE. ,Q, 
and through P s r . . Q, the figure REP 
Q will be an approximation to the deve- 
lopment of a portion of the hemisphe- 
rical surface, included between two great 
circles passing through P R. 

If the semicircles were divided into 
eighteen parts, the two curves would 
be meridians, 10° apart developed, and 
the ordinates a r, &c. would be portions 
of the parallels of i latitude ^ included 
between them ; E Q being a portion of 
the equator : and if thirty-six such figures had the corresponding 
portions of the map of the globe drawn on them, they would cover 
the surface of the sphere when applied to it. This is the mode 
employed by artificial globemakers for that purpose. 

If the true development of the polyhedron were required as 
an approximation to that of the sphere^ the following construction 
must be used. 

Divide the quadrant P D into any number of equal parts in 
a, by &c. ; draw PR, E Q, at right angles to each other as before, 
cutting each other in x. Make xE, xQ,a:y, xz, on these lines, 
equal to the tangent of half one arc of division, and draw lines 
through E, Q, y and z parallel to P R, and E Q, thus forming a 
square : set off the same tangent, each way along P R from x to 
w, &c,, and draw ordinates through every other point of division, 
as ar, bs, &c. Make the half ordinate ar, equal to the tangent 
of the same angle, to the quadrant described on the corresponding 
semi-chord ap^ of the circle : draw a tangent to the circle at 
a, to cut the diameter PR produced in T. Set off the length of 
this tangent, aT, from m? to T in RT, and draw lines from T 
through a and r, which will cut the side of the square through 
y in its extremities*. Proceed in the same way with the tangent 
at b, and the corresponding ordinate b s, and so on till the last, 
when the sides of the triangles being drawn to P and R, they will 
coihplete the figure ; P R containing the tangent of half the arc, 
as many times as the semicircle contains these equal semi-arcs. 

This figure, though more correct in principley will not be prac- 
tically so correct as the former, for unless the number of divisions 



* It might, therefore, appear unnecessary to find the semi-tangent awytvr; but 
it is most important to have that semi-tangent correct, vhich it might not be if the 
lines drawn from the angles of the sc^uare to T were alone trusted to. 
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of the quadrant, and therefore of the sides of the polyhedron, be 
more numerous than can be practically employed, the area of 
this development will be very perceptibly greater than that of the 
corresponding spherical surface ; while, by the former construction, 
PR being made in the ratio of 3*1416 to the semi-diameter, the 
difference between it and the real semi-circumference would be 
scarcely perceivable. But it is hardly necessary to observe that 
a plane can never be bent so as really to coincide with the sphe- 
rical surface ; and« accordingly, in either case^ unless the lenti- 
cular developed figure be very narrow, the paper will crease on 
being applied to the globe. 

If the vertex be out of the sphere, and a line passing through 
the vertex be carried round^ always touching the surface, this line 
will generate a right cone, the axis of which will pass through the 
centre of the solid; and the small circle which constitutes its base, 
or that in which the line touches the sphere, will be the bounding 
outline of the solid, and is the original of the outline of the sphere 
projected as an object. If the plane of projection be perpen- 
dicular to the axis of the cone, this bounding circle will be pro- 
jected into a circle, the original being parallel to the plane of 
projection. And the centre of the picture will be the projection 
of the centre of the solid, as has been mentioned in treating of 
the globular projection of the sphere. (See p. 253.) But if the 
plane of projection be not perpendicular to the axis of the cone 
of rays, the circle will be projected into a conic section, the axis 
of which will always pass through the centre of the picture. 

For if a plane passing through the vertex perpendicular to the 
plane of projection, and therefore passing through the centre of 
the picture, also passes through the centre of the sphere, it will 
cut the plane of the circular base of the cone of rays in a dia- 
meter, which will be perpendicular to the intersecting line of that 
base ; and the point which is the original of the centre of the 
conic section will lie in that diameter. (See figs, and demon- 
stration, pp. 197, 198.) Consequently, the projection of that' 
diameter, which is the intersection of the first-mentioned plane 
with the plane of projection, m\\ also be a diameter of the conic 
section, which will pass through the centre of the picture, and 
will be perpendicular to the same intersecting line. Therefore, 
(Geom. App. Prop. 13) that diameter will be an axis. 

Let C (PI. 8, fig. 3) be the centre of the picture, de the 
projection of any diameter of a sphere, which is parallel to the 
plane of projection, the point F bisecting de will be the projection 
of the centre of the solid. Draw a line through F and C, and 
through any point F' taken in this line at pleasure, but as far as 
convenient from F, drs^yv P Q perpendicular to F' C, and make 
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F' P, F' Q each equal to F d, or F e : also draw a line i k through 
F perpendicular to F C, and draw C V parallel to i k, and equal 
to the distance of the vertex. (Def. 7, p. 125.) Join VF, the 
principal radial of t A: considered as a vanishing line, F being its 
centre, and set off this principal radial each way from F along 
this vanishing line to i and k. By means of the three vanishing 
points F, i, and i, complete the projection, O S T U, of a square, 
its sides being perspectively equal to P Q or d e. Bisect mn, the 
transverse axis of the inscribed ellipse, in o ; through o draw the 
conjugate axis, and find its true vertices. (Prob. 55, p. 84.) 

Find gr, the vanishing point of lines perpendicular to the plane 
of the square O S T U (p. 159), and draw a vanishing line through 
g parallel to i Ar, or perpendicular to F C ; draw V g its principal 
radial, and set this off along the vanishing line each way from g ; 
set off the length of the semi-conjugate axis above found from K 
along ik each way to d/ and e'*, and complete the projection 
w^ X y' 5?' of a square, having its sides perspectively equal to that 
conjugate axis, and parallel and perpendicular to the intersecting 
line of its plane. Then the ellipse inscribed in this square will 
be the projected outline of the sphere. 

For the segment d'e' of the vanishing line i k passing through F, 
is the projection of the circular section of the sphere by a plane 
passing through its centre and through the vertex (p. 126) ; and the 
plane (O S T U) is parallel to this circular section, both being per- 
pendicular to the plane (F F'). And since P Q is made equal to d e, 
P Q is the plan on the auxiliary plane (S U), of a diameter of the 
sphere which is parallel to the picture ; consequently, the ellipse 
inscribed in the square O S T U, is the projection of the plan of 
the solid on the plane of that square produced by projecting lines 
parallel to the plane of projection, or this ellipse is the projection 
of the plan of the circular section of the sphere made by the 
plane (iA:)f . The conjugate axis of this ellipse is the projection 
of the chord of the tangents from the station point of the ori- 
ginal of m n (see fig. and demonstration, p. 197, et seq,), these 
tangents being projected into parallels to the transverse axis : 
hence this conjugate is the plan on the auxiliary plane (S U) of 
the intersection of the plane of the small circle constituting the 
visible boundary of the solid, with the plane (ik) to which the 
former plane, that of the base of the cone of rays, is perpendicu- 
lar, as was before stated: the projection, therefore, of a circle on 



* To simplify the figure, the given diameter of the sphere de is shown as coin- 
ciding with d^ef iniA; but it must be understood that this is not necessary, and that I 
dCfd^e' are not equal : the two latter letters are omitted in the plate. 

f The section of the sphere by the plane (i A) is a great circle, and the projection ! 

of this by parallei ]iaes on any plane as (S U) parallel to (i A), wiU be a circle e^ual | 

to the former. 
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a diameter equal and parallel to that conjugate axis, and lying 
in a plane {to' a/y'z') perpendicular to the plane {ik), will be the 
projection of the outline of the sphere as required. 

The intersecting lines of the planes not being required in this 
construction, the real magnitude of the sphere is neither given 
nor found, since the same ellipse or circle may be the projection 
of any number of spheres, provided these have the same right 
cone of rays touching the spherical surfaces in the visible outlines 
of the solids. 

If the centre of the sphere were in the plane of projection, P Q 
would be the intersecting line of the auxiliary plane, and de 
would be the real diameter of the sphere. If the solid were be- 
tween the vertex and the plane of projection, its real diameter 
would be less than d e, and greater if the sphere were beyond the 
plane. If any line, parallel to P Q, be assumed as the inter- 
secting line of the auxiliary plane, then the segment of it inter- 
cepted by TS, VO, would be the real magnitude of the diameter 
de. 



§ THE PROJECTION OF SHADOWS. 

If any luminous body be considered as a point, and the rays from 
it as right lines^ the shadow of any geometrical figure produced 
by the rays from such a body is obviously the projection of that 
figure ; and if the surface which receives the shadow be a geo- 
metrical one, such shadow maybe found by the principles of per- 
spective and projection. 

But, since the figure itself must be represented on a plane by 
means of its projeclion^ the shadow of it when drawn by geome- 
trical rules is obviously the projecfio7i o( o. projection. 

The delineation of shadows by geometrical rules is principally 
required in the determination of those cast by one part of a build- 
ing, or machine, on another part, or on the floor or pavement ; 
for the shadows of such objects on the rough surface of the earth 
are too undefined to admit of being delineated by rule ; espe- 
cially when it is considered that this branch of practical geometry 
is only required for the embellishment of a drawing, and is in no 
way necessary to its utility as a guide for the mechanic. 

If the outline of an object be correctly drawn, the true form of 
it will be distinctly understood, even if the shadows of its various 
parts are not quite correctly represented ; though any gross devia- 
tion from accuracy in this respect is fatal to a just conception of 
the original form ; while, on the other hand, if an architectural, 
or other object be correctly drawn, and its shadow also truly pro- 
jected, the illusion is complete*. 

But besides the positive shadow cast by an object, it is neces- 
sary to be able to determine the limits of the illuminated parts : 
this presents little difficulty in the case of solids bounded by 
planes ; a slight attention will show what faces of a regular solid, 
for example, will receive light from a given position of the lumi- 
nous body : but a geometrical construction is necessary to deter- 
mine this with regard to curved surfaces ; and it is of such that it 
is most important to be correct in the delineation of their light 
and shade. 

It is clear that the most complicated shadow, produced by a 
geometrical object on a geometrical surface of any kind, can 
only be a combination of such elements as the shadows of paral- 
lelopipeds, &c., cones, cylinders, spheres, &c., on planes or on 
curved surfaces ; and these again may be further analysed into the 

* The architectural views exhibited at the Diorama may be cited as examples of 
this perfection, as far as outline is concerned. The French are far better draughts- 
men than our countrj'men. 
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shadows of plane right line figures, circles or plane curves, on 
such surfaces, which again are reducible to the shadows of right 
lines, or points. 

If the object and the surface which receives the shadow do not 
fall within these limits, no geometrical constructions can be use- 
fully employed, and the outline of the shadow, like that of the 
object itself, is better delineated by eye. And even in many 
cases, when the shadow can be determined by rule, the construc- 
tions are so complicated as to be useless, otherwise than as 
exercises for the improvement of the draughtsman, though far 
from being so, considered in this point of view. 

1. If P be any point, and S any 
luminous bodv, the shadow of P, cast 
by S on any plane (A B), will be a 
point p in the intersection S P, or S'P' 
of any plane passing through S and P, 
with A B D E ; if any two lines be 
drawn from Pand S, parallel to each 
other in the plane, the points P, S, or 
P', S', in which they meet AB DE, will be in the same intersec- 
tion. If, therefore, the points where two su(*h parallel lines meet 
the plane on which the shadow is cast can be ascertained, then 
a line drawn through them will be cut by the ray drawn through 
the point and luminary in the shadow of that point. 

2. The constructions for this purpose will be materially sim- 
plified if the parallels P P, S S be always assumed as parallel or 
perpendicular to the plane of projection : for in this case the pro- 
jections of those parallels will be either parallel, and will have no 
vanishing point; or will have the centre of the picture for their 
vanishing point. 

3. Let a plane be supposed to pass through the vertex 
perpendicular both to the plane of projection, and to the 
plane ABDE,this latter plane no^ being parallel to the plane 
of projection. The intersection of the two first planes will 
therefore be perpendicular to the intersecting and vanishing lines 
of the last ; and will pass through the centre of its vanishing line 
(32, p. 143). If the lines P P, S *S, be supposed not only paral- 
lel to the plane of projection, but also to this intersection, the deter- 
mination of the points P, S, will be rendered still more easy. 
Def. A line P P, or S ^S drawn to any plane A B D E from any 

original point P, or from any luminous point S, parallel to the 
plane of projection, and also to the line in which a plane 
through the vertex perpendicular both to the plane of pro- 
jection, and to A B D E, cuts the plane of projection, is 
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called the siipportf of that point P, or of the himinary S. 

And the point P, or S, in which the support meets the plane 

AB D E, is called the plan of P or S on A B D E. 

4. If the plane A B D E be perpendicular to the plane of pro- 
jection, the support of any point P will be perpendicular to the 
plane ; but if A B D E be not perpendicular to the plane of pro- 
jection, then the support is oblique to the plane : this is obviously 
the consequence of the support being in all cases parallel to the 
plane of projection. And the projections of the supports will 
always be perpendicular to the vanishing line of the plane. 

Let A B be the intersecting, and D E the vanishing line of the 
plane ; then if a luminous point S be at a finite distance from the 
plane of projection, its plan S will lie between A B and D E ; 
because that plan is then at a finite distance from A B. But if S 
be considered as at an infinite distance, then its plan S will be in 
D E, since any point in D E is the projection of one at an infinite 
distance from A B, as the original of S must in this case be. 

But this luminous point may also be either before, or behind, 
or in the plane of projection ; its projection S may therefore have 
very difierent situations accordingly: this projection, however, 
cati always be obtained, if the oHginal be at a finite distance, by 
the simplest principles of projection. And if it be at an infinite 
distance, as the sun or moon, the principal luminaries by which 
shadows are cast may be considered to be with regard to any ter- 
restrial object ; then the projection S is obviously the vanishing 
point of the parallel rays from such a luminary, for the radial of 
these parallel rays is in that case the projecting line of the lumi- 
nary itself. 

If the luminary be at a finite distance, then in order to ob- 
tain its projection, its perpendicular distance from the plane 
of projection, and from any original plane, being given, as- 
sumed, or known, or any other sufficient data being had, its 
projection S is obtained like that of any other point in such cir- 
cumstances. 

Let C (PI. 5, fig. 3) be the centre of the picture, and C V the 
distance of the vertex, X Y being the horizontal line (p. 189) ; 
draw the radial V S to make the angle CVS equal to that which 
a plane passing through the vertex and the sun perpendicular to 
the horizon makes with the plane of projection ; then S is the 
plan of the sun. Set off the length of the radial V S, from S to v, 
in Y X ; and make the angle S v* equal to the altitude of the 

f Tills term is introduced to avoid the perpleJcitig repetition of the words prcjecting, 
projection^ &l*., for it is obvious that the support i» in fact the projectinj? line of the 
point with regard to the plane A B D E ; but as the point has another projecting 
line, by which its projection on the plane of the picture is determined, the word support 
}s used instead. 
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sun, either given or assumed ; draw S* perpendicular to X Y, (o 
cut i;* in *, which will be the projection of the sun on the plane 
of projection, or the vanishing point of the parallel rays. If the 
sun be behind the plane of projection, * will be below the hori- 
zontal line, if before, * will be above the horizontal line. If the 
sun were in the vertical plane (Def. 3, p. 125) CVS would be a 
right angle, and the rays being parallel to the plane of projection, 
could have no vanishing point. 

The point which 'is the projection of the luminary on the plane 
of projection, being obtained by these principles, it will always, 
in future, be simply called the luminary,f and will be assumed as 
given ; and since any original points, lines, or objects, are only 
capable of being represented by their projections, and the mode 
of obtaining these having been explained in the preceding part of 
this work, in future, in treating of shadows^ such projections 
will be assumed as given or found, and will be called the original 
points, lines, &c. 

And since, in future,, all considerations of the mode of ob- 
taining these projections will be omitted, unless particularly neces- 
sary to elucidate subsequent constructions relating to their 
shadows, the term ray will be applied to the line from the lumi- 
nary through a point, by which its shadow is determined, and the 
plane passing through a luminary and an original line will be 
called the projecting plane of that line ; while the plane on which 
the shadow is cast will be called the plane of the shadow. 

The following general theorems relating to the vanishing lines 
and points of original lines, their plans, rays, and shadows, will 
be found necessary for the illustration of this subject. 

5. Let E D (PI. 8, fig. 4) be the vanishing line of any plane, * 
any luminary, I its plan on the plane [D E], O, P, any two points 
in the original line O P, which line meets the plane in Q, and o, p 
the plans of O and P ; then 

Def. A line, o p, drawn through the plans (Def. p. 266) of any 
two points in an original line, is called the plan of that origi- 
nal line. 

6. The plan op of an original line will obviously pass through 
Q, the point in which the line itself cuts the plane in which that 
plan lies. Because, the lines O P, op aie both in one plane pass- 
ing through the svpports of O and P ; Q, therefore, their common 
intersection, must be in that of the planes passing through the 
two lines. 

7. The intersecting line of the plane [O o Pp] will be parallel 
to the supports O o, Vp ; unless the original line O P is parallel 

' fit will be always expressed by a ^ in ihe text and figures, and its p/an on any 
original plane will be marked /, if it be at a finite distance, or s if it be the sun, &c. 
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to the plane of projection ; for those supports are parallel to the 
plane of projection (Def. p. 266), and therefore will be parallel to 
the intersecting line of the plane passing through them. (4. 
p. 126.) 

8. And since the supports O o, Pp are parallel to the line which 
is drawn perpendicular to the vanishing line D E through its 
centre, the intersecting line of the plane [Op] will be perpen- 
dicular to the same vanishing line. 

9. Since the plan op lies in the plane [D E], D, in which op 
cuts DE, must be the vanishing point of op (18. p. 131) ; and if 
D a; be drawn perpendicular to D E, or parallel to the intersect- 
ing line of the plane [O p] in which O P lies, then x will be the 
vanishing point of the original line O P. For D being the vanish- 
ing point of the intersection of two planes, it must be the inter- 
section of the vanishing lines of those planes ; D x therefore, 
drawn parallel to the intersecting line, must be the vanishing line 
of the plane [Op] in which OP lies; consequently x in that 
vanishing line must be the vanishing point of O P. 

10. ol^pl, are obviously the plans of the rays of the points 
O, P, consequently for the foregoing reasons, if y zhe drawn 
through the vanishing point of the plan pi, perpendicular to 
D E; or parallel to the intersecting line of the projecting plane 
[*Z P], y z will cut the ray *P in Zy the vanishing point of that 
ray. 

11. If the luminary were at an infinite distance, I and y would 
coincide, as has been before explained (p. 267), and therefore * 
and z would also coincide. 

12. For the same reason that op, the plan of an original line 
O P, must pass through Q, the shadow of O P must pass through 
Q ; consequently, if either o' orp', the shadow of any one original 
point as O or P, be found, a right line (Geom. IV. Prop. 2) drawn ' 
through it and through Q must be the shadow sought; and will 
pass through the shadow of the other point. Now o' or p' is the 
intersection of the ray of the original point with the plan of 
that ray. 

13. If O P be parallel to the plane [D E], it will be parallel to 
its plan ; and will therefore have a common vanishing point ; that 
is, in that case Q and D will coincide, and the shadow o'p' would 
also have D for its vanishing point, because that shadow >vouldbe 
parallel to the original line. (Geom. IV., Prop. 10.) 

14. Draw I m parallel to D E, to cut o D in m ; and draw m n 
perpendicular to D E, to cut the original line in n ; draw the ray 
*n. Then the intersecting and vanishing lines of the projecting 
plane of O P will be parallel to * n. For /m is parallel to the 
plane of projection, as is also mn and * I; therefore the ray *n 
lying in the plane [^Imri] is parallel to the same plane, and con- 
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sequently must be parallel to the vanishing and intersecting lines 
of the projecting plane, in which * n lies. The vanishing line 
therefore of this projecting plane will be a line drawn through Xf 
parallel to * n, 

15. The lines lmt*n will cut each other in a point of the shadow 
of O P, because n being an original point in the line P^ its shadow 
inust be in that of the line O P in which n is situated. 

16. If a line Z D be drawn through i, the plan of the luminary, 
and through D, the vanishing point of the plan of an original line» 
and if a ray * a? be drf^wn through the luminary, and through a?, 
the vanishing point of the original line ; then these two lines 
Z D, *a?, will intersect in a point a, through which the shadow of 
the original, and of all lines having x for their vanishing point, will 
pass. For, on account of the vanishing line D x, to which * Z is 
parallel^ Z D> * :; are in one plane ; but / D lies in the plane 
f D E], and the ray * x lies in the projecting plane of the line 
P^ consequently their intersection a must lie in that of these 
two last-mentioned planes^ which intersection is the shadow of the 
original line ; or a lies in that shadow. Now all other lines 
having x for their vanishing point will have D for that of their 
plans on [D E] ; therefore the points x, D, and * remaining the 
same, a will be constant^ for every original line passing through x; 
the shadows, therefore, of all such original lines will pass through a. 

If the luminary were at an infinite distance, Z would be in D E ; 
consequently a would be also in D E, or would be the point in 
which the ray * x cuts that line. 

If the original line were parallel to the plane of the picture, its 
plan would be parallel to the vanishing line D E of the plane of 
the shadow^ and neither it, nor its plan^ could have a vanishing 
point, that is, x and D would be at an infinite distance ; ^ x must 
in that case be drawn parallel to the original line, and Z D parallel 
to the vanishing line D E of the plane of the shadow, and the 
shadow of the line would pass through a, in which those lines 
* a?, Z D, met. 

If the original line were parallel to the plane of the shadow, as 
well as to the plane of projection, * x would be parallel to the origi- 
nal line, and therefore to D E the vanishing line of the plane of 
the shadow ; consequently it would be also parallel to Z D ; a 
would therefore be at an infinite distance^ or the shadow of the 
line would be also parallel to the original, and to its plan : the truth 
of this conclusion is also obvious from the principles of projec- 
tion. 

These modifications of the last theorem reqqired explanation, 
from their practical importance in the projection of shadows. 

Let E G be the vanishing lipe of another plane, on which it is 
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required to find the shadow of the same originalline OP^ as cast 
by the same luminary *, 

E F being drawn through E, and through the point in which 
the intersecting hues of the planes [FG, D E] cut one another, 
EF will be the intersection of the two planes (19, p. 131). 
Draw lines parallel to D £, the vanishing line of the first planes^ 
through li 0, and p, the plans of the luminary, and of any two 
points in the original line, as given or found on that plane (DE) ; 
then draw lines parallel to E G, through the points j, q, in which 
these parallels cut E F, and these last parallels will cut perpen- 
diculars to E G, drawn from the luminary and the two original 
points in the plans L^O, P, of the luminary^ and those points on 
the new plane (E G). 

For the supports on the new plane> of the luminary and of the 
original points, will be perpendicular to the vanishing line of that 
new plane (4 p. 267) ; and as these new supports^ like the for- 
mer, are parallel to the plane of the picture^ a plane passing 
through the two supports of any the same points as P^ will also 
be parallel to the picture, and will therefore cut all planes in lines 
parallel to their intersecting lines, consequently pq^ 9 Pare the 
intersections of such a plane passing through P, with the two 
planes [D E, E G] ; P therefore must be the plan of P on the 
plane [E G]. 

If L O, L P, the plans of the rays, on the new plane^ be drawn, 
they will cut the rays of the points in their shadows (1. p. 266) 0", 
y ; o"|)" being drawn is therefore that of the original line on 
the new plane as required. 

If OP, the plan of the line, be drawn, it will cut the original 
line O P in T, the point of intersection of the original line with 
the new plane, and the shadow o'^p'' will pass through T. o" p'' 
will also be found to pass through a point (a'),f if found, as be- 
fore, by drawing a line through L, and the vanishing point in 
E G of OP, to cut the ray * x. 

All other theorems which were demonstrated relative to the 
shadow of O P, on the plane [D E], will, of course^ equally 
apply to the new plane [EG], because these theorems were 
totally independent of the angle in which the plane of the shadow 
was inclined to the plane of the picture, and are therefore gene- 
rally applicable to all planes. 

If y p (PI. 7, fig. 2) be an original line lying in a plane (D A), 
its shadow, as cast by a luminary * on another plane (D K), may 
be found by the following construction, also of general application, 
whether the luminary be at a finite or at an infinite distance. Draw 

f The point specified as a' in the text does not fall within the plate. 
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a line 5 ^ ({ t) parallel to the vanishing line E C of the second plane 
(D K) to cut another line * t drawn parallel to the vanishing line 
E R of the first plane (DA) in the point t ; also draw y p, z q 
through any two points in the original line, parallel to E R, to 
cut the intersection D E of the two planes in points p, q. Then 
lines drawn from t through p and q will cut the rays * y, * z of the 
two original points in y\ z\ the shadows of those points ; and a 
line y' z' drawn through these shadows will be the shadow of the 
line on the plane (D K). 

For *i* (* I) the support of the luminary on the plane (D K), 
and st {lt)y being both parallel to the plane of the picture, * Ms 
also parallel to it, as is likewise yp (26. p. 132); consequently 
tp, and the ray *y lie in one plane, which intersects the plane 
(D K) in t y' ; therefore y' in that intersection must be the shadow 
of y (1. p. 266). In the same way 2' may be shown to be the 
shadow of :r, and y' z' is therefore the shadow of the original line 
on the plane (D K). 

When the luminary is- at an infinite distance, its plan s being 
in that case in the vanishing line E C, < will be in the same line, 
for 8 t will coincide with that vanishing line. 
Def. A line * t drawn from the luminary, or a line drawn from 
any original point in an original plane, parallel to the vanish- 
ing line of that plane, till it cuts the plane of the shadow, is 
called the parallel support on the plane of the shadow ivifh 
respect to the plane of the line, of the luminary, or that original 
point ; and the point in which this parallel support meets the 
plane of the shadow is called the parallel plan of the luminary 
or point.f » 

If the plane of the shadow be parallel to the plane of the picture, 
then the supports of the luminary, and of original points, must be 
perpendicular to both planes, and these supports will be projected 
into lines having the centre of the picture for their vanishing points. 
Let C be the centre of the picture, and D E the vanishing 
line of a plane, as before, the intersection /gf of a plane parallel to 
that of the picture with the plane (D E) will be parallel to that 
vanishing line : draw * C, PC from the luminary, and any 
original point to the centre of the picture ; and from I and p, 
the plans of the samepoints, draw lines to R, the centre of the 
vanishing line D E, cutting /r; in /and g; then /i drawn perpen- 
dicular to D E, or parallel to RC, will cut * C in i, the plan of 
the luminary on the new plane ; and in the same way, P, the plan 
of the original point on the same plane, is found by drawing g P 

f These terms are necessary to distint^uish these lines and plans from the ordinary 
supports and plans already defined. (Def. p. 266.) 
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perpendicular to D E. For the poiats 
L and P are the intersections of the 
new plane by the supports *C, PCj 
since/ L, gP obviously lie in that new 
|>lane, and in planes perpendicular to it, 
and to the plane of the picture, and 
passing through the luminary and origi- 
nal point. 

Having obtained the plans of the 
original lines and luminary, the mode 
of obtaining the shadows of them is pre- 
cisely the same as that already given. 

If the luminary be at an iniinite distance, the plans of the rays 
on a plane parallel to the picture will be parallel to a line drawn 
through the luminary *, and through C; for in this case, unless 
the line passing through the vertex, perpendicular to the picture, 
also pass through the infinitely distant luminary, when C will of 
course represent both its plan on the plane, and the luminary * it- 
self, there can be no plan of it, because the plane has no vanishing 
line in which such a plan would be situated (4. p. 267) ; therefore 
a line * C drawn as above, is the vanishing line of a plane passing 
through the luminary, and through the support of any point P ; 
consequently a line from P, parallel to * C, will be the inter- 
section of such a plane with the original plane which is parallel 
to the picture, and this intersection is the jilan of the ray. 

There is one situation of the original luminary when at a finite 
distance, which requires a particular construction, in order to find 
the shadows projected by it ; this is when the luminary is in the 
vertical plane (Def. 3. p. 125). Because, in that case, its plan on 
any original plane, not parallel to the picture, must also lie in the 
vertical plane, and consequently neither can have any projection 
on the picture from which the rays, or their plans, can be drawn, 
_ Let P^ be the support of a point P, the 
shadow of which, cast by a luminary situated 
in the vertical plane, is sought. Consider 
A B, D!E as representing the station line 
and parallel of the vertex (Def. V.i, p. 130), 
instead ofthe intersecting and vanishing line, 
and C will, on this supposition, represent the 
vertex. If * be the situation of the lumi- 
nary in the vertical plane, draw *b perpendicular to A B ; then 
b will be the plan of the luminary on the original plane ; draw 
6 c, *c, and p^'.Pp' parallel to them, cutting inp*, ^' will be the 
shadow required. 

For b, *, being supposed as lying in the vertical plane. 
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these points are the station points of the plans of the rays, and of 
the rays themselves; therefore VA, V * are the verticals (Def. 
15^ p. 134) of those plads and rays, and are parallel to the pro- 
jections of those lines (29. p. 134) ; hence p vl, P p' are those 
projections, and p^ their intersection, is that of the shadow, the 
paper being again supposed to be the plane of the picture. 

This is sufficient to explain the analogous mode of proceeding 
in such cases, as variously modified by different positions of the 
original point and plane of the shadow^ but as these are rare of oc- 
currence in practice, this particular instance does not demand 
any further explanation. 

An infinitely distant lumiiiary^ through which the vertical plane 
is supposed to pass^ has been already noticed. (See p. 266.) 

If the original object be projected orthographioallyy instead of 
perspectively, the practical application of the foregoing principles 
will be modified accordingly : an example of the projection of the 
shadows of plane geometrical solids, represented in both modes, 
will now be given, with the necessary observations on each. 

Let C D E F be the plan, and 
dfg h the elevation of a rec- 
tangular parallelopiped^ one face 
touchingthe perpendicular plane 
(A B) ; the line PQ, pq being 
the plan of the soiar rays as 
projected on the two planes 
perpendicular to each other. 
Through d, /, gr, h, draw lines 
parallel to p q^ bb dl, gm, h n, 
and through D draw a line 
parallel to P Q, to meet A B in 
L ; through L draw a line pa- 
rallel to dg, to cut dl, gnif in 
I and m. Draw M » parallel to g h, then dlmnh will be the 
shadow of the solid cast on the plane (A B) by rays parallel to 
P Q, p g. In this way the shadow of any rectangular projecting 
part of a building, such as the cill of a window, &c., may be de- 
termined in an architectural elevation. 

If, instead of being the orthographic projection of a solid, 
dfgh were a rectangle, parallel to the plane (A B), its shadow 
would be the equal rectangle Imno, and this is obtained in the 
«ame way ; for dl, as a line, is obviously the shadow of C D, d 
considered as a line ; and I is the shadow of the point D, d ; for 
the same reason l^ m, n, o, are the shadows of the four angles of 
the parallelogram. The rectangle of the shadow is equal to the 
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original, because that shadow is the orthographic projection on a 
plane parallel to that original, (47, p. 152, and p. 231.) the rays 
being parallel. 

cdefgh is the o&/tau6 orthographic projection of an octo- 
hedron, the diagonal gh being parallel to the plane of projec- 
tion and perpendicular to the plane (AB), which is to re- 
ceive the shadow. P Q is given^ or assumed, as the horizontal 




projection of a ray ; p q being the oblique projection of P Q, 
and P Q R being the angle which the ray makes with the 
horizontal plane ; then the angle p qp' being made the projeo- 
Hon of PQR by the principles of projection, p' q will be the 
oblique projection of a solar ray ; draw p q through A, parallel 
to the projection of P Q f, and draw p' q through gr, parallel to 
the projection of the ray just found; q will therefore be the 
shadow of the apex g of the solids ox h q will be the shadow of 
the diagonal h g. 

Draw the rhombus J) stUy equal and similar to dcfe, that is, 
draw the plan of the solid on the plane (A B) of the shadow. Then 
the points «, t, w, will be the plans of the points c, /, e on the plane 
of the shadow. Draw lines parallel io p q through P, s, t, and u, 
and lines parallel to p' q through d, c,/, and e, cutting the former 
in 0?, y, &c, respectively, which points will obviously be the shar 

t That is, draw p q through ^, if P Q the plan of the Vay, and p q its oblique pro- 
jection, are not given as passing through H and h ; which may not be the case: F Q* 
pq were showa as passing through these points in the figure to avoid unnecessary 
lines. 

t2 
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dows of the corners of the solid, and hx^hy^qx and q y being, 
drawn, hxqy will be the shadow of the solid on the plane (A B). 
The shadows of the points c and e falling within the outermost 
lines bounding the outline of the shadow^ it is clear that the four 
faces hde^he/t g de^ g ef, are in shade ; and the other four re- 
ceive and intercept the rays^ or are illuminated ; consequently the 
shadow is that of the section hdfgoi the solid. 

Instead of the plane (A B) receiving the whole shadow^ let 
another plane be supposed to intercept part of it, LM being 
assumed or given as the intersection of this plane with the first, 
and the angle a M 6 as its inclination to (A B). Having found 
O M, the oblique projection of L M, draw the angle O M a', the 
oblique projection of tlie right angle L M a, and the angle of Mb' 
that of the angle a M q, by the principles of projection. 

Draw ai line KB at pleasure parallel to LM, to cut A B in B 
and M a in V; draw V v, Bn perpendicular to A B, Vv cutting 
M6' in 1? ; or draw B k parallel to M Z, to cut A y in k; then 
draw k k' perpendicular to AB, and make kk' equal to V 6 ; 
through the points k' and v, draw k' n parallel to M O, then k' n 
will be the oblique projection of the original line, of which B K is 
the plan; and M n, drawn through n, in which lie k^ t?, B n, in- 
tersect, will be the intersecting line of the second plane. 

Join O At', then the point q^, in which this line is cut by the ray 
p* q, will be the shadow of g on the new plane ; draw a line 
parallel to O f, from the point in which ty cuts M O, then y', the 
point in which this parallel is cut by the ray fy, will be the 
shadow of the angle /on the new plane. If lines be then drawn 
from q' to y', to the points in M O, where x q cuts M 0, and 
from y' to the point in M O, where h y cuts M 0, they will com- 
plete the portion of the shadow intercepted by the new plane.f 

If A' O were produced to* cut the ray h A' in A', A' would be the 
shadow of the apex A on the second plane ; produce D a; to cut 
MO in a point, through which a line being drawn parallel to 
Ok\ it mil cut the ray dx in x' the shadow of d on the second 
plane ; q' x' being drawn will then cut M O in the same point 
that w q cuts it in : A' y' q' x' will be the shadow of the octohedron 
on the new plane^ supposing the first (A B) removed. 

If the diagonal g h of the solid had not been parallel to the 
plane of projection, or perpendicular to the plane (AB), the pro- 
ceeding would be the same in principle : the oblique projections 
of the plan (Def. p. 266) of the apex g, and of the other angles 
of the solid, as c, d, e, &c., must be first found, then lines being 
drawn through these plans, parallel to p q, the plan of the ray, 

f In the figure the tint of the shadow is omitted near the angles y' y to preserre 
theie points distinct; it must be supposed as carried on to the |)ortioa of h'^' cut off 
by MO. 
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they will be cut by the respective rays of the points, in the shadows 
of those points as before ; for every such shadow will lie in the 
plane passing through the luminary, and through the support of 
the pointy and this plane will cut the plane of the shadow (A B) 
in a line parallel top q, the luminary being by supposition at an 
infinite distance. 

If ^ A be considered as the support of jr, then the projecting 
plane (see p. 268) of the point g will cut the plane (A B) in h q, 
drawn parallel to the plan of the ray ; therefore q is the shadow 
of ^. In order to find the shadow of this same point on another 
plane, as M 1? i', it is first necessary to find the intersection of 
the same projecting plane of g with this new plane: now this in- 
tersection will obviously pass through O^ M O being that of the 
two planes : to find O A' it is therefore necessary to construct the 
projection O A: A:' of the triangle lying in the projecting plane of 
gr, and formed by the intersections with it ; 1st, of the original 
plane (A B) ; 2nd, of any plane assumed at pleasure, perpendi- 
cular'to (A B), and cutting this in a line parallel to M O (M L) ; 
and 3rd, of the new plane of the shadow. 

The auxiliary plane just mentioned will cut the new plane of 
the shadow in a line parallel to M O (ML), because Bk (B K) 
is assumed parallel to M 0(ML) ; and all perpendiculars to B jfc 
(BK), lying in the auxiliary plane, and meeting this intersection 
of the two planes, will be equal to V 6, (V M 6 being the angle of 
inclination of the planes (A B) (M L) of the shadow, and the 
triangle V M 6 being supposed turned down on M V till it coin- 
cide with (A B).) And as all these perpendiculars are parallel to 
the support g A, and therefore are paj-allel to the plane of pro- 
jection, their oblique projections as kk' will be equal to the 
originals. 

L M . • . T W (PL 5, fig. 3) is the general outline of a build- 
ing perspectively projected, * being the sun (see p. 267). To 
find the shadow of the building on the ground, draw lines from 
S, the plan of the luminary through L, M . . . . R, the plans of 
the angles of the building; which plans, from the symmetry of the 
object, will coincide with the bottoms of the upright edges of the 
walls; these lines SL, S W, S M, &c., will be cut by the rays 
in the shadows of the respective points, and Lownu R will 
be the shadow as thrown towards the spectator, the sun being 
beyond the plane of projection ; and L o' t' w' u' R will be the 
shadow if the luminary be on the same side of the plane of pro«> 
jection with the spectator. 

In the former case the wall L O ST, and the face O WT of 
the roof will be in light; though the rays of light will fall very 
obliquely on the wall, as will be perceived from the acute angle 
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made by S L, with L Y (the angle S V Y) ; the wdll L O S T re- 
ceiving the light, the parallel wall M N R U, and the face U N W 
of the roof will be in shadow. 

In the latter supposition of the situation of the sun, LOST 
O W T will be in shadow, and M N R U will receive the light, 
the rays falling on it at the same oblique angle as they fell on 
LOST. 

The faces OWN, TU W, will be in shadow respectively, in 
both positions of the sun, as will be perceived from the circum* 
stance of the shadow of the apex W being without the shadow 
n, of O N, and without the shadow <' w' of T U. 

Since the original lines N O, O T, TU, U N^ are parallel to the 
plane of the shadow^ the shadows of those lines will be parallel to 
the originals (13, p. 269); these shadows therefore will have X 
and Y for their respective vanishing points. 

If the luminary were in the vertical plane, or in the plane of 
projection, then the lines L o", W ii?'' &c.j must be drawn parallel 
to the vanishing line X Y ; and the rays O o", W it?", &c., must 
be drawn parallel to each other, and to form an angle with that 
vanishing Jine equal to the altitude of the sun (see pp. 267, 268). 
In this case the walls L M N O, M R N U, and the faces OWN, 
N W U will receive the light, and the others will be in shade. 

If the height of the apex W, of the roof above the plane 
N O T U, had been less ; so that the shadow w, of that point, had 
fallen within the lines o w, or <' w", or o" ^", then all four faces of 
the roof would have received the light ; the same eflFeCt would, of 
course, have been produced if the altitude of the sun had been 
greater, so as to cause v) to fall within those lines. 

C being the centre of the picture (PL 5, fig. 4), and the lumi- 
nary * being supposed at a finite distance, the shadow of the 
rectangular parallelopiped L O N . . RT, on a plane (RT) per- 
pendicular to the horizon, is found in precisely the same manner, 
the plan, Z, of the luminary on the plane of the shadow being 
first obtained. (See p. 272.) 

If, in this example, * were the projection of the sun, behind the 
spectator, there could not be found any point I for its plan on 
the plane of the shadow (see p. 273) ; in this case lines must be 
drawn through R, U, S, the plans of N, M, L, parallel to * C, for 
the plans of the rays, and these will be cut by the rays, as before, 
in the shadows of the points. 

If * and C coincided, which would be the case if the radial, per- 
pendicular to the picture, also passed through the sun, then there 
would be no line * C to which the plans of the rays could be drawn 
parallel, consequently the shadows of the points L, M, N, O, would 
coincide with their plans S, R, U, T ; this conclusion is obvious, 
because each of the supports L S, N U, &c., would also pass 
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through the sun ; in this cttse the parallelopiped would cast tio 
shadow on the plane of its face (RT). 

These examples, if thoroughly well studied, will be sufficient 
to enable the learner to draw the shadow of any right line figure^ 
or plane solid, on any plane^ as cast by a luminary in any position^ 
and at a finite or infinite distance, whether the object be ortho- 
graphically or perspectively represented^ 

The shadows of curve lines^ being projections of those curVesi 
admit of the same observations as have been made on the subject 
of the simple projections of such lines. 

The shadow of a circle in any positidn^ the luminary not being 
in the plane of it, will be a conic section, if the shadow be re- 
ceived on a plane ; and the species of curve which will be the 
shadow of a given circle, depends on the relative position of the 
circle, the luminary, and the plane of the shadow. (See pp. 196 
and 204.) 

The shadow of the circle, and of all other curves, is best found 
by obtaining the shadows of a sufficient number of points in the 
curve, and then drawing the required shadow through them« 

But^ as has been before remarked, it is necessary not only to 
obtain the shadow of solids with curved surfaces, but also the line 
separating the light from the shade on those surfaces. The mode of 
proceeding with the cylinder, as the most important of such solidsi 
will now be explained. 

If two planes be supposed to pass through the luminary, and td 
be tangential to the cylindrical surface, the two straight lines in 
which the planes touch the cylinder will separate the illuminated 
part from that in shadow; and the intersections of these tan-* 
gent planes with the plane of the shadow will be the outlines of 
the shadow of the cylindrical surface, or will be the shadows of 
the two straight lines above mentioned. The common intersectiot) 
of the two tangential planes will also be a line passing through 
the luniinary parallel to the two lines on the cylindrical surface, 
and therefore to the axis of the solid (see p. 207). If thesief 
three parallels be produced to cut the plane of the shadow, thetl 
lines drawn from the point, in which that passing through the 
luminary cuts the plane, through the two points in which the other 
parallels cut the plane, will be the straight outlines of the shadow 
of the solid. Let the luminary * (PI. 7, figs. 2 and 3f) be as- 
sumed as at an infinite distance, s being its plan on the plane of 
the shadow (D K, C E), and s' its plan on the plane (A D, E R) 
of the base of the solid ; draw * S, which line will represent the 
common intersection of the two tangential planes ; for S being the 

f The points and lines which did not fall within the plate in fig. 3, are shown in 
fig. 2 to a reduced scale, and reference must be made to this figure whenever the 
luminary or its plans are mentioned in the text. 
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vanishing point of the axis of the solid, (see the constructious for 
drawing the projection of this cylinder, p. 21 65 et seq.) all lines 
drawn through S will represent lines parallel to that axis (9. 
p. 128) ; and since both S and * represent points infinitely distant, 
^he original of* S is so^ and therefore can only cut the plane of the 
shadow in the vanishing line C E of that plane ;f consequently 
T represents the point in which * S cuts the plane of the shadow. 

Draw r y', r z\ from r, tangents to the elliptic section of the 
solid by the plane of the shadow ; draw lines to S from w and x, 
the points of contact of the curve and the tangents, to cut the 
circular base of the solid in y and z : then wy, x z will separate 
the light from the dark part of the cylindrical surface ; and rays 
*y9 * z drawn through y and z, will cut ry', r^ in y' and J \ 
to'i/ X z! will therefore be the straight part of the outline of the 
shadow. It is obvious from the parallelism of the tangential 
planes in this example, that y z will be a diameter of the cir« 
cular base, and will therefore pass through c. 

liy zhe produced to p, its vanishing point in E R, then a ray 
drawn from * through p, will cut EC, in the vanishing point of 
the shadow y' z! of the diameter y z, (16. p. 270.) 

The vanishing point />, of the chord or diameter y z, may be 
found at once by the following construction. Draw V r', the 
radial of the point r', in which * S cuts the plane of the circular 
base ; then Yp drawn perpendicular to Vr' will cut the vanish- 
ing line in p, the vanishing point sought. For by this construc- 
tion, yz represents a line perpendicular to one drawn from r 
through c the centre of the circular base : that is, yz is the chord 
of the tangents to the point in which * S cuts the plane of that 
base ; those tangents r' y, r' 5?, being the intersections of the tan- 
gential planes above mentioned^ with the plane of the base. 

The shadow y' z' may also be found by the method explained 
(pp. 27 J, 272) by means of t, the parallel plan of the luminary. 
(See Def. p. 272.) 

The next step to complete the shadow of the solid is to find 
that of the circular base, or as much of it as forms a part of the 
whole shadow of the solid ; and this will obvicTusly, in the pre- 
sent instance, be the shadow of the semicircle yfz. Draw any 
lines at pleasure, parallel to A D, to cut the circle, and produce 

f This will be rendered still clearer to the learner by the following considerations : 
If * S could be supposed to cut the plane of the shadow iu a point not being in the 
vanishing line of that plane, no lines drawn from such a point could represent parallel 
lines lying in the plane : now the two tangential planes above mentioned, touching 
the surface and passing through the luminary, must be parallel to each other, if this 
luminary be infinitely distant, (unless the axis of the cylinder were sujiposed to pass 
through it, which is not the case, or the solid could cast no shadow on a plane cutting 
the cylinder). These parallel planes will cut the plane of the shadow in iyro parallel 
lines, which must be projected into lines having a vanishing point in the vanishing^ 
line of the plane of the shadow ; therefore, the point representing that in which * S 
may be supposed to cut the plane of the shadow, must lie in the vanishing line, or 
cannot lie out of it* 
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them to cut D E ; then a line drawn from /, the parallel plan 
of the luminary, through the point of intersection in D E, will be 
cut by the rays of the extremities of the chord, in the shadows of 
those extremities ; and will therefore furnish points in the curve 
of the shadow : this construction is shown in the figure as made 
for a diameter through c, and the principle has been already ex- 
plained. (See pp. 271, 272.) 

The usual mode of finding the shadow of any point may be 
employed for the same purpose. Find the plan on the plane 
(D k, E c) of the shadow, of the extremities of the chords drawn 
at pleasure to cut the circle ; then lines drawn from r through 
these plans will be cut by the rays in the shadows sought. In the 
figure, the support of one extremity of the diameter through c is 
shown as well as the method of determining the pZan of that extre- 
mity, by drawing a line parallel to D K, through the point in D E 
in which the diameter produced cuts D E. 

When a sufficient number of points in the outline of the curve 
of the shadow have been found by these constructions, the cun'e 
of the ellipse may be drawn by hand^ and the lines wy' x x' will 
be tangents to the curve at y' and 5?', because the projecting planes 
(p. 268) of the lines t«?y, xzdLxe tangential to the original circle, f 

The shadow on the same plane (D K, E C) of the other cylinder, 
having its axis y z parallel to the plane of the picture, is ob- 
tained by the same principles. J Lines drawn from s (fig. 2) 
tangential to the circular bases of the solid, at Wy at, p and 
y, determine the lines wp^ rrgr, on the cylindrical surface, 
which separate the illuminated half of that surface from the half 
in shade. The shadow of the diameter p q will be parallel and 
equal to the original, because pq'\s parallel to the plane of the 
shadow; consequently the shadow will have a common vanishing 
point in-E C, with pq. This vanishing point might be found in 
the same way as that of y z was for the other cylinder ; by 
drawing the radial of that vanishing point perpendicular to the 
radial of the point s. 

Points in the shadow of the circle gpfq are found in the 
same manner as above explained for the other cylinder ; and in 
this case, since the supports of all points in that circle lie in the 
cylindrical surface, the plans must lie in the base of the cylinder 

f It is obvious that w y\ x z' are the shadows of the tangents at y and » drawn 
from r% and therefore lying in the plane of the circle : hence also the elliptic shadow 
is touched by to y' ar «' m y and z\ (Geom. App. Prop. 6.) 

X It will be easily perceived that the support of the luminary * «, is analogous to 
* S in the last example : that is, * « is a line parallel to the axis of the cylinder ; and 
in this case the projections of that line and the axis are really parallel^ because both 
originals are parallel to the plane of the picture, qx tfi^ viti^i^^ing poiQt (S) of the 
axis is at an infinite distance. 
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lying in the plane of the shadow, consequently the construction^ 
are much simplified. 

Since the cylinder (or cone) of rays^ which produce the shadow 
of a circle, is cut by the plane of the shadow to produce the sha- 
dow^ the rays which form the outliue of the cylinder of rays must 
be tangents to the curVe of the shadow (see p. 208) : this rule 
affords an additional guide for drawing the curve of the shadow^ 
as is shown in the present example by the ray near the point s 
in the circle p g s, this ray being also a tangent to the curve of 
the shadow. 

The modifications of the foregoing constructions, which would 
be necessary if the luminary were at a finite distance, will not re- 
quire to be entered into, since they must be obvious to an atten- 
tive reader of what has been just explained ; nor can he find any 
difficulty in drawing the shadow of a cone as cast by any luminary^ 
if he make himself master of the principles relative to the projec- 
tions of that solid, (p. 208, et seq.) 

Fop, if the shadow of the apex of the cone be obtained, then 
lines drawn from that shadow^ tangents to the shadow of the base, 
or tangents to the section of the conic surface by the plane of the 
shadow, will be the straight outlines of the shadow of the solid ; 
and lines drawn from the points of contact in that base, or in that 
section, on the conical surface, to the apex, will separate the iltu» 
minated from the unenlightened part. 

If the shadow of the apex of a cone fell within that of its base, 
the outline of the shadow of the base would obviously be that of the 
whole solid, and all the conical surface would either receive lights 
though unequally, unless the axis of the cone passed through 
the luminary, or would be wholly in shadow if the base were 
nearest the luminary. 

The case in the cylinder, analogous to this last respecting the 
cone, is presented, if a line through the luminary parallel to the 
axis falls within the cylindrical surface, when the whole shadow 
of the cylinder will be that of the base of the solid nearest the 
luminary. 

Part of the shadow of the cylinder of the last example is inter- 
cepted by the surface of the other : to obtain the outline of this 
portion, it would be necessary to find the intersections with 
both solids of any planes passing through the luminary and its 
plan ; for each such intersection would be cut, on the cylin- 
drical surface receiving the shadow, by the ray of the point in 
which the plane cut the circular edge, mfs q, casting the shadow 
on that surface, in the shadow of that point ; and a sufficient 
number of such points being found, the shadow can be drawn 
through them. 

If the axes of both cylinders were parallel, this construction 
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would be simple enough ; for all planes passing through the lumi- 
nary parallel to those axes would cut the cylindrical surfaces of 
the two solids in straight lines parallel to the axes ; and as these, 
sections could be easily drawn, the shadow of the point in the 
section on one surface could be immediately obtained on the 
other by the ray of that point. But when, as is the case with 
the two cylinders in the figure, the axes are not parallel^ any 
plane passing through the luminary^ and parallel to the axi« of 
the solid casting the shadow^ would cut the other cylinder in an 
elliptic section, and to draw this would be a troublesome opera- 
tion ; it is, generally, therefore only done for one such section, 
so as to obtain a point in the shadow on the curved surface, in 
the situation which will best serve as a guide for drawing it. 

In the present case, the elliptic outline of the shadow of the 
arc pmsq cuts the section of the other cylinder wx, &c.^ in 
two points, from which the curve of the shadow on the cylinder 
must begin : again, for reasons already stated, this curve must 
touch the outermost ray of the cylinder of rays casting the sha- 
dow, and these three data would be sufficient, if one other point 
were found by a sectional plane, (which should be taken so as 
to give a point in the curve near to the letter A,) to allow of the 
curve being drawn tolerably correctly* The elliptic section of 
the cylinder by such a sectional plane must be found in the manner 
in which that of the first cylinder by the plane (D K^ E C) was ob- 
tained (see p. 217) ; that is^ the rhombus formed by the section of 
the surrounding rectangular parallelopiped must be first drawn, 
and then the elliptic section inscribed within it, taking care to 
make it touch the sides in the proper points, that is in the 
lines in which the planes of the faces of the parallelopiped touch 
the surface of the cylinder. 

If either of the cylinders in fig. 4 were supposed to be formed 
by the rays of its circular base^ the intersection of the two cy- 
linders, as found by the construction before given (see p. 219) 
would be the outline of the shadow cast by the base of the one 
on the surface of the other cylinder; and when the position of the 
axes of the two solids admit of it, that construction can be em- 
ployed to determine that outline. 

If it were required to determine the outline of the shadow cast 
by the semicircle ymsgz (fig. 3) on the inner concave cylin- 
drical surface, the following construction must be used. From 
/ (see fig. 2) draw any chprds at pleasure, rs gf, to cut the cir- 
cular base; draw/S, and the ray from the point g will cut this 
line in /', the shadow of g on the concave surface : a sufficient 
number of points must be found in this way, and the curve y/' x 
drawn through them. 
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For it is obvious that * S, r* gfj and/S, all lie in oneplane^ in 
which also the ray of the point g must lie : this ray therefore will 
cut fs in the shadow of (/ as cast on the concave surface. 

The curve y f Zy though produced by the intersection of two 
curved surfaces, is nevertheless an ellipse^ as will be now shown. 
Having drawn any chord g f from r', cutting 2^ 2r in a point c,f 
draw S/ S g, and S c ; and since these lines and the ray * g f all 
lie in one plane, a line from/' through c must cut Sg produced 
in some point h ; and/' h^ if drawn and produced, must cut S * in 
some point : let this point be denoted by 2. 

Now y z being the chord of the tangents from r ', r'f must be 
harmonically divided inf^Cyg and r'; consequently S '*', Sgr, Sc^ 
and S/ are harmonical lines;{; ; therefore /' h produced is har- 
monically divided in c and S. And since/' %f^9 both harmoni- 
cally divided, have one point c in common, and 2 S is a line 
joining the second points of division in each fromc; the lines 
fhff'g joining the remaining points of division in each, must 
meet in a point in £ S ; but /' g is the ray of the point g from *, 
therefore fh cuts S S in "*" §. Again, since S £ is harmonically 
divided (see demonstration in note), and since the foregoing de- 
monstration applies to any and all chords drawn from r' to cut the 
circular base, the fourth point 2 of division of S "*" will be the 
same, the three others remaining constant. Hence therefore the 
lines 2 A c all lie in a plane passing through 2 and y z ; and the 
curve of the shadow z^fy is the section of the cylinder by this 
plane> and is therefore an ellipse. 

When the chords r'gf become the tangents r'y,r' z^ the line 
2 A cf become tangents to the curve of the section yf'Zj as well 
as to the cylindrical surface ; let the chord y zhe bisected by 2 c ; 

f It is not necessary to the demonstration that ^f should pass through the centre 
of the base ; nor would y x be a diameter to that base if the luminary were at a finite 
distance : and the construction and dembnstration apply generally whatever may be 
the situation of the luminary. 

X It will be perceived, that the demonstraiion equally applies whether the original 
lines, or their projections on the plane of the picture, are considered : in the former 
case, S *, S/, &c. are harmonical parailclsj S being a vanishing point; in the latter 
supposition these lines will be harmonical lines. For the original of r'ybeing har- 
monically divided, its image will be harmonically divided : if, as in the example, * be 
at an infinite distance, y z will be a diameter, and will bisect the parallel chonls g/ 
drawn from the vanishing point r ; in this case the original of g/ being bisected, 
its image will be harmonically divided in the images of/, c, g, and in /, the vanish- 
ing point of the original chord. 

^ For if /A, for example, did not cut/' g produced, in the same point * in which 
/' g cuts S 2, but in some other point (/>); then fhp would noi cut S 2 in *. Now 
on account of the harmonical division of /r', the lines/'/, /' c, f'g, and // will 
divide S 2 harmonically in S, 2, * and r': again, on account of the harmonical division 
of/' 2, the lines //',/c,/2, and/ A, will divide S 2 harmonically in S, 2, r', and in 
the other point not being * : that is, the same line S 2 would be divided by two sets 
of harmonical lines in points, three of which produced by each set would coincide, 
and the two fourth points of division would not coincide, which is impossible ; there- 
fore /A must eixt fgf and S 2 in *• 
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through the points h and f, draw lines to p, the vanishing point of 
y z ; these lines will be tangents to the curve of the section and the 
quadrilateral formed by them, and by S i/» 2 x^ will allow of the 
elliptic section being correctly drawn. 

If the luminary be at an infinite distance, as in the example, 
the tangents £ y, 2 ^ will be parallel to each other^ and perpen- 
dicular to yXf^KnA therefore perpendicular to the tangents kp^fp 
which are parallel toy z\ the quadrilateral formed by the tan- 
gents will be a rectangle. If the luminary be at a finite distance^ 
the tangents ^ y^l* x will not be parallel, and the quadrilateral 
will not be rectangular. 

If the axis of the cylinder be parallel to the plane of projection 
S, the vanishing point of its axis, one point of the harmonical divi- 
sion of S S^ being in that case at an infinite distance, * will 
bisect r' 2, or r *, * 2 will be equal. If, therefore, a line were 
drawn through s, the plan of the luminary in E C parallel to the 
axis of the cylinder y x^ or perpendicular to E C^ then the length 
of the support of *, s *, being set ofi* from * along this line, will, 
give the point 2 at once, and the whole construction will be much 
simplified. 

The preceding constructions and demonstration apply whether 
the cylinder be right or oblique, and for reasons before stated are, 
with obvious modifications, equally applicable to the right and 
oblique cone. 

The shadow cast by any curved surface on a plane, or on any 
other surface, may be found by describing the sections of the 
surfaces, as made by planes passing through the luminary : for 
rays lying in these sectional planes, and drawn tangents to the 
curve of the section, on the solid casting the shadow, will cut the 
curve of the section on ihe\ plane or surface of the shadow, in 
the shadow of the tangent point. And a line drawn through all 
the points where the tangential rays touch the former curves^ 
will separate the light from the shade on the surface. 

ABFG, &c. (PI. 5, fig. 5) is the plan of half a square 
abacus surmounting an annulus on the top of a cylinder ; the 
three solids forming a rude resemblance to the capital of a column, 
as is seen from the elevation above ; this elevation being the 
orthographic projection of ihe capital on a plane perpendicular 
to that of the plan, and passing through the axis of the cylinder 
and ring. 

J^t S C^ s C be the plan and elevation of a solar ray ; draw 
any lines as 4 1, parallel to S C ; these lines will represent the in- 
tersection with the plan of planes perpendicular to that of the 
plan. Draw perpendiculars to A B through the points 4, 3^ 2, I , 
&c„ in which these intersections cut the lines and circles whicn 
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are the plahs of the different solids composing the capital ; these 
perpendiculars will give the points on the corresponding lines of 
the elevation, and by means of them the line 2 2 9 3p ... 4, &c. 
representing the section by the cutting planef may be drawn on 
the elevation. Draw a ray parallel to « C to touch the section 
of the annulus in q, and to cut the section 22 on the cylinder; 
and also draw a ray through 4^ the point on the lower edge of 
the abacus in which it is cut by the section, to cut the curve on 
the annulus in p : then lines drawn through the points p on the 
annulus will be the outline of the shadow of the abacus on the 
surface ; and the outline of the shadow (r • , h , .) cast by the 
annulus on the cylinder must be drawn through the points on 
the cylinder as thus founds and the line drawn through the points 
q will separate the light and shade. 

The line 43 drawn on the plan to touch the circle AT B, will 
give the point 3 on the elevation, through which the line of light 
and shade will pass ; the line of light and shade on the cylinder 
is found in the same way, by drawing a ray on the plan to touch 
the circle D H 2^ which represents the cylinder ; and if the 
section of the annulus and abacus by the plane passing through 
■ this ray be drawn, (as is done in the figure,) the ray drawn tan- 
gential to the curve on the annulus produced by this plane will 
give the point where the curve r . . A . . of shadow on the cy- 
linder falls into the shaded part of that solid. 

For rays lying in the planes between T 2 and 4 3 on the plan, 
will not touch the cylinder, though they will still be intercepted 
by, and therefore illuminate the annulus; while rays lying in 
planes beyond 4 3 (nearer to G) will not fall on either surface]];. 

t The section of the annulus by the plane (4 1) will not be an ellipse, as may be 
seen by referring to fig. 2 in the same plate. 

I Of course in treating the subject geometrically, all considerations of the effect 
of the atmosphere, in softening the separation of light and shade on a curved surface, 
are omitted ; as well as of the effects of reflected light, in causing the part of the 
surface in shade to vary in the intensity of the shaduw : these^ and the effects of the 
foreshortening of the curved surface as it recedes, and as the rays to the vertex form 
an acuter angle with that surface, thus modifying the reflected light on the shade so 
as to cause the part near the apparent outline of the surface to darken again, are 
more properly treated of in works on painting, chiaro oscuro, &c. 

One effect of the last«mentioned cause, namely, the foreshortening of the curved 
surface, may be mentioned here } the line on which the rays lying in the plane (S C) 
passing through the axis would be the lightest, part of the curved surfaces, because 
those rays would fall most directly on them in that line ; but that would not appear 
to the eye the line of highest light, unless the plane of those rays also passed through 
the vertex or eye ; for if this were not the case, the line of apparent high light would 
be that on which those rays would fall, which, being reflected in an angle equal to 
that of incidence, would arrive at the eye. To find this line would require com- 
plicated constructions ; but for the cylinder in the example, the following will give 
an approximation to it. Draw C H to bisect the angle S G T 3 then H k drawn per- 
pendicular to A B will be the line of light nearly : lor a ray parallel to S G falline 
on the circle at H, would be reflected in a line parallel to GT, or would pass through 
the vertex (the projection being orthographic.) 
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The section by a plane of rays, passing through the angle F of 
the abacus, must be founds in order to obtain the shadow of the 
angle of the abacus as cast on the annulus at n ; and to obtain 
the portion of the outline which lies between n and the contour 
of the moulding, a profile elevation on a plane passing through 
C T must be employed ; but it is not needful to dwell further on 
this proceeding. 

The same principle is pursued in finding* the shadow, &c. of 
the annulus perspectively projected (PI. 5, fig. 3), a series of 
sections of the solid, by planes parallel to the faces of the cir- 
cumscribing parallelopiped H M, J L, thes6 faces having been 
assumed as passing through the infinitely distant luminary, and 
perpendicular to the planes K M^ I L (see p. 228, Note \), for 
the sake of facilitating the subsequent constructions. 

Let Y X be the intersecting line of one such cutting plane ; 
Y X being made equal to H I^ and Y o, X n drawn to the vanish- 
ing point ; the sides {m, o n of the parallelogram^ circumscribing 
the section of the annular surface, must be deduced from a plan 
of the ring on the original plane. 

If a plane parallel to I L, J N were to pass through the points 
in the diagonals of the squares circumscribing the circular cen- 
tral sections at 1 and 2, in which the circles cut those diagonals, 
these horizontal planes will cut the oblique sections, 2 m n o, in 
lines parallel to lo, mn, and the points in Uiese parallels to lo, 
m n, in which the curve of the section cuts them, can be deduced 
from the plan of the solid with its circumscribing squares, ajs will 
be easily understood without further description. 

Having thus obtained a sufiicient number of sections^ the tan- 
gential rays must be drawn to each, cutting the intersection Y o 
of the cutting planes with the plane of the shadow^ in the shadow 
of the tangent point, and thus points in the outline of the shadow, 
and in the line separating the light and shade on the annular 
surface, may be obtained, as was explained of fig. 5. 

The planes M H, L J touch the solid in the points 2 ; and the 
line H P will be a tangent to the shadow at 6, the shadow of 2, 
2 b being the ray of 2. And in like manner the planes parallel to 
(H M), which touch the inner side of the annular surface, will 
cut the plane of the shadow in lines^ tangents to the shadow cast 
by the inner surface. • 

The series of rays from a luminous pointy which are tangents 
to the surface of a sphere, form a right cylinder, or a right cone, 
according as the luminary is at an infinite or finite distance : 
these rays will touch the sphere in a circle, the plane of which 
will* be perpendicular to the line drawn from the luminary 
through the centre of the solid : and if this circle be found on 
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the sphere^ the shadow of it on any surface will be that of the 
sphere. 

Let the luminary * (PI. 8, fig. 3) be given at any finite dis- 
tance^ and let H i^ be the vanishing line of the plane of the 
shadow : find I the plan of * (see p. 271^ and fig. 4), and / the 
plan of the centre t of the sphere^ on the plane of the shadow. 
A line drawn through I and / will be cut by the ray * F in /' the 
shadow of the centre of the sphere. (12. p. 269.) Produce If 
to y its vanishing point, and draw y S parallel to * l, or perpen- 
dicular to Ky, then S will be the vanishing point of the ray * F 
(10, p. 269) ; draw S C through the centre of the picture, and 
draw C V perpendicular to S C, and equal to the distance of the 
vertex (C V) : draw the radial V'S, and V'R perpendicular to 
it, to cut S C produced in R : through R and S draw lines per* 
pendicular to S K for two vanishing lines of planes perpendicular 
to each other ; and R and S will be the centres of these vanish- 
ing lines. 

Draw a diameter of the sphere (equal to d e, see p. 262) 
parallel to these vanishing lines last found; describe the pro* 
jection of a square rstu lying in the plane passing through the 
centre of the sphere, and having the vanishing line through S for 
its vanishing linef > and having the side of the square equal to 
the diameter de of the sphere, and its centre in common with 
that of the solid. In this square inscribe the ellipse which repre- 
sents the circle produced by the section of the sphere by the plane 
of the square. 

Draw from * two tangents to the elliptic projection just found, 
and draw the chord joining the points of contact parallel to rsy 
or to the vanishing line, this chord cutting * S in jP. Then de* 
scribe the projection W Y X Z of a square lying in a plane passing 
through jP, having the vanishing line through R for its vanishing 
line, and having its sides equal to the chord of the tangents just 
found. 

The ellipse inscribed in W Y X Z will be the projection of the 
circle "l on the spherical surface, in which the cone of rays from* 
will touch the sphere ; and the shadow of this circle on the given 
plane will be the shadow of the solid as required. 

For S, the centre of the vanishing line, being the vanishing 
point of the ray, * F^ of the centre of the sphere, being also made 
that of the sides rt, su of the square ; and since the diagonals 

f It is almost needless to remark that the radial S V'j set off from S along^ tlie 
Vanishing line each way, will give the vanishing points of the diagonals of the square 
rUftty by means of which the projection is directly found (42. p. ] 49.) So also ia 
the subsequent step, the radial R V must be set along the vanishing line from R each 
way for the vanishing points of the diagonals of W Y X Z. 

X The elliptic projection of this circle ought^ if the constructions have been Hghtljt 
made; to touch the outline of the spheret 
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of the square pass through F, the plane of that square must pass 
through the luminary, and the sides being made perspectively 
equal to dcj the diameter of the sphere, the sides rs^tu are 
parallel to the plane of the picture :• consequently, the chord of 
the tangents to the inscribed circle from *, will also be parallel 
to the plane of the picture, and those tangents will be two of the 
rays forming the cone of rays above mentioned. 

Hence, the circle described on that chord of the tangents for a 
diameter, and lying in a plane perpendicular to * F, will be the 
circle forming the base of the right cone of rays : now by its 
vanishing line through R, and by its diagonals passing through 
Fy the square W Y X Z lies in such a plane. 

To draw the shadow of the circle just found, it will be best to 
describe that of the circumscribing square W X Y Z. Draw R H 
perpendicular to y H ; then H will be the vanishing point of 
the plans of Y Z, W X, &c. (9. p. 269) : draw the lines R * and 
I H, cutting each other in a ; then the shadows of Y Z, W X, &c., 
will pass through a (16. p. 270). 

Through * draw a line parallel to the vanishing line through 
R; and through I draw a line parallel to y H, meeting the former 
line in a point 6,+ through which point the shadows of W Y, X Z 
will pass (16. p. 270). Through/' and 6 draw a line which will 
be cut by the rays of the extremities of the diameter of the circle 
through F in the shadows of those extremities ; through /' and a 
draw a line, and find the shadows in it of the extremities of the 
diameter through F, which is at right angles to the former. Then 
lines to 6 and a, through the shadows of the extremities of these 
diameters, as just found, will complete the projection of the 
shadow of the square W X Y Z ; and an ellipse inscribed in this 
shadow touching it in the proper points will be that of the sphere 
as sought. Additional guides to drawing this shadow will be fur- 
nished by rays drawn tangents to the outline of the sphere ; for 
these rays will obviously also be tangents to the shadow. 

If the plane of the shadow were parallel to the ray * F, the 
centre of the sphere would have no shadow^ and that of the solid 
would be an hyperbola. And the same shadow would be a 
parabola, if the plane of the shadow were parallel to a side of the 
cone of rays. 

If the plane of the shadow touched the sphere, the point of 
contact would be one focus of the curve of the shadow ; and the 
common intersection of the plane of the shadow, and of that of 
the small circle, constituting the base of the cone of rays, would 
be the directrix to the curve. (Geom. App. Prop. 21.) 

f 6 19 far out of the plate, but the lines *b^lby indicate its direction. 

u 
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The shadow of the edge of a hollow hemisphere^ as cast on 
the opposite concave surface, may be found by the same prin- 
ciples as that of the edge of the cylinder was (see p. 284) : this 
shadow will be an ellipse, though produced by the intersection of 
two curved surfaces: the demonstration of this being closely 
analogous to that of the corresponding property in the cylinder, 
will not be required by the learner who has made himself 
master of the one referred to. 

The shadows of solids having surfaces of any species of cur* 
vature may be found, if required, by an extension of the prin* 
ciples explained above for finding those of the cylinder^ the 
annul'uSt and the sphere; but it is not necessary in an elementary 
work, as this is^ to enter into the constructions required in these 
more complicated cases. 
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Note A, p. 7. 

The distance between the points of a common pair of compasses, is 
obviously the chord of the angle formed by the two legs : in the pro- 
portional compasses, the angles formed by the legs on each side of the 
centre, or joint, are equal, they being vertical angles (Geom. I. Prop. 3) ; 
and the distances between the opposite pairs of points is proportional 
to the distance of those points from the centre of the joint, or propor- 
tional to the radii of the circles measuring the equal angles (Geom. III. 
Prop. 33, Cor. 1): if therefore the joint is set so that these distances 
shall be in any proposed ratio, the distances between the opposite pairs 
of points will be in the same ratio. 

Note B, p. 24. 

The sine A D, of any angle A C B, is equal to half the chord A E, 
of double the angle, or half the chord of the angle 
ACE. Now the chord F G of the same double angle, 
as subtended in a circle of the radius CF, equal to 
half C A, is equal to the sine AD: for P G is 
equal to half of A E (Geom. III. Prop. 33, Cor. 1). 
If therefore the sine A D of half the proposed angle 
be taken from a table, calculated to the radius unity 
C A, this sine may be set off as the chord of the re- 
quired angle ACE on a circle of half unity, or C F for radius; as 
is directed to be done in the text. 

Note C, p. 28. 

The mode of subdividing small distances, now universally used in 
mathematical and philosophical instruments, is by means of what is 
called, from the name of its inventor, a Vernier, 

If 71 number of divisions on any graduated scale A B be divided into 




4iO 




71-1-1 number, on another moveable scale CD, which is the vernier, 
each division on the latter, will be less than a division on the original 

scale by — part of a division, as will be understood from the figure. 
n 
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If C D were moved along A B till the first division of the vernier 
coincided with the thirteenth division on the scale, the O division of 
the former would be iV^ti of a division in advance of the twelfth ; and 
if C D were moved till its second division coincided with the fourteenth 
of the scale, then the O division would be iV^^s in advance of the 
twelflh ; and so on, till, if C D had moved so that the ninth division of 
the vernier was opposite the twenty-first of the scale, the zero of the 
vernier would show 12*9 on the scale. Hence, therefore, when by the 
action of the instrument, of whatever kind it may be, to which the 
vernier is attached, the zero of this vernier falls between two divisions 
of the graduated Hmby the fraction of a division by which it is in ad- 
vance of the last is known by observing the number of divisions of the 
vernier at which the first coincidence takes place, then that number 
indicates the fraction sought. Thus if it was seen that the seventh 
division from zero coincided with the nineteenth division of the scale, 
aero would indicate 12*7. 

On astronomical instruments of the smaller kinds, as sextants, &c., 
the limby or graduated edge, is usually divided into degrees, each of 
which is subdivided into three parts for twenty minutes : then nineteen 
of such subdivisions are divided on the vernier into twenty, so that 
each subdivision is by this means divided by inspection into single 
minutes. 

NoTB D, p. 3a. 

N,B. — Js the steps in the following demonstralidn will have to be 
frequently referred to in subsequent notes, containing the demonstrations 
of the constructions by the compasses alone, in the solution of several 
problems in the text, more are given here than are absolutely necessary 
for the demonstration of this particular case. The reader must supply 
several straight lines in the figures, which are required for those demon- 
strations, but which were not shown in the diagrams, to avoid com- 
plicating them : and he must understand that the straight lines which 
are draum in the diagrams, belonging to solutions by the compasses 
alone, are inserted only for the sake of demonstration^ none being re- 
quired or admitted in the construction. 

1. If AB, the radius, be taken as unity, AE, «^><: 

the diameter, will be equal 2 ; and since the tri- ^ b 

angle AD E is right-angled (Geom. IIL Pr. 15, /" ^\ 

Cor. 1): AD« = AE«-DE»=:AE*-AB«=: /. j \ 

4-1=: 3; therefore A D = y 3. a|..4._.b ^ 

2. Again, A B a being a right-angled triangle, 

B a« = A a*— A B« = (by construction) A D« - c -/^ x^ 

A B" = 3- 1 = 2 ; and B a = V 2. 

3. ADF, BDE being equilateral triangles, A E perpendicular to 
D F bisects it, and D F perpendicular to B £ bise cts it in a point p : 
and let a B cut the circumference in a point q : join pq. 

It is clear from the construction, that the point 6 must fall in the 

73" 

diameter A E ; and D F being equal to A D = ^3, Dp = -g" > ^ P^ 
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s= i ; and bpT) bein^a right-angled triangle, and 6 D by construction 
being equal to B a: 6/?*= 6D* — D/)* = 2— |^ = f — f = i. 

Again, because pBq is n right-angled triangle, pq^ ^z B q* + Bp^ 
= 1+^ = 1^, Therefore, bp n pq. 

4. Ep being equal topB, E6 = p6+jE?B: and Bb =zpb^pB, 
Therefore, E 6-B6=p 6«-p B* = p g« -p B« == B 9« = A B* ; that is, 
E 6'B 6 =2 B E', therefore E 6 is medially divided in B. 

5. Again, since E 6 • B 6 == (E B + B 6) B6^ AB« = AB-B6 + 
B6«=:AB (AB-A&) + B6« = A B«-A.BA6 + B 6«. We have 
A B* = A B« -- A B • A 6 + B 6% and by adding and subtracti ng. A B • 
A 6 =s B 6' ; that is, the radius A B is also medially divided in b, 
(See Schol. to Prop. 59, Geom. II.) 

NoTK E, p. 31. 

It is obvious by the construction, that A B is perpendicular to E F ; 
and since E F G is a semicircle, E F G is a right 
angle, or G F is perpendicular to E F : therefore, 
G F, B A are parallel. 

And since the triangles A B F, B F G are both 
isosceles, and have the angles B F G, F B A equal, 
the triangles are similar. Therefore, A B : B F 
(C D) :: B F (C D) : GF ; that is, A B'GF = 
CD*. Q.E.D. 

Note F, p. 31. 

Since B D t= CE by construction, and O C =0 B and O E = O D, 
the triangle O B D has its sides respectively equal to 
those of the triangle O C E ; these triangles are 
therefore similar, and the angle B O D is equal to 
the angle C O E : from (or to) each of these angles 
take away (or add) the common angle B O E ; then 
COB will be equal to DOE; and as the triangles 
D O E, B OC are both isosceles, and have the angles 
at their vertices equal, they are similar. 

Therefore C O : O E :: CB : ED; that is, by con- 
struction, E D is a fourth proportional to the given lines I, 2, and 3. 
Q. E. D. 

Note G, p. 34. 

That the chords on the inner circle, as found by the construction, 
will be in the same proportion, in succession, to 
each other, that the given chords set off on the 
outer circle are, is proved by the demonstration 
in Note F. And since the similar arcs of circles 
are as the radii (Geom. III. Prop. 33, Cor. 1), 
the two sets of chords are in the given common 
ratio of P Q : Q R. 

And since similar polygons are as the squares 
of their homologous sides (Geom. II. Prop. 43, 
Cor.), by making the radii of the circles as the 
square roots of the terms of the proposed ratio, the areas of the poly- 
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gons are to be in ; the chords, or sides of the polygons, will be re- 
spectively as those square roots, therefore the areas of the figures will 
be in the given ratio. 

Note H, p. 37. 

By similar triangles AFC, AEB.; AC:CP 
(C G) : : A B : B K ; but from the similar triangles 
DCG, DEB; C D : C G :: DB ; BE ; there- 
fore AB:AC:: DB:CD. Q.E.D. 

Note I, p. 39. 

A C being made equal to C F, and the angles at C being right 
angles, the two triangles AC G, FC G are equal and similar, therefore 
the angles A G C, F G C are equal, but C G F 
and B G H are equal ; therefore, A G C, B G H 
are equal. Q. E. D. 

The two lines AG, BG, drawn from two 
points as A,B, to make equal angles with a given 
right line C D at a point G in it, are together 
less than any other two lines, as A H, B H, drawn 
from the same points, and meeting in any other 
point than G of the given line. 

Having made C F as before equal to A C in A F drawn perpen- 
dicular to C D : from H draw H F. Then, in the same manner that 
F G was shown to be equal to A G, F H may be proved equal to A H : 
therefore AG + GB = FB, are together 'less than A H + H B = 
FH-f-HB. (Geom. I. Prop, 10.) This proposition is alluded to 
in a subsequent note. 

If C D were a reflecting surface, the point A would be seen by an 
eye at B in the point G, from the known law of equal reflection and 
incidence of rays of light. Hence this proposition affords a mode of 
measuring the height of a building, or other object which is inacces- 
sible : for if a basin of water be set on the ground, as at G, and the 
person move back till he sees tlie top of the object A in the water, he 
obtains the following data for solving the problem : 1st, the height of 
his eye above C D, or the length of a perpendicular to C D from B ; 
2nd, the distances of the point G from C, and from the foot p, of the 
perpendicular lust mentioned. Then the right-angled triangles A C G, 
B;? G being similar, as Gp :pB :: GC : CA, the altitude sought. 

Note J, p. 40. 

Draw F A parallel to C B to meet C A in A ; then because P G : 
PF :: PF : PD by construction, and the triangle PF A is similar to 
the triangle PGC; asPG:PD :: tri. PGC : 
tri. PFA (Euc. 6, Prop. 20, Cor. 2). But as 
PG:PD:: tri. PGC : tri. PDC (Geom. If. 
Prop. 39); therefore tri. : P F A= tri. : P D C. Add 
to both of these equal triangles, the triangle P F C ; 
then F A C will be equal to F D C ; and as these 
two triangles stand on the same base F C, the line 
A D joining their vertices must be parallel to F C. 
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And because of the parallels F D, C E and F A, C B ; A D will have 
segments equal to F C, and therefore equal to one another inter- 
cepted by A C, B C and by D C, E C : consequently the segments of 
any other line parallel to A D or to C F, will also have equal segments 
as L K, I E intercepted between the same lines. Q. E. D. 

Note K, p. 41. 

P G being parallel to c D, and G H being parallel 
to a B by construction, aG:GD::aP:Pc; and 
asflfGlGD:: BH: HD, therefore o P : P c :: 
B H : H D : and since proportional segments of 
the two parallels ac, B D are intercepted by A B, 
PH, CD, these three lines must pass through the 
same point. (Geom. II. Prop. 30.) Q. E. D. 

« 

Note L, p. 42. 

Since by the construction of the instrument, I H, IE always move 
parallel to E F, K H ; the angles 
I E P, K H I are always equal ; and 
the angle at P, in KI produced, is 
always equal to K I H. Tlieretbre 
as KH:IE :: HI (FE) : EP, 
that is by adding KH + IEorKF 

: IE ::FE + EPorFP:EP; and since KF, IE, FE remain 
constant, the fourth term, or E P, must always be the same. That is, 
K I, if produced, would always pass through the same point P in F E 
produced. Q. E. D. 

Note M, p. 49. 

1. A H = H X=i ; A H« + H X» = A X* = i + 1=^. or AX = J[. 
AF B, B AL being right-angled 
triangles, and having the angle 
at B common to both, A B' = 
A F' + F B", or 1 = i + } or 
F B" = f : and as F B» : A B* 

:: AB«:BL», orasf : 1 :: 1: 

i ; therefore B_L* = i, and B N« 

= ^orBNVi. 
The triangles DCG, CBH 

being equal and similar ; the 
angle B C H being taken from 
the right angles, leave D C O = 
B H C = D G C : therefore GOC 
= C B H = a right anirle; there- 
fore D G« : CG« :: CG» : OGS 
or i : i :: \ : y\=z O G* and _ 

C G"-0 G« = C 0», or J -tV = tV = i and C O = ^J. 

The equilateral triangle ABE having its base, AE, bisected ; the 
angle A B F = 30°, then A L B = 60° : and since the angles BAN, 
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A B N, are each equal 30°, the angle L A N = 60° ; therefore L A = 
LN=BN=^i7and L A« + A M« = i+i = 4 = LM« and LM = 

T IVf 

^f, and AP = PM = -y^ = VA = Vi- 

By comparing the triangle AQB with the triangle BCT (see fig. 
in second part of construction and demonstration), they will be found 
to be similar, and A B Q, S B R being also similar, as Q B" : Q A*:: 

R B* : R S», that is, 7 ; 1 :: 1 : |and RS= ^f" 

Since C X = VT; C U =r ^= v/i^ And C T=^= Vl- And 
lastly, since CO i::= ^rD O* zsz DC^- C 0»= ^ -+ =: J^; and DO 
a=^and D K or K0=?^= ^K C» = K0« + C« == f, KC 

2. That AX = V2" ; a"<i ^ ^ ^-^ (^^® ^^^ ^) • ^^^* ® ^' 
the diameter, = VT^s obvious. And since by construction A B R is 

a right angle, B R being parallel to xx 

AH,BE«+BR"(AB«) = ER"= r. h 

4 4- 1 = 5 or E R = VbT ' <;./.-"'? 

It is obvious that B, A, E, T are / \ 

in a line, and that the triangles 

B D E. T D A are equal and similar; »1 X" 1* '^^^ 

therefore E T = B A and B T = 3 ; \ 
TX«= AT' + AX»= 4+ 2 = 6 

andTX = V6r ^ '"^ "^^ 

Let C G be supposed drawn to -^^ 

bisect B A in a point p. Then C T* 

= AC« + A'r + 2pA-AT =BC* + AT* + B AAT (Geom. I. 
Prop. 37). ButAT»+ B A • AT = BT- AT (Geom. L Pr. 31). 
Therefore CT«=BC»+ B T'A T = 1 + 3-2 = 7 andCT^VTT 

Since A X = VT ; X Y or 2 A X = Vs"- and since B T = 3 B A ; 
BT =/97 And lastly, T R« = BT«+ B R«= 9 + 1 = 10 or 

TR = VK 

It should have been remarked that, of course, only that part of the 
constructions which the student requires need be made. 

Note N, p. 52. 

The triangles A C 1, 1 C 2. 2 C B are equal : 
and since 1 E D, 1 E C are also equal, if each 
of these be added to A 1 E, the whole AD E 
will be equal to the triangle A C 1. In the 
same way B D F can be shown to be eqrial to 

BC2. Therefore the remaining triangle EDF must be equal to 
1C2. Q.E.D, 
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Note O, p. 55. 

To explain more clearly the principles of the constructions in this 
problem, the demonstration of the last case is here given at length 
The triangle G I H, which is 
made equal to the given figure, 
is divided into equal triangles 
IGl, 1G2, 2G3, &c. Now 
because of the parallel to A G 
through I, a triangle on the 
same base A G, and having its 
vertex in the side A F of the 
given figure, is found equal to 
the triangle A G 1 ; this triangle 
equal to A G I, being added to 

the common one AG 1, makes the quadrilateral, comprised within the 
given figure, equal to one of the triangles IGl, into which the triangle 
equivalent to the given figure was divided. 

In the same way the quadrilateral formed by adding a triangle 
equal to G B 2, to the common triangle GIB, may be shown to be 
equal to another aliquot part of the equivalent triangle I G H. The 
next step is to get a figure, included within the periphery of the given 
figure, equal to the third aliquot triangle 2 G 3 ; this is accomplished 
by making the whole space from G 1 equal to the two triangles 1 G 3 : 
of these, 1 G B is already within the periphery. Draw a parallel to 
G B through 3, to cut B C produced in a point {p) ; then the triangle 
G B /> is equal to G B 3. Of this triangle G B ^, a portion G B C falls 
within the periphery, and there only remains an equivalent to the tri- 
angle G Cp to be obtained, that shall also fall within the periphery. 
To obtain this equivalent, a parallel to C G is drawn through p to cut 
C D produced in ^ : then the triangle GC^is equal toGCp. Of 
G C 9, a portion G C D falls within the periphery, and there remains 
G Dg to obtain an equivalent for : this is found by drawing a parallel 
to G D through q to cut D E in r ; then G D r being equal to G Dg, 
a portion of the given figure GlBCDrGis cut off equal to the two 
triangles 1 G 2 and 2 G3. But a part of this space has been shown 
to be equal to the triangle I G 2 ; therefore the remainder is equal to 
2 G 3, as was required. 

By pursuing precisely the same plan, the space GIBCDEFGis 
cut off equal to the three triangles 1 G 2, 2 G 3, 3 G 4 ; and as G 1 B 
C D r G has been already proved equal to 1 G 2 and 2 G 3 together, 
the remaining portion is equal to the third triangle 3 G 4. And as the 
whole figure is equal to the five equal triangles into which I G H was 
divided, and as spaces have been cut off by lines from G equal re- 
spectively to four of the five triangles, the remainder of the figure must 
be equal to the remaining triangle. Q. £. D. 

Note P, p. 56. 

E F being parallel toAC, EG:GF::AB:BC:: area of given 
rect. to area of required rectangle, by construction. And from the 
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semicircle on A C, E D F is a rijrht-angled tri- 
angle, and D G bein^r a perpendicular to the 
hypothenuse, aa E D : D F :: E G : G D, and as 
ED : DF :: GD : GF (Geom. II. Prop. 34) ; 
by multiplying we have E D* : D F* :: E G* G D 
: G F-G D :: E G : G F, that is, the areas of 
the rectangles are in the ratio of the squares of 
E D, D F ; E p, DF are therefore the homologous sides of similar 
rectangles, the areas of which are in the proposed ratio. Q. £. D. 

Note Q, p. 59. 

In the common pentagraph, the parallelism of the rules being always 
preserved, the triangles formed by them, and having A C, B C for 
their bases, are always similar. And as the lengths of the rules, or 
the antecedents of the proportion, are constant, the ratio of A C : B C 
remains the same, and A, B, C must always be in a line. 

In the eidograph, the triangles C B G, C A H are always similar, 
because the arms always move parallel to each other ; and as the an- 
tecedents, or the two sides G B, B C, are always in the same constant 
ratio to A H, A C, the consequents C G, C H are always in the same 
ratio. 

Note R, pp. 61—67. 

Prob. 35. B E is a diameter, and A a is perpendicular to it, by the 
construction A a is equal ^"2" (see Note D) ; therefore E C* + B C* = 

2 Aa' = 4 = E B": consequently E C B is a right angle, or C is in 
the circumference of the semicircle on E B, and lies in the perpendicular 
A a ; B A, A C therefore are two sides of a square. The rest of the 
construction requires no comment. 



Fis. 1. 





In Prob. 36, the division of the circumference into six, three, and 
two parts is obvious. (Geom. III. Prop. 28.) Its division into four 
parts is proved by the first part of this note. 

On AX let a .semicircle be supposed described to cut the original 
circle in some point k : join A A:, ^ X. Then the angle A A: X being a 
right angle ; A X' — A A;' = A; X*; or (see Note D) 2 - 1 = 1 : that is. 
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A; X is equal to radius, and k coincides with K. And since the rii^ht- 
angled triangle A K X is also isosceles, each ani^Ie A X K, K A X is 
equal to 4b°; therefore KAX is half HAB; consequently, the 
quadrant H B is bisected in K. The same proof applies to the other 
three points bisecting the other three quadrants. 

The division into twelve parts is equally evident with that into six, 
being effected by the bisection of each arc of the hexagon, the arc C D 
being bisected in H by the previous construction. 

Again, the arcs K B, K H each being 45^, and K Y, K S being made 
arcs of 60° by the construction, the differences, or the arcs H S, B Y, are 
each 15° of -sV part of the circumference, and the same proof applies to 
the other points. 

It has been proved (Note D) that the point Y (fig. 2) divides the 
radius A S medially. A Y will therefore divide the circumference into 
10 parts, and since B Y* = A B* + A Y*, B Y is the side of a regular 
pentagon. (Geom. III. Prop. 28.) 

Lastly, the arc B C, or the arc of the pentagon, being 72°, and B S 
the quadrant being 90°, C S is equal to 18°, and is therefore the arc of 
5fVth of the circumference ; the arcs BY, E U, &c., are equal to C S. 

Note S, p. 69. 

Since the angles BAD, D A C, &c., are equal by construction, they 
must stand on equal arcs of the circle passing through A B and C. 
(Geora. III. Prop. 14, Cor. 2.) And the chord 
B C being bisected by the perpendicular, that 
perpendicular must bisect the arc which B C 
subtends ; the point D, therefore, must be in the 
circle, and B D, D C are the equal chords sub- 
tending the equal arcs on which BAD, D A C 
stand. The reason of the rest of the con- 
struction is obvious from what has been proved 
of these two angles. 

Note T, p. 74. 

1. From the semicircle on AB, we have A I'l B = square of or- 
dinate at the point 1. A 2*2 B = square of 
ord. at 2, &c., &c. But the ord.« at 1 + 1 B* 
= rad.* of inner circle, and ord.* at 2 + 
2 B* = rad.« of second circle, &c., &c. : that 
is, Al-1 B + IB* = rad.*(l)andA2-2B 
-h 2 B* = rad.« (2). &c., or (A 1 4- 1 B) I B 
= rad.* (1), and (A 2 + 2 B) 2 B = rad.« 
(2) &c., &c. Or, since A 1 + 1 B, A 2 + 
2 B, &c. are all equal to AB; AB-1B = 
rad.* (1) AB-2 B = rad.* (2) A B/3 B = rad,* (3) &c. 

And since the areas of the circles are as the squares of their radii, 
the areas of the successive circles are in the ratio of A B • 1 B, A B • 2 B, 
AB-3B, fire, or in the ratio of IB :2B :3B, &c., or as 1:2:3, 
&c. : that is, the areas of the whole circles increase by equal quantities ; 
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and if (he interior circles be taken from each in succession, the rings 
left are equal in area. Q. E. D. 

2. If the area of the semicircle on A 1, one division of the diameter 
A B, be taken as unity ; the areas of the semicircles on two, three, four, 
&c., divisions, will be 4, 9, 16, 25, &c. (Geom. III. Prop. 33.) Let these 
semicircles on one side of A B be expressed by a, 6, c, d, &c., and the 
equal semicircles beginning from the other end of the same line and 
on the other side of it, by A, B, C, D, &c. : that is, A = a, B = 6, &c., 
and let x be the area of the semicircle on A B. Then the figure which 
remains, when the semicircle on A 4 is taken from the semicircle on 
A B, is equal to a: — d = 25 — 16 = 9. If the semicircle on B 4 c= I 
be added to this, the whole compound figure thus 
made up is == 10, which call P. 

Again, if from x we take the semicircle on A 3, 
and add to the remainder the semicircle on B 3, 
we have a: - c + B = 25 - 9 + 4 = 20, and if 
we take P away we have 20 — 10 = 10 = Q = P. 

In the same way j? — 6 + C = 25 — 4 + 9 = 30, 
and by subtracting (P -|- Q) we have 30 — 20= 
10=R=Q = P, &c., and so on of any other 
number of divisions. 





Note AA> p. 82. 

Let A E, the semi-^trans verse axis, be denoted by a ; and let the semK 
conjugate be denoted by b : and let the point in 
which AB, C D intersect, be denoted by c. 

From the similar triangles B E F, B c D ; 
AGH,AcD; we have AG: GH :: AclcD 
and B E : E F : : B c : c D ; and by multiplying 
AGBE : G HEF:: AcBc:cD*. But 
from the ellipse, as a* : 6* ;: A cB c : c D*; 
therefore, a* : 6* :: AGBE : GHEF :: BE: GH (because AG 
= E F by construction) : : a : G H, or a : G H : : a* : 6* ; conse- 
quently, G H is a third proportional to a and b, (Eucl. 6, Prop. 20, 
Cor. 2.) Q.E.D. 

Note BB, p. 84. 

On account of the circle on B A, B P : P R 
::PR:PA, or BPPA=PR«=BS«by 
construction ; and by the similar triangles 
B ST, BCD, we have B S« : ST« (PQ«) : : 
B C« : C m And as B PP A : PQ« : : 
Be*: the square of the semi-conjugate 
(Geom. App. Prop. 19). Then since B S« = 
B P- P A and S T« = P Q« by construction, 
CD* must be equal to the square of the semi-conjugate as required. 
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Note CC, p. 84. 

N.B. — C Q, not L Q, is to be made equal to CH. 

From the similar triangles C K H, C Q P, 
CK:CH :: CQ : CP; therefore, CKCP 
= CHCQ, or CO'CP=CH", because 
CO = C K and C Q = C H by construction. 
C H IS therefore a mean proportional between 
C O and C P; and since I O + O H is bisected 
in the point C, P I is harmonically divided in 
O and H (Geom. II. Prop. 46). The or- 
dinate S R is therefore the chord of the tangents from the point P« 
(Geom. App. Prop. 18.) Q. E. D. 

Note DD, p. 85. 

K G being parallel to C I, as C 0» : C K* : : 1 0« : I G« (Geom. II. 
Prop. 29) ; but since I O" = C O'-C P = (C O 
+ CI)x(CO-CI) = (AC4-CI) (AC-CI) 
£= A II B. And since C O" = A C» and C K" = 
C D', the above proportion becomes as A C :C D* 
: : A 1*1 B : I G^ therefore G is a point in the 
ellipse. (Geom. App. Prop. 19.) Q. E. D. 

In the construction 1, p. 97, let two parallel lines 
perpendicular to A B be supposed drawn through 
D and P ; then since C D, D E are always equal, 
the perpendicular D d through D will bisect the angle C D E. Let the 
perpendicular through P cut A B in p, and C D produced in q ; then 
the angle EPp = DPg = CDd = Cgjp, or DPg = DgP: con- 
sequently, D gf = D P ; and as D P is constant, D g is so : C ^ therefore 
corresponds to C O (see fig. above), and when C D, D E are close 
together, then CP=:CD — DP is analogous to C D, the point P on 
the side answering to G as found by the geometrical construction. The 
semi-major axis of the ellipse as described by means of the jointed rule 
will be equal to C D + D P, when the point P comes to B, and the 
semi-minor axis will be equal to C D — D P. 

Note EE, p. 85. 

1. Lemma. If from the vertices of any diameter of an ellipse A B, 
lines be drawn through a point P 
in the curve, to cut the tangents at 
B and A in points H and N : then 
any ordinate to A B, as c d^ cutting 
the lines A H, BN in /and g", and 
the curve in d, will be divided in 
those points in continued propor- 
tion : that \s, cf: cd:: cd : eg. 

Draw E D, the conjugate dia- 
meter to A B, and draw the ordinate P Q, which will be parallel to the 
conjugate and to the tangents, Then by similar triangles A B ; B H 
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::AQ:QP; andBA:AN::BQ:QP; by multiplying we have 
A B« : A NB H : : A Q-B Q : P Q* : : A B» : D E« (Geom. App. 
Prop. 19, Cor. 2.) Therefore AN'B H = D E«. Again, A B* : A c 
•c B : : D E* : c(f ; and by similar triangles AB : Ac : : B H : c/; 
and AB:Bc::AN:cj§:: whence, by multiplying we have A B" : 
Ac-Be:: B H-AN : c/'cg^; therefore DE* led*:: AN-BH:c/- 
c g, but D E" = A N- B H, therefore cf'cg = cc^. Q. E. D. 

2. Lemma, If A B, D E be any two conjugate diameters, and B H, 
D H the tangents at their vertices; then if lines be drawn from A and 
B through any point P, in the curve cutting the conjugate in F and G, 
and the tangent in R; then CF:CD::HR:HD. 

For (by Lem. 1.) C F : C D : : C D : C G, and by similar triangles 
H R : H B (CD) : : C B (H D) : C G ; therefore. C F : C D : : 
H R : H D. Q. E. D. Hence the construction in the text : for by 
dividing them into the same number of equal parts, the proportion 
between the segments of the semidiameter and tangent is always pre- 
served. 

Note FF, p. 86. 

PQ being parallel to CO, CA«:CP« : : O A« (C D«) : OQ"; and 

C A« : c A«-c P» : : C D« : c D* - o Q'. but 

CA«- CP*=: (C A + CP)-(CA-CP) = 
BPPA; and C D*-0 Q« = O N* - O Q* = 

N Q* = M P*, because O Q N is a right angle, 
and M N, P Q and M P, N Q are respectively 
parallel. Hence the last proportion is C A* : 
C D» : : B P P A : P M", that is, M is a point in 
the curve. Q. E. D. 

In the second construction, Prob. 49. From 
the circle I C G O, the angle G O I is a right 
angle ; and G H : H O : : H O : H I, (Geom. II. 
Prob. 34) and G H-H I = H O" = C M* by construction : conse- 
quently, C G, C I are conjugate diameters, (Les. G. C. L. 1 Prop.) 
and G C I being a right angle, they are perpendicular to each other ; 
therefore these diameters are the axes. The rest of the construction is 
demonstrated in the same manner as that to which the first part of this 
note refers. 

Note GG, p. 86. 

A C, C D being divided proportionally, C D' 
: C A* : : C P* : C F* ; and C D*=:C D*'- C P* 
: : C A* : C A« - C P. But C A* - C P = 
(CA 4-C F)-(CA- C F)= FG* (because of 
the circle on A B) = P M* by construction : there- 
fore CD^:CA*::CD*-CP*:PM*, that is, 
c D» : c A« : : (C D + C P)- (C D - C P) : P M« 

a point in the ellipse. (Geom. App. Prop. 19.) 





; M is consequently 
Q. E. D. 



Note HH, p. 86. 
AG, the third proportional to A B, D E, is the parameter to those 
diameters (Def. 5, p. 76) ; and since BA:DE::DE:AG, 
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B A : A G : : B A» : D E«. (Eucl. 6, Prop. 20, 
Cor. a.) 

Let an ordinate, M P, to A B be drawn from 
M, and therefore parallel to D £ and A L ; 
then by the similar triangles G A F, A P M, 
and B A L, B P M, we have G F : A G : : P A 
: P M, and B A : A L (G F) : : B P : PM ; 
and by multiplying GF-BA : AG'GF:: 
PABP:PM«, orBA : AG ::BP'PA: 
PM*, or BA*:DE*:: BPPA :PM; M, therefore, is a point in 
the curve. Q. E. D. 

Note 1 1, p. 92. 

A point in the circumference of the inner circle will describe a rig^ht 
line, which will be a diameter to the larger circle, (Les. G. C. L. Epicy.) 
and the opposite end qf the diameteiF of the lesser circle passing through 
the first point will describe another diameter to the outer eirole, at 
right anglep to the former, these two lines being, theoretically, epioy* 
cloids. And a point P in the diaineter of the inner circle must describe 
an ellipse, because the two vertices of that diameter^ which are always 
at a constant distance from each other, move in two lines at right 
angles to each other. See following note. 

NoTS J J) pp. 92, 95. 

For the theorem, of which the trammel and the two elliptog^phs are 
a mechanical application, see Les. G. C. L. 

In Mr. Farcy's elliptograph, the rectangular frame causes the two 
centres of the rings, when these are excentric, to move in two right 
lines perpendicular to each other; and as the centres of the circles and 
the point of the pencil are always in a line, and always preserve the 
same distances respectively from the construction of the instrument, the 
conditions of the theorem are fulfilled, and the pencil must describe the 
curve. 

In Mr. Clement's, the centres are kept at the same distance by the 
screws when set, and the triangular bars move in directions perpen- 
dicular to each other, carrying the centres in lines at right angles ; thus 
fulfilling the same conditions as the former instrument. 

The contrivance called the excentric chuck, by means of which 
ellipses are turned in a common lathe, is also a mechanical application 
of the same theorem, though not so obvious as in the last mentioned 
Instruments: and deserves to be explained here, because the large 
elliptogpraph employed by the late Mr, Lowry, the engraver, is con- 
structed on the sam^ principle. 

This principle vfiW be most easily comprehended^ if the reader makes 
a rude model in the following manner ; — 

Let two slits be cut at right angles to each other, AB, C D, In a 
rectangular piece of card. Describe a circle on a drawing board, stick 
one pin upright in the qentre E, and another in any point within the 
circle, as F ; put the card down so that one pin may pass through each 
slit. Then if the cs^rd be turned round, so that one edge shall always 

X 
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be tangential to the circle, while the card slides freely on the pins, it 
will be perceived that a pencil, if held steadily above any point of the 
card in the line E F, would de- 
scribe an ellipse on it, the major 
axis of which would coincide 
with the diameter through E, E; 
and the ' difference of the two 
semi-axes would be equal to E F. ' 
Since the slits are at right an- 
gles, and always pass through F 
and E, the point G in which 
they intersect must describe a 
circle, as is obvious from' the 
figure : and as the side of the 
card is always to be tangential 
to the circle, the distance F I varies continually, as the card moves 
rou^d, being greatest and least when that side is perpendicular to the 
diameter through E, F; or when the tangent point, I, is at the two 
vertices of that diameter, in which positions C D will coincide with 
the diameter perpendicular to E F. When the side of the card is 
parallel to E F, G will be at F ; and C D will coincide with the dia- 
meter E F. 

It is, on obvious mechanical principles, immaterial to the action of 
the trammel, whether the bar move round carrying the pencil, and 
causing the pegs to move in the grooves, while these remain at rest ; or 
whether the bar with the pegs and pencil are fixed, and the cross move. 
If the instrument were turned upside down, the bar being fixed, and 
a plate^ or table, were screwed at the back of the cross ; then if the 
pencil on the bar were contrived so as to stand fixed over any part of 
the plate, it would describe an ellipse on the plate if this were moved 
round : this modification is represented by the card, the slits being 
analogous to the grooves. The instruments above mentioned are con- 
trived on the principle of this modified trammel. 

Now if one of the pegs on the bar be supposed to increase till it 
becomes a ring of considerable diameter, with respect to the plate on 
the cross — the groove widening with it so as to cause the arm of the 
cross to assume the form of two bars fixed edgeways at the back of the 
plate — ^the friction during the turning round of the plate would be diml" 
nished, and the motion consequently would be easier and steadier. 

An arbor, on which the plate turns, is substituted for the other peg 
F ; and in order to admit of the distance F I from this peg to the point 
where the edge-bars touch the ring, varying as was explained above 
of the piece of card, the arbor F is fixed to a second plate, which slides 
in a dove-tailed groove cut in the principal plate which carries the edge- 
bars. By this contrivance the edge-bars move round, clipping the ring, 
which, as well as the arbor F, are stationary ; and the principal, or 
upper plate, moves backward and forward on the dove-tailed plate which 
turns round on the arbor. The lathe-chuck, and the etliptog^aph 
alluded to, are contrived so as to admit of the ring, or its centre E, being 
moved to any distance from F, less than the inner semi-diameter of the 
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rin^; and when adjusted by trial so that the pencil or cutter of the 
lathe shall produce the required ellipse, E is fixed so as to keep £ F at 
a constant distance. When the ring is moved so that £ and F coin- 
cide, the pencil will describe a circle. In the chuck, the arbor F is in 
a line with that of the lathe, the chuck being made so as to put on that 
arbor ; and the substance to be turded elliptically is fixed on the face 
of the plate, and is thus presented to the tool. 

Note KK, p. 100. 

1. If A and B are the vertices of any 
diameter of an hyperbola,, then lines drawn 
from A and B through any point P in the 
curve, will cut any ordinate to A B, as c d, 
in points / and g", which will divide c g 
in continued proportion, that is, eg led 

::cd:cf. 

(Demonstrated precisely as Lem. 1, 
Note EE.) 

2. If an ordinate dH he drawn any where parallel to A B to cut 
the tangent at A in H, then lines A/, B g drawn through any point P 
in the curve, will cut the ordinates dHy cd in the same ratio, that is 

eg :cd:: HR : Hd. 

For by preceding proposition, c g led lied Icf; and by similar 
triangles H R I Rd i: HA I df II c d I d f (because the tangent 
AH = crf): and HR + Rd(Hd) : Rd :: cd +dficf) idf, 
therefore H R : H ci : : cd : c/ But eg icdiicdlcf^ consequently 
HR: Hd ::egr:ed. Q.E.D. 

Hence the construction in the text ; for by dividing the sides of the 
parallelogram HdeA into an equal number of parts, the proportion 
between the segments is always preserved. 

Note LL, p. 105. 

A 

Let A D P Q be any diameters of a parabola ; through P draw an 
ordinate to A D, parallel to the tangent A C at the vertex A : then if a 
line A L be drawn from A through any point S in 
the curve, to cut Q P produced, in L, and another 
diameter be drawn through S, to cut the ordinate 
DP in E : then CL:CP::DE:DP. 

For the diaiheters A D, S E, P Q being parallel, 
the segment A C of the tangent, cut off from A by 
Q P, will be equal to D P the semi-'ordinate, and 
A D will be equal to P C, Draw an ordinate G S 
parallel to D P or A C, to cut A D in G, and draw 
P S to cut D A produced in F. Then by the pro- 
perty of the curve A G : A D : : G S« : D P*, that 
is B S : C P : : A B« : A C* ; but by similar tri- 
angles B S« : C L« : : AB« : A C*; therefore, B S : C P : : B S* : C L*. 
consequently, B S, C L, and C P, are in continued proportion (Eucl. 6, 
Prop. 20, Cor. 2), or BS :CL:: CL:CP. But B S: CL :: AB 
: AC; therefore, CL:CP:: A B (DE) : AC(DP). Q.E.D. 




308 



NOTES AND ILLUSTRATIONS. 



Hence the construction in the text, the division of the sides of the 
parallelogram into the same number of equal parts, preserving the pro- 
portion between the segments. 

It follows as a corollary to the preceding demonstration, that A Fsr 
C L. For since BS:CL::CL:CP; and by similar triangles 

BS :CL::AS:AL and AB :AC :: AS :AL; AB:AC :: 

C L : CP. Again, by similar triangles FA:LP::AS:SL and 

FA:FA + LP :: AS: AS + SL(AL): and CL:CP::AS : 
ALorCL:CL + LP::FA:FA + LP; or CL:LP::FA : 
L P ; that is, C L=F A. Q. E. D. 

Hence the construction in Case 3rd, p. 105. 

Note MM, p. 108. 

If R S be an ordinate to any diameter A Q, and T B be another dia- 
meter cutting R S in B, then a tangent at T will cut S R produced 
in P, so that P R, P B, P S, will be in continued proportion. 

1. Let p be the parameter to A Q ; then p 
AV=TV«and^AQ=QR«=QS*(Lesl.G.C. 
Prop.): then by subtracting, pAQ—pAV 
= QR«-TV« = (QR + QB)(QR-QB) 
because BQ=TV=VW; that is pVQ= 
BSBR=pTB. 

2. SinceMV=2AV, by similar triangles 
we have 2 A V : T V : : TB : PB ::pTB- 
;?PB. therefore pT BTV=:pPB-2 A V= 
2TV«-PB(because^AV=TV«);andj?TB 
= 2 T V • P B by dividing by T V. Therefore 
(l)BSBR-2TVPB:whencePB : BR 
::BS :2TV (TW); and by division P B-B R (P R) : BR : : 
BS-TW(BR) : TW, by adding PR :PR+BR(PB) ::BR: 
B R + T W (B S), and by adding again PR:PB ::PR+BR 
(PB) ;PB + BS(PS),orPRPS=PB*. Q.E.D. 




THE END. 
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